Application of Derivatives ~ / “_

Il High Level Problems (HLP) |

A particle moving on a curve has the position at time t given by x = f'(t) sin t + f'(t) cos t, y = f'(t) cos t -
f'(t) sin t, where f is a thrice differentiable function. Then prove that the velocity of the particle at time t
is f'(t) + f"(t).
Find the interval in which f(x) = x v4ax—x? (a < 0) is decreasing

f: [0, 4] —» R is a differentiable function. Then prove that for some a, b € (0, 4) , f4(4) — f2(0) = 8f'(a) .
f(b)

. a - . .
If all the extreme value of function f(x) = a>® — EXZ — 2X — b are positive and the minimum is at the

pointxO:% then show that whena=-2 = b< _2—171 andwhena=3 = b<- %

sin (x—k) K has minimum at x = k , then show that |a| > 2
+ 1

X >
X —k

LR F

The equation x® — 3x + [a] = 0, where [.] denotes the greatest integer function, will have three real and
distinct roots then find the set of all posible values of a.

{x} {x}

Let f(x) = sin — + cos—= where a> 0 and{. } denotes the fractional part function. Then find the set
a a

of values of 'a’ for which f can attain its maximum values.

Find the values of the parameter ‘k’ for which the equation x* + 4x3 — 8x? + k =0 has all roots real.

Comprehension (Q. No. 9to 11)

9.

10.

A function f(x) having the following properties;

(@ f(x) is continuous except at x = 3

(i) f(x) is differentiable except atx =—2 and x = 3

(iii) f(0) =0, lein3 f(x) > — oo, x"ﬂ]m f(x) = 3, le fx)=0

(iv) f'fX)>0V X € (-0, —-2)u (3, 0)and f'(X) <0V X e (-2,3)
(v) f"X)>0VXxe(-wo—-2)u(=2,0andf”(x)<0Vx e (0,3)u (3, )

then answer the following questions
Find the Maximum possible number of solutions of f(x) =| x|

Show that graph of functiony = f (— | x |) is continuous but not differentiable at two points, if f '(0) =0
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Show that f(x) + 3x = 0 has five solutions if f '(0) > - 3 and f(- 2) > 6

Let F(xX) = (f(x))? + (f(x))?, F(O) = 7, where f(x) is thrice differentiable function such that
[f(x)| <1V x e [-1, 1], then prove the followings.

(i) there is atleast one point in each of the intervals (-1, 0) and (0, 1) where [f'(X)| < 2

(ii) there is atleast one point in each of the intervals (-1, 0) and (0, 1) where F(x) <5

(iii) there exits atleast one maxima of F(x) in (-1, 1)

(iv) forsomec € (-1, 1), F(c)>7,F(c)=0and F'(c) <0

A figure is bounded by the curves, y =x2+ 1,y =0, x = 0 and x = 1. At what point (a, b), a tangent
should be drawn to the curve y = x2 + 1 for it to cut off a trapezium of the greatest area from the figure.

ax+b
fy= —
(x-1) (x-4)

maximum.

has a turning value at (2, -1) find a and b, show that the turning value is a

With the usual meaning for a, b, c and s, if A be the area of a triangle, prove that the error in A resulting
from a small error in the measurement of c, is given by

dAzé{E+1+l—l}dc
4 |s s—a s—b s—cC

Find the possible values of ‘a' such that the inequality 3 — x? > |[x — a| has atleast one negative solution

If (m—-1)a?-2m a, <0, then prove that x™ + a, X"~ + a, X"=2 + ..... +a, ,x+a,=0has at least one

If f'(x)>0,f'(x) >0V x e (0,1)andf(0) =0, f(1) = 1, then prove that f(x) f-* (xX) <x?V x € (0, 1)

2
Find the interval of increasing and decreasing for the function g(x) = 2f [%J + f[z—;—xzj , Where

f'x)<Oforallx e R.
Using calculus prove that HM < GM. < AM for positive real numbers.

Prove the following inequalities

(@ 1+ %2> (x sinx + cosx) for x e [0, «).

(i) sin X — sin 2x < 2x forall x e [O, g}
X2

(iii) > +2X + 32 (3 — x)ex forall x>0

n2
(iv) O<xsinx—sm—x< l(Tc—l)for0<x<E
2 2 2
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22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Find the interval to which b may belong so that the function f(x) = [1—

2
_J21—4b—b]xg+5x+@is

b+1

increasing at every point of its domain.

2 2

If 0 <x<1provethaty =x/n x—X? + % is a function such that dy

d_2 > 0. Deduce that
X

x> 1
XMmx>— —— .
2 2

Find positive real numbers ‘a’ and ‘b’ such that f(x) = ax — bx® has four extrema on [-1 , 1] at each of
which | f(x) | =1

sinA sinB sin C
+ +

For any acute angled AABC , find the maximum value of = 5

Suppose p,q,r,s are fixed real numbers such that a quadrilateral can be formed with sides p,q,r,s in
clockwise order. Prove that the vertices of the quadrilateral of maximum area lie on a circle .

Find the minimum value of f(x) = 8+ 8- 4(4*+ 4-%),VXx € R

Using calculus , prove that log,3 > log.5 > log,7.

Find the cosine of the angle at the vertex of an isosceles triangle having the greatest area for the given
constant length ¢ of the median drawn to its lateral side .

A tangent to the curve y = 1 — x2is drawn so that the abscissa x, of the point of tangency belongs to the
interval (0, 1]. The tangent at x, meets the x—-axis and y-axis at A & B respectively. Then find the
minimum area of the triangle OAB, where O is the origin

A cone is made from a circular sheet of radius /3 by cutting out a sector and keeping the cut edges of
the remaining piece together. Then find the maximum volume attainable for the cone

Suppose velocity of waves of wave length A in the Atlantic ocean is k {&j+[%j} , Where k and a
a

are constants. Show that minimum velocity attained by the waves is independent of the constant a.

Find the minimum distance of origin from the curve ax? + 2bxy + ay? =cwherea>b>c >0

Prove that e ++y1+e™ >(1+x)++2+2x+x*> VxeR

. . : tan™ x
Find which of the two is larger /n (1 +x) or 1 .
+ X
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Application of Derivatives ~ / “_

36. Let ' (sinx) <0 and f” (sinx) >0, V x (O, gj and g(x) = f(sin x) + f(cos x), then find the intervals of
monotonicity of g(x).
37. If f(x) = (2013)x?%12 — (2012)x?°1t — 2014x + 1007, then show that for x € [0, 1007211, f(x) = O has at
least one real root.
39. A function f is differentiable in the interval 0 < x < 5 such that f(0) = 4 & f(5) = — 1. If g(X) = At , then
J’_
prove that there exists some ¢ e (0, 5) such that g'(c) = —%
39. Let f(x) and g(x) be differentiable functions having no common zeros so that f(x) g'(x) = f'(x) g(x). Prove
that between any two zeros of f(x), there exist atleast one zero of g(x).
40. If §(x) is a differentiable function x € R and a € R* such that $(0) = ¢(2a), ¢(a) = ¢(3a) and $(0) = ¢(a)
then show that there is at least one root of equation ¢’(x + a) = ¢'(X) in (0, 2a)
41. Find the set of values of the parameter 'a’ for which the function ;
f(x) = 8ax — a sin 6x — 7x — sin 5x increases & has no critical points for all x € R, is
42. Let h be a twice differentiable positive function on an open interval J. Let
gx)=¢n (h(x)) Vxed
Suppose (h'(x))? > h"(x) h(x) for each x € J. Then prove that g is concave downward on J.
3
43. If the complete set of value(s) of 'a’ for which the function f (x) = % +(@+2)x2+(a-1)x+2
possess a hegative point of inflection is (— 0, a) U (B, ®), then |a| + [B] is :
44, If two curves y = 2sin %n x and y = ax? — 3ax + 2a + 1 touch each other at some point then the value
of ﬁ is (O <x < gj
5n 5
45.=  The maximum distance of the point (k, 0) from the curve 2x? + y> — 2x = 0 is equal to
46_.  Letf(x) = px® + gx® + gx + p; where 3p + 2q < 0, 7p + 3q > 0 then prove that
(i) Equation 3px2 + 2gx + g = 0 has at least one root lie between (-1, 1/2)
(i) Equation 3px2 + 2gx + g = 0 has at least one root lie between (1/3, 3)
(iii) Equation 3px* + 4qx® + 6gx? + 12px = 0 has two root lie in (-1, 1)
(iv) Equation 3px* + 4gx® + 6gx? + 12px = 0 has one root less then —1 and one root greater than 1
47 . Letf, g : [0, 1] —» R are differentiable functions with f(0) = g(0). f and g has exactly one point of local

minimum in (0, 1) and have same minimum value but different point of minimum. h(x) = f(x) — g(x).
f({x}) and g({x}) are differentiable function V x € R {where {.} denotes G.1.F.}. Prove that

() (f({x}))’ = 0 has atleast 3 solution in (0, 2)

(i) (h({x}))' = 0 has atleast 3 solution in (0, 2)
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2. [4a, 3] 6. ael-1,2) 7. (O, ﬂj
T
8.  ke[03] 9. 3 13, (E , Ej
24
14. a=1,b=0 16. aec (—%, 3)

18. If f'(x)>0,f'(x) >0V x e (0,1)andf(0) =0, f(1) = 1, then prove that f(x) f* (x) <x?V x € (0, 1)

19. g(x) is increasing if x € (-, 3] U [0, 3]

g(x) is decreasing if x € [-3, 0] U [3, )

22. 7,-1)u[2 3] 24, a=3, b=4 25. 92—\/5
T
27. -10 29. cosA=0.8 30. %
31, 243 33, SChy 35. in(L+X)
a+b
. T T . s
36. Increasing when x e (Z, Ej , decreasing when x e (O, Z).
41. a e (6, ©) 43. 2 44, 1/2

2k? -2k +1 kel0,1)
45, 1-k k<0
k k>1
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