Application of Derivatives ~ / “_
I 1iNTS & soLuTIONS I

TOPIC : APPLICATION OF DERIVATIVES
EXERCISE # 1

PART-1

Section (A)

Al @) 0 Yeoex+a | -4
dx dx o)
y-5

Equation of tangent is 0 =4=y=4x+5

b ar@,1)=- (2X+3yj =_1
dx 3X+2y @)

(i)

= equation of tangent is (y—1) = — (x=1) and equation of normal is (y—1) = (x-1)
a

l,thevalueofxz 22 andy = —
2 5 5

2 2
Also G = 4a; 5 and d_y=—2at (32+2t )
dt  (1+t9) dt (1+1t%)
= £(3+ tZ) = ﬂ = E

2 dx|,_1 16
2

(i) At t=

dy
dx

ii=

equation of tangent is (y—%} = % (x —%) = 13x — 16y = 2a

equation of normal is [y —%j % +X— % =0 = 16x+13y=9a

f0+h)=f(0) _ . h?sin1/h—0

. dy :
o = |
(iv) dx at(0.0) h'i% h—0 h

= lim (hsin (1/h)) =0 = equation of tangent is =TS 0=y=0
h—0 x-0

A-2 y2—2x2—-4y+8=0
2yd—y—4x—4ﬂ:0

dx dx
d_y_ 4x
dx 2y-4

(ﬂj _4h
dx h k) 2k-4

. . 4h
Equation of tangent is —-k)= ——— (x—h).
q 9 (y -k ) (x=h)
It passes through (1, 2)
(2-Kk)(2k —4)=4h (1 - h) or, 4k — 2k2 — 8 + 4k = 4h — 4h?
or, 4k —kz2—4 =2h - 2h? or, —2h2+k2+2h—-4k+4=0
k?—2h?2-4k+8=0
2h—-4=0 or h=2 = k=0or4
Equation of tangent at (2,0); y = (8—4) x=2)

or y=-2x+4 or y+2x=4
and equation of tangent at (2, 4) isy = 2x
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Application of Derivatives

(i)

Hence, the coordinates of point Q are (2, 1) and so the equation of the required normal becomes

2
Let point Q be [h%} and point P be the point of contact on the curve.

Now, mpq = slope of the normal at Q.

Differentiating x? = 4y w.r.t we get 2x = 4d_y or dy =X
dx X 2
or Slope of the normals at Q = dy = 2
x=h h
2
e
or =—— From (1
=t [From (1)]
h3

orT—Zh:—2h+2 or h2=8 orh=2

X+y=3
A-3. Q) Slope of normal equal to —1.
2
:>d_y =X - x2=6y and 9y?=x® = x=0, 4= pointis 4,§
dx 6y 3
(iw.  Differentiating equation of curve w.r.t. X, Zy%:(z —X)2 + 2x(2 — x)(-1) dy = 1+(2_2)
X Xla v

(iii)

A-dxa (i)

Equation of tangent is (y — 1) = —% x-1) or 2y +x=3.

Solving the equations of tangent and curve:

y?=(=2y +3) (2 -3 + 2y)’ or y?=(3-2y) (2y-1)
or y2=(3=2y) (4y? + 1 — 4y) or y? = 12y? + 3 — 12y — 8y® — 2y + 8y?
or 8y*—19y?+ 14y -3 =0or (y=1) (8y2-11y+3) =0
or (y=2)@By-3)(y—-1)=0 or y=1,3/8
P(9/4, 3/8)

Differentiating, 25x*—30x2+1 + 2y’ =0
1
AtP(0,-3),y =— 5

The normalat P isy + 3 = 2x

Eliminating y with the given equation x(x>-1)?=0—>x=0,1,-1
The line is tangent at (1, — 1) and (— 1, = 5).

Slope of y = x3 at (h, k) is 3h?

Slope of y = x3 at (h, k) is 3h?

= equation of tangent is :y—_E = 3h?

=y = 3h2 — 3h3 + k = y = 3h® — 2h3= (-2h3)? = 1(3h2)2 + 112
— 4h® —9h*-112 =0

(h2—4) (4h*+7h2+28)=0=>h=2,-2

Tangentarey =12x— 16 ory =12x + 16

N |-
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Application of Derivatives

i dy 1. -2
i 2 fory= — is —
(i) 5 ory 783
dy] _ 2
dx (hx) h3
3
equation of normal is y-k_h"
-h 2
= 2y— h% = h3x — h4
. 1 2
it passes from O’E :>1_h_2 = _ h4 —~h6+h2—2=0
= (h*-1)(h*+h>+2)=0 =>h=2x1

= common normalsare x—2y+1=00r2y+x—-1=0

A-5. () xy+ax+hby=0

As (1,1) lies on curve, so

l+a+b=0& 6=tan*2 or d—y:2
dx
. r . dy dy _
Differentiating equation of curve w.r.t. X, xd— ty+a+hb vl 0,
X X
dy (l+ a)
utx=1,y=1 - = - ~—= =
P Y dx 1+b
or l+a+2+2b=0 or 3+a+2b=0 b=-2& a=1
(i) (=2, 0) lies on both curves = -8a+4b-6+5=0 ... ()
(g—y at (-2, 0) for second curve) = (g—y at (-2, 0) for first curve) =0
X X
= 12a-4b+3=0 ..(ii)
= Solving (i) and (ii) we get a = % b =%
Section (B)
X
B-1. ForC1, dy [2—+ €nx.2X.€n2J =7
Xlao) X (10)
Forca, Y (xzx.mxx 2+ 2x(x)2x‘l) =2 =0=0=cos0=1
dX |0 @0

B-2. FOI’Cl,ﬂ :[1] =1
X= X X=

dx
For Cy, ﬂ = [EJ = 1
dx|, _. X)ie €
For Co, ﬂ = ZIan =0
dX x=1 X x=1

Forcp, I [ZInXJ _2
X=e

angle between curves at (1,0) is n/4 and angle between curves at (e,1) is tan-t [ 2e zj
e+
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Application of Derivatives

B-3. Givencurvesare y?=4x +4 and y?=36(9 —x) ...... 0]
On solving, we get the point (8, 6) and (8,—6)
On differentiating equation (i), we get
2y dy =4 and 2y dy =-36
dx dx
= d_y = g and d_y = ﬁ
dx y dx y
. dy 1 dy
Atpoint (8,6),m,= — = —andm,= —==-3
point (8, 6). m, dx 3 2 dx
mm,=-1
_ dy -ax
B-4. ax?+hby?=1 - 2 =_=
dx by
AX2+By2:1 :d_y:__AX
dx By
Product of slopes =— 1
= aAx? + bBy? =0
a b 1
Eliminating x>, y* =|A B 1 =0
aA bB O
= (AbB — aAB) — (abB — abA) =0
AB(b-a)—ab(B-A)=0
= ab(A —B) = AB(a—b)
B-5. LetCiisy=x—2andCzisy=x%+3x +2
Slope of common normal is — 1 (if possible)
Now, for Ca, %:2x+3:1 =>x=-1
X
= Point on C2 where normal has slope equal to -1 is (-1, 0)
= Shortest distance between C1 and C: is distance of (-1, 0) from y = x — 2 which is %
B-6.w. Equation of normal to y? = 4x is y = —tx + 2t + t3 at point (t?, 2t). If it is common normal to
(x — 6)? + y2 = 1 then (6, 0) satisfies the above equation of normal
>t3-4t=0=>1t=0, 2, -2
= feet of these common normal are (0,0), (4,4), (4,—4)
= Distance of these feet from (6, 0) are 6, »\/20,\/20 respectively
— shortest distance between y2 = 4x and (x — 6)2 + y2 = 1 is 20 —1
Section (C)
C-1. () Let P be perimeter
P=2x+2y
d_P = 2d_X +2d_y
dt dt dt
d_A = d_Xy +Xd_y —-6+4==-2
dt dt dt
(i) Let A be area A =xy
d—A = d—Xy +xd—y:—18+2022
dt dt dt

n
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Application of Derivatives

C-2. We have to obtain

d(x?)

y=X—Xx? ::—y =1-2x

X

d(x?*)

C-3.» Let AC be pole, DE be man and B be farther end of shadow as shown in figure

2y —=
dy’) _Yax _y dy
X

dy

2X

d(yz) — % (1—2X): (X_Xz)# =2x2-3x+1

From triangles ABC and DBE

A X D Y B
45 _15
X+y Yy
3y=15x
dy d dx dy
— =2, — X+y)= —4+—=
dt dt (x+) dt dt
3
ca. v=at =  av= pazsaaazsax 22 = 85 g5
da 100 100
Section (D)
2
—of+x Jx+1 —1
D-1. f'(x) = 4 1;;2)( = ( 3/2) >0, x > -1 = f(x) is increasing.
2 (x+1) 2(x +1)
. x* x?
D-2. i Letf(x) = —+——-3x2+5
(i) () 773

Signs of ' (x)

f(x) =x(x + 3) (x—2)

M.D. in (- o, =3]

M. in [- 3, 0]
M.D. in [0, 2]
M.L. in [2, o)

(i) Let f(x) = (log,x)? + log,x

0 1
V3
signs of f'(x)
_ (€nx)2 +gn_x ) = 2(¢nx)+¢n3
(gn3)2 /n3 x(¢n3)?
. 1
M.D.in |0, —
> %]
. 1
M.l in | —=, «©
)
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Application of Derivatives ~ / “_

D-3. g(x) is monotonically increasing
= g'(X)20&f(x)isM.D.=f(x)<0

d _d e '

™ (fog) (x) i ( (fex) )=f'((g x) ) g <0
as fx)<0&g'(x)>0
= (fog) (x) is monotonically decreasing = f'(x) <0

Also x+1>x-1
= f(x + 1) <f(x-1) as f(x) is M.D.
= g(f(x +1) < g(f(x—1)) as g(x) is M.I.

; 0 1
D4, f(x)=12 X<
2x ; x>0.

f(x)>0 = a>0

D-5. (i) f(x) =3x2-3
=3(x—1) (x+1)

=i 1

/NS

/ [~

at x = 1 point of minima
Neither increasing nor decreasing
at X = 2 increasing

(i) at x = — 2 decreasing
atx=0 decreasing
at x = 3 neither increasing nor decreasing

at x = 5 increasing

(iii) f'(x) = SX%: f(x) >0V x e R—{0}
= strictly increasing at x =0

(X2 +N)(x=1)(x+1)

iv) (=2 -

= strictly increasing at x = 2, neither InorD atx =1

-+ +

-101

V) F(x) = {Iﬂx2 +4x+5 , x<0 F(0) = +5

3cosx , x>0
and f'(0*) = 3 = strictly increasing at x = 0
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Application of Derivatives

sinx

D6, Letf(x)= X () = - Cosx(x—tanx)
X

X X —SinX
cos - s _ <0V xe [O’EJ
X X 2

1 1 sin(llo) sin(;j
= f(x) is decreasing in [Ogj = f(Ej > f(—j = >

9 1 1
10 9
D-7. Let h(x) = f(x) — g(x)
h(0) =f(0) —g(0) = h() =0
h(x) =f(x)—g'x) <0 forx=>0
= h(x) is decreasing for x > 0
x>0
h(x) < h(0)
h(x) <0
f(x) —g(x) <0
f(x) < g(x)
D8, F(x) = {—1 , O0<x<1
2X x>1

f'(x) changes sign from negative to positive.
f(1) =2,f(1") =1+ ¢nband f(1) =1 + /nb.
f(1)>f(1)=2 >1+ /nb
= /nb <1 O<b<e
D-9. (i) f'(x) =6(x—1) (x—6)
Local maxima at x = 1

Local minima at x = 6

+ , t
1 6
signs of f'(x)

(i)  f(X)=—(x = 1)2 (x + 1) (5x + 1)

Local minimaatx=—-1

Local maxima at x = —%

1 + 1 1
4 1
5)

signs of f'(x)

Neither local minima nor local maxima at x = 1.

+ Lt
T —

0

e
signs of f'(x)

(iii) f(x)=/nx +1

Local minima at x =

D |-

No local maxima
g =(t-1)(t-2)
g'(t)=CBt—4) (t-2)

D-10.= (i)
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Application of Derivatives ~ / “_

+ -+

4/3 2

. 4 -
local maxima at x = log, 3 and local minima atx = 1

(i) f'(x) = xe*(2 — x)
= local min at 0, local max at 2
— + —
0 2
(iii) f'(x) = — 3sin2x (2cos x + 1) (cos X + 2)

2
local max at x =0, ?n

local min at x = , T

N3

_ o _
0 n/2 2rn/3 n

v f =20

(v)
local minima atx =+,4/2 0
_ 2 .
D11, f(x) = 2x +2X . X <2
X~ —2X DX =2
(.1
Graph ofy = f(x):'t
Section (E)

E-1. (i) f(x) = 33
f(x)=0 = x=0
x==2,f(-2)=-8
x=0,f(0)=0
x=2,12)=8
Minimum = — 8, maximum = 8

(i) f'(x) = cos x — sin x

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005

R °
/\ esonance Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow ADVAOD- 8
Toll Free : 1800 258 5555 | CIN : US0302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Application of Derivatives ~ / “_

T
f'(x) O:>X—Z
x=0, f(0) = 1
S TH G ARG
X =T, fln)=—1

Minimum = -1, Maximum :\/E

(iii) fi(x)=4-
fxX)=0= x=4
X=-2, f(-2)=-10
X =4, f(4) =

9 (9) _ 63
X= =, fl = |=—
2 2 8
Minimum = =10, Maximum = 8
(iv) f'(X) = cos x — sin 2x

f'(x)=0:>cosx=0,sinx=% = X=

N3
=
1l

o|a

1

x=0,f0)= =

0)= >
=T (Ej:ﬁ
6’ 6 4
e e 1
X:—1 — = —
2 [2} 2

Minimum =% , Maximum =

~|w

E-2.

Graph of f(x)
x = 0 is local minima and global maximum is not defined

E-3. Let No. of children of john & anglina =y
X+ (X+1)+y=24

y=23-2x

Number of fights
F=x(x+1)+x(23-2x)+ (x +1) (23 — 2x)
F=—3x?+45x + 23

ﬂ—0: 6x+45=0=>x=7.5
dx

But 'x' wil be integral.
checkx=6o0orx=7
F=191
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Application of Derivatives ~ / “_

E-4. X +y =k constant x+y=Kk
+ i
y K -
K
3
. dA
signs of —
X dx

Area of triangle be A.

1 — 1 dA  Jk (k-3x) . . k
= =X «/ —-X == X k\/k—2x —_— = Area is maximum when x = —.
2 y 2 \F dx 2 \/k_zx 3

k
: _ 3 _1 n
= — cosf==— = — 0=—.
= y = % 2: 3
3
E-5x» R?2+r2=h?
Rz2=h2 —2
7
~—
Figure

volume of cylinder,

V = 7R (2h) = 1 (2h) (A2 —h? )2

(;_\; = 21 (12— h?) + 2rnh(=2h) = 0

r
=>rr=3h=h= —
NG
2 2 3
d—V <Oath:L:Vmax:2nL rz_r_ =47Tr
B

dh? 3 3) 33

E-6. h = /cos6

Figure

r=/sin 0

1
3

V== nrh

7 (3 sin20 coso

W~

v _1 nl3 (2sin6 cos?6 — sin®0) v _1
3 de 3

73 sind (2 — 3 sin?0) = 0 at

sind = E
3

= tano = \/E
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Application of Derivatives

E-7. 20+ 2nr = 440

-

2r

N

Figure

A=102r=-2nr2+ 440r

gA =—4nr+440=0
dr

110
at r=—

T

E-8.= Let A be area of rectangle.

o=
7 TN

A =(2x) (y) : u;x (12 — x?)
gA =6(2 +x)(2-X)
dx

At x = 2, A has largest value. Largest A = 32

E-9. Let X, y be dimensions of rectangle.
= 2X + 2y = 36.
Let V be volume sweeped

V = X%y
V = nx?(18 — X)

. c dv
signs of —/—
g dx

e
- =nx.3.(12 — x)
dx

At x =12, V has maximum value. =

E-10.
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Application of Derivatives ~ / “_

Section (F)
F-1.  f) 4,9 T

let  h(x)=f(x) - g(x)
h(1) =2, h(2) = -6

= h(x) = 0 has atleast one root in (1, 2).
but h'(x) =f(x) —g'(x) <0
= h(x) is always decreasing so only one root

F-2. f(x) is continuous on [a, b], f(x) is
differentiable on (a, b), f(a) = p = f(b).
Conditions in Rolle's theorem are satisfied.

v _ [X(@+b))(  ab) 1
P = (x2+ab](1 xzj(a+b)
fi(x) =0 = x=+fab e (a, b)
i.e f(c)=0, c =.Jab

conclusion of Rolle's theorem also valid.

px*

F-3. Let f(X) =3+ px-1= f(x) =x3+ —X+cC

f(-1) = %* ¢ =f(1)

U

f(x) satisfies conditions in Rolle's theorem = f'(c) = O for atleast one ¢ €(-1,1)

= 3x? + px —1 = 0 has atleast one root in (-1, 1).

F4wn fX)=0=sin = =0= =~ =nx
X X

Consider interval i, :—L f i =0=f E
n+l n n+1 n

By Rolle’s theorem f'(x) vanishes at least once in (nil %)
+

Infinite number of such intervals are there. Hence f'(x) vanishes at infinite number of points in (0, 1)

F-5.= Let h(x) =f(x) g’'(x) h(a) = 0 = h(b)
By Rolle’s theorem on [a, b] h’(x) = 0, for at leastone ¢ € (a, b). = f'(c) g'(c) +f(c) g”(c) =0

f(gj— f(0) f(gj —£(0)
F-6.a f(c)= —=—— ;f(c) = sec?c which is strictly increasing f(c) = ———— ; f'(c) = sec?c
T _o T o
5 5
T
T tang T T n T 2n
f(0)<f(c)<f (—j sec?0 < <sec’—<sec’—~ —<tan=<=
5 4 5 5 5

5
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Application of Derivatives “_

F-7.=  Let ¢(x) = f(x) —2g9(x) ; x € [0, 23] = o' (x) =f(x) —2g'(x)

Also  ¢(0)=f(0)—2g(0)=2-0=2

$(23) = f(23) = 2g(23) =22 -20=2
Since f(x) and g(x) are differentiable in [0, 23] hence ¢(x) is also continous in [0, 23] and differentiable in
[0, 23], so all the conditions of Rolle's theorem are satisfied. Hence there exist a number ¢, 0 < ¢ < 23

for which ¢'(x) =0

F-8. f(a) = f(b) = 0 and we know sin3x, xe*, are continuous and differentiable for x € R therefore f(x) is

1+ %2

also continuous and differentiable in [a, b] hence by Rolle's theorem there exist a real number ce [a, b]
such that f'(c) = 0.

F-9. f(0)=0andf(6) =2
so f(0) = f(6)
f(x) is discontinuous at x = 4 and nondifferentiable at x = 1, 4 but f(3) = 0

F-10. Letg(x) :@ , X € [a, b]. By Rolle’s theorem g'(x,) = 0 = M =0=f(x,) = f(;((’)
0 0
PART - I
Section (A)
] 2
sinx® _
Al F(0)= tim X—O =1 (slope of tangent)

slope of normal is — 1
Equation of normalisy — 0 =— (x - 0)

A-2. ﬂ: g = d_y =——

dx  2Jx dxo, 2

Slope of normal = 2
Equation of normal is 2x —y =1

dy
dx

A-3. } is4 = 0=tan14
(3,0)

A-4. d_y = 5x4
dx

Equation of tangent at (h,k) is y—_E = 5 h*Which passes through (2, 2)
X —_

— (2 - k) = 5h* (2 — h) = —h5 = 10h* — 5h5= 4h5 = 10h* = h =0, g

= Equation of tangents are y — 2 = 0 and 16(y — 2) = 5% (x-2)
A-5.  Equation of tangent is
y —4/h =—4/h? (x — h)

It passes through (0, 1) = 1-4/h?=4h/h?
=> h-4=4 = h=8 = tangentisy—1/2 =-1/16 (x — 8).
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Application of Derivatives ~ / “_

A-6. y-ev+x=0

Differentiating w.r.t. toy

1-ev (d_x y+xj+d—X:0

dy dy
dx
dy
1-xev=0
xev =1 x=1,y=0
Point is (1, 0)
dy
A7, d_y:@ _ a (=sinb)
dx dx a (1+cos6)
0
dyl -8 1
dx|,_= 3 3
tal’](l——i = a_n—E = a:5_TE
3 6 6

A-8. 5w d—y:| = —2:| = —2
dX Jaeary X% Jdarary 3t

2
equation of normal y—_43/tt = 3% which passes through (3t, 4/t1)
X_
2 _ot2 _
= A_4 = £(3t1—3t): i= ot =>h= —16
t, t 4 tt, 4 ot?

A-9.= dy fory=x?+ 1 is 2x—i
dx X x?

dy . 1
— at(h,k)is2h—- —
ix (h, k) 2

y —(h? +1/h) _op_ b

equation of tangent at (h, k) is h
Xx—h h?
y= 2h—i X —2h?2 + 1+h2+l
h? h h
_Rh3 2
y=[2h—i2jx+ E—hzz E—h2= 1 5 :>2 1 2 =hé-2h3+1=0
h h h 2h—1/h h 2h° -1

= (h®-1)2=0 = (h-1)2(h?+h +1)>=0 = h =1 = equation of tangentisy =x + 1

A-10 . 1=1+b+c =c=-b

Y o oxsb=2+bat(l 1)

dx
. : . b+1
equation of tangentisy -1 = (2 + b) (x -1) = X intercept = P
+
. 1 (b+1
intercept=—(b +1 = b+1)=2
y pt=—(b+1) zx(mzjx( )‘

b?+2b+1=4b+8o0on-4b-8
b?—2b-7=00nb?+6b+9=0=integralb=-3
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Application of Derivatives ~ / “_

Section (B)
B-1.  ForCy, gy :ax€na‘ = (na
dx|) (01)
For Co, dy = bx€nb‘ = (nb = angle between curve is | loga —logb |: | log(a/b) |
dx|o1) (0.1 |1+Ioga|ogb| |1+Iogalogb|
B-2.  Both curves are confocal, where focus of both curves is (v24,0) and (—\/24,0)

= angle between curves x2 + 4y2 =32 and x2 - y2 =12 is g

2 2
B3 d_y} _X -yt d_y} 2 N d_y} y d_y} -1
dxc,  2xy  dx]e, x*-y? o dx]e dx]g
B-4. For C, ﬂ:# and For Cs, d—y=1—62 - #xl—i:—l - (izjx 16;3)( - 1=a2=4/3
dx a?y dx 3y a‘y 3y 3a y
B-5. Equation of normal to the curve y? = 8x and y? = 4 (x-3) are y = mx —-4m — 2m3and y = m(x-3) — 2m — m?
respectively.
= —-4dm-2mi=-3m-2m-mi=m3 - m=0=m=0, 1,-1
= feet of common normal with slope equal to —1 on the curves y? = 8x and y? = 4 (x-3) are (4,2) and
(2,4) respectively
Now, distance between points (4, 2) and (2, 4) is 2.2
. X y? . 32x 18y . 7
B-6.  Equation of normal at — + == 1 at (h, k) is—— ——= =14 which passes through | —,0
32 18 h k 4
3%—0:14 =h=4 =k=3
7 9y 15
Now, distance between (4, 3)and | —,0|is ,J|—| +9 = —
4 4 4
2 2 2
= shortest distance between curves x_+y_ =1and | x ! +y>=1is i
32 18 4 4
Section (C)
C1. V= fah Lor_2_ 1
3 h 4 2
3
V = Enh_ = th
4 12
77><103:£><l x 70 x 70 x — (-~ 1litre = 10%c.c.)
7 4 dt
2m
—>
4m .
77 lit/min.
dn = 20 cm/min.

n
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Application of Derivatives

C-2 x® =12y
3x2 d—X =12 d—y = d_X > d_y
dt dt dt dt
p® L d
dt  3x dt
= X2<4 = X € (-2, 2)
;y=300
C-3.»n " Figure
From figure z2 = x2 + y?
dz dx
— =X —
dt dt
If z=500then x =400 = 500 Eope 400(5) = e 4
dt dt
C-4 Lety = tan XAy = tan (X + AX) — tan x ==4 g—y AX = tan (x + AX) — tan x
X
= (sec? xX)Ax = tan (X + AX) —tan x
put x = 45° Ax = 1° = ﬁ =tan46° - 1= tan46°=1 + I
180 90
C5n V= 4%(10+r)3 ,0<r<15
d_V =—50.
dt
47 (10 + )2 CIN _—1(wherer=5)
dt dt 18 =«
Section (D)
D-1. f(x)=3@+2)x*-6ax+9a<0 V xeR
= a+2<0 and D<O
= a<-2 and a e (-, —3] U [0, )
= a e (—0, -3]
D-2. f(x)=3x2+2ax+b+5sin2x>0x € R
sin2x>-1
= f(x)23x2+2ax+b-5 xeR =3x*+2ax+b-5>0 xeR
= 4a°—4.3.(b-5) <0
= a?—3b+15<0
1_2X x<1l x=#0
D-3.m f(x) = X
X_
X2 ’ X Z ]1
The given function is not differentiable at x = 1
iz—%, x<1 x=#0 X_32<0 given x<1
Fg=1% X Now fi(x) <0 ={ X
2 1 2-X
x_g_?’ x>1 v <0 when x>1

n

f(x) decreasing V x € (0, 1) U (2, «) and f(x) increases V x € (-, 0) U (1, 2)

here f(x) is decreasing at all points in x € (0, 1) U (2, ) so will also be decreasingatx =3 at x=1

minima and at X = 2 maxima
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Application of Derivatives

D-4. fr(X) = (22 + 422+ 62x* +...... + 1002 x%) x
T 0
Minimum atx =0 signs of f/(x)

D-6.
(2,3) 4,3)
(ZZ\M
(l,l)/ (4,1) ©D
+— i i
1 2 4 6
Section (E)

E-1. f(x) =2 —|x+ 1]

-10)

-2.1)
(1,0)
32 1",

Figure
From figure it is clear that greatest, least values are respectively 2, 0

E-2. Since coefficient of x?is (+ve)

= m(b) = _% m(b) = — w — m(b) =

4(1+Db%) 1+b?

= b?*>0 =1+ >1= O«<

< 1= m(b) e (0, 1]

1+b*
g3, d_H=h
R r

S = 2Tcrh LI LI LT T T PP P PP PP PPPN

Figure

2
=27H |r= d—Szan(1—3j
R) dr R

Maximum at r = g

E-4. X=4cosh,y=3sin0
Let A be area. A =4 (4 cos 0) (3 sin 0) = 24 sin 20

] (4 cos 0 , 3sin 0)

\ 4
N

Figure

4 23

N

. . T . .
A is maximum when 2 8 =— = Dimensions are.
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Application of Derivatives

E-5. Let Abearea A= (2x)(e ™), x>0

s feg

Figure

_] e’x2

Atx = i A is maximum. Largest area is 2 % el2

N

E-6.m f(1) <f(1) and f(1*) <f(1) — 2 + log, (b2 —2) < 5

0<h?-2<1282<Pph2<130

E-7w A(-2,3) 3=4a-2b+c
B(-1,1) l=a-b+c
D(2,7) 7=4a+2b+c

A
Ay
B

-1
2

\ (T

Figure

y=x2+x+1

C(h, hz+h+1), —1<h<2

Areazg (=h?+h +6)

Maximum at h = %

Section (F)
F-1. fx) =x*—-6x2+ax+b

=C (E Zj
2 4

f(x) satisfies condition in Rolle's theorem on [1, 3]
f(1)=f3) =1-6+a+b=27-54+3a+b

2a=22
a=11 andb e R.

F-2. FX)=0=x=-2,3
=-2¢e(-3,0)

c=-2

F-3.= Forxe(0, 2)

vy = 1(x)—f(0)
fe)= x-0

(Here ce(0, x))

= f(x) = 2.f'(x)

f(x) < 1
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Application of Derivatives

F-4_ .= Letf(x) = ?JFT +cxthenf(1)=0,f(-1)=0,f(0)=0

F-5.

n

ax®> bx®

/\

= there exist atleast one root of equation ax* + bx? + ¢ = 0 in (-1, 0) and there exist atleast one root of
equation f(x) = 0in (0, 1)

= there exist atleast one root of equation ax* + bx2 + ¢ = 0 in (-1, 0) and there exist atleast one root of
equation f(x) =0in (0, 1)

b . .
But — equal to negative so equation ax* + bx2 + ¢ = 0 has two real and two non-real roots. Hence
a

there exist exactly one root of equation ax* + bx? + ¢ = 0 in (-1, 0) and there exist exactly one root of
equation f(x) = 0in (0, 1)

X° —2x* —5x+6 _(x=1)(x* —x—6)

lim f(x) =—6; lim f(x) =—6 = LHL = RHL =f(2)
xX—1 x—>1

x—1 (x-1)

f(x) is continuous

LHDatx=1is1
RHD atx=1is 1

f(x) is differentiable at x = 1

f(=2) = 0 ; f(3) = 0 all the conditions of Rolle’s are holding

=x2—Xx—6 = f(x) = { 6_

Educating for better tomorrow

fx)=2x—-1=0
= le Z e [-2, 3]
2
PART - 1l
(A) y2 = 4ax = _ 2
dx y
o y _ -1 5~ -1
= = = e =
y d 2a 2a y
Product of slopes = (@J (_—y): -1
y 2a
(B) 1<|sinx|+]|cosx|< 2
y=[sinx|+|cosx]]=>y=1
P(2, 1)
N\
[P\
Figure
X2+y?2=5
dy _ =x tand = ‘_2_0 cosec0 = 2
dx y 1+ 4
®
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Application of Derivatives ~ / “_

©) Lety?=4a(x+a) ... Q)
andy?=4b(x+b) ... 2
intersect each other at (h, k) thenh =— (b + a)
(h,Kk)h=—(b+a)

Now d_y} for curve (1) is 4a and d_y} for curve (2) is 4b
X Jn 2k dX Jn 2k
@x4_b =-1 :Lab:_ljél;ab:_l SL:—:LDL:—].
2k 2k k2 4a(h+a) h+a b

Which is always true = % can take any value from interval, R— {0}

(D) Inverse curves touches each other at line y = x
= y = X is tangent to both curves = equation x = x2 + 3x + ¢ has both equal roots
=>c=landx=-1=handy=-1=k=|h+k+c|=1

2 2

2. (A) f'(x) = 2x — % = w No point of local maxima
X X

(B) Given expression = (sin-tx)? + (cos™* x)?

2 3

3
=|X] —3sinix| Z—sin"'x| .2 :3—n (sin—*x)? — 3is:in-lx p 2
2 2 2 me 4 8

This is quadratic in sin-*x. Therefore it will give maximum value when sin-x = B =x=-1

(©) f(x)=12 (x+2)(x + 1) (x—1)

+ +

- -2 -1-1
sings of f'(x)

= a=-2,b=-1

a’+b’_a’+(8-a) _ 8

(D) (3a? — 24a + 64)
48 48 48
- a®+b®. 8 (4.3.64-24%)_8
Minimum S ——=—
48 48 4.3 3
3. (A) f(x) is continuous and differentiable f(0) = f(r)

Hence condition in Rolle’s theorem and LMVT are satisfied.
(B) f(1)=-1,f21)=0,f(1) =1

f(x) is not continuous at x = 1, belonging to Eg}

Hence, atleast one condition in LMVT and Rolle’s theorem is not satisfied
(©) f(x) = % (x=1)%,x=1

At x = 1, f(x) is not differentiable.
Hence at least one condition in LMVT and Rolle’s theorem is not satisfied.

(D) Atx=0
1
X el -1 -0
, ex +1 0-1
L.H.D. =limt = =-1
X0 x-0 0+1
RH.D.=1

At x = 0, f(x) is not differentiable
Hence at least one condition in LMVT and Rolle’s theorem is not satisfied.
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Application of Derivatives ~ / “_

4, (A) Let PQ =x
ThenBp = 2-X
A
S R
- /60°
Figure
PS = 4_;)( tan60° = M

area A of rectangle = ? (4 -x)x

2
d—A—£(4 2x)=0 = X = d—A:— 3<0
dx dx?

A is maximum, when x = 2.
NE)

Maximum area = = 2.2 :2\/5.

Square of maximum area = 12

(B) Dimensions be x, 2x, h
72=Xx. 2x. h
36 = x?h (1)
S = 4x? + 6xh
S=4x>+6 36
X
ds 216 _ 8(x°* -3%)
=8X- = =
dx X X

For least S, x = 3 and least S is 108.
(©) f(X) = xy = x3(60 — x)

f'(x) = 4x? (45 - x)

f(X) is maximum at x = 45

(D)  x2+y*=5

% = /6 cos6, b = /5 sind

a o &2
2 2
Figure

Let f(0) be perimeter f(0) = 2a + 2b = 2/5 (2c0s + sind)
f(0)= 25 (- 2sind + cos0)

f1(0)= 25 (~2c0s6 — sind)

f(0) = 0 = tan® % = andf" (0) <0 = f(0) is greatest

a=4,b=1
a3+ b3=65
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Application of Derivatives

EXERCISE # 2

1. le—iX:e-X’a:e-X’azl—iputt:—ie‘:1+t
b a a

Draw graphofy=et,y=1+

t

From graph it is clear that t = 0 is the only Solution

= x=0 =

2m X3+ y®=8xy, y? = 4x =
x3-8x32=0 =

=

y=b (0, b)

x3 + 8x%2 = 8x 2x1/2
x6—64x3=0

x3=0 or x3 =64

x =4,y = 4.Point of intersection (4, 4) 3x? + 3y? y' = 8y + 8xy’

y=-1

slop of normal is 1

Equation of normalisy-4=1(x-4) = X=y

3. Here X2/3 + y2/3 = a2/3

Differentiating w.r.t. to x gx

~ _(EJUS
(h, k) \h

k 1/3
Equation (y—k)=- (EJ

dy
dx

P

w3, 2, w3 d_y -0

+_
3y dx

(x=h)

P(0, k13 (h23 + k23)) or P(0, a2 k13)

And, Q (h1/3 a2/3, 0)

PQ = Yh?3a*® +a**k*? = |a| = constant.

4 The tangent at (x,, sin X,) is y — sin x, = cosx, (X — X,)

It passes through the origin sin x, = X, COS X, = X, ,fl— sin® x,

y2=sin?x =x(1-y? =
y?=x¥(1-v?) =

5xa y=eW=e2inxela,a+l)

(x,y,) lies on the curve
X2 — y2 = X2y2

d_y = exa=ek
dx

equation of tangent (Y —y) = g—y (X=x)
X

passing through (-1/2, 0) (O

1 1
=>-1=-——-X=>X= —
2 2

—y)=el(=1/2 - x)

. point (% el’zj Number of tangent = 1
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Application of Derivatives ~ / “_

6.=

7.5

10.=

n

Let y = mx + ¢ be tangent touching both branches.
fx)=—x3,y=mx+c, x<0

X¥+mx+c=0, m>0 (*- x <0) (negative roots)
D=0=m2=4c

fx)=x2+8,y=mx+c¢, x>0

X¥—-mx+8-c=0, m>0 (positive roots)

Figure
D=0=>m?=32-4c=c=4, m?=16=>c=4, m=4

f(x) = e & g(x) = /nx are image of each other in line mirror y = x hence minimum distance between
these will be equal to distance between parallel tangents of f(x) & g(x) which are parallel y = x.

y y=e*

ex=1&=1 y = logx
X=0&x=1
P=(0,1) ;Q=(1,0):PQ=+2

Uy

A, 2t)

shortest distance always lie along the common normal
Equation of normal at (t?, 2t) to the parabolaisy + xt=2t+t¢ ... 0]
above equation passes through the center of the circle c(0, 12)

12=2t+¢

t+2t—-12=0

t=2

point is (4, 4)

f(X) - a{alx|sgnx} , g(X) — a[aIX\ sgnx]

fora>1, azlandx e R

/n a h(x) = ¢nf(x) + /ng(x)

= (a)h(x) = { asgnx } ma+[a"sgnx] ma=h(x)={a'sgnx | + [ a"sgnx]
= h(x) = ak sgn x

Now  h(—x) = aisgn (-x) = —-h(x) = h(x) is an odd function Also graph of h(x) is

-1

Figure
It is clear from the graph that h(x) is an increasing function
x>1 = f(x) > f(1)
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Application of Derivatives ~ / “_

11x=

12.
13.

14. =

157,

16.=

17.

n

x>1 = 9(x) <g(1) = f(g(x)) <f(g(1))

= h(x) <1 ()

Range of h(x) is subset of [1, 10] = h(x) > 1 o (1))
By (i), (ii) we have h(x) = 1 = h(2)=1

b-(a+c)x |, x<0
f(x) =¢b+(c—a)x , 0<x<b/a

(a+c)x-b , x>=bl/a

N
t:)/a 0 t:)/a t;/a
(hc>a (i)c=a (iijc<a

e +e™
2
f(X) increasing hence g(x) is also increasing function

fi(x) = >0

F'(x) = 3x% = 3p2x + 3p? = 3 = 3((x — p)* ~ 1) = 3(x ~(p + 1)) (x = (p— 1))
=>p-1>-2andp+1<4=p>-landp<3=-1<p<3

1/x

f'(x) = X — (1 —4nx) f'(x) <0, whenx >e
X
f(x) is decreasing function, when x > e
n>e = f(n) < f(e)
TCl/" < el/e = er > e
Statement-1 is True, Statement-2 is False

2
XAXE2 gy (-3,-2)
X°+5Xx+6

For maximum or minimum of the function, putf(x) =0 = a?-—3x*=0 = X =— ,i
3'\3
If a > 0, then point of minima is x = _a =-3< _a <-2 or2\/§ <a<3\/§

N 5

if a < 0, then point of minima is x = 2 =-3< 2 <-2= —3J§ <a<—2\/§

VAR

&fe

f'(x) = sinx cos x (3 sin X + 2A)

f(x)=0
= sinx=0 or cosx=0 or sinx=_3ﬂ
. -2\ . .
= x=0 or sin x = = (as cos x = 0 is not possible).
If A=0thenf(x)>0
= no extrema,
hence A =0

= —1<;%<0 or 0<;%<1

3 3
= O<A< E or - E <A<O0

2 2
2 =h2+ x2
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Application of Derivatives ~ / “_

V3

Area of base (triangle) is Ta

Ng
2

3x = aVqumeV:ﬁ haZ:h§.4. 3. x2:3\/§h(122—h2)(;—\;:3«/§ (2 - 3h?)

Figure

V is maximum when h = ¢

7

18.

Figure

a® +b?)

Area:ab+(%azsine cose+%bzsin6cosej . 2=ab+ ( sin 20

2 2
Maximum area is ab + (a_erb)

19.»=

Figure
. . cC-X _¢C
From similar triangles AABC, AFBD —— = b
y
Area of AFDE = xy sin A = b (c=x)sin A
c

It is maximum when x =

N|O

. bc .
Maximum area = T SinA

statement -1 is true
statement-2 is obvious.

20 Let f(x)= Jx Ifxe7?

fx+1)—f(x) _ £(c)
X+1-x

Nrwe BN

_f
1
\/ﬁ—\/__\—ﬁ ﬁ
logx

21w f(x) =—— s differentiable and continous for every x > 0. Now for RMV to be applicable f(a) = f(b)
X
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Application of Derivatives ~ / “_

3@:@ > a=b2=>a=2,b=4
a b

hence a2 + b2 = 20.

22w Let g(x) = f(x) — x2 = g(x) has atleast 3 real roots which are x = 1,2,3
By langrange mean value theorem (LMVT)
= g'(x) has atleast 2 real roots in x € (1, 3) = g"'(x) has atleast 1 real roots in x € (1, 3)

= f""(x) — 2 = O for atleast 1 real roots in X € (1, 3) = f"'(x) = 2 for atleast one x € (1, 3)

PART-II

dy

RN Parametric form of curve is x = 3t2, y = 2t8 ™ =t
X

Let P(3t, 2t}),Q (38, 2t)
Conditions are

(i) dy dy =_1

dx [ )\dx |,
. dy .
(i) —= | = Slope of line segment PQ

dx |,
tt,=-1 OF

2 2
=2 LAtLEL o G

3 t, +1,
P
Q
= -1+t =2 (t§ -1+ tf) figure
2

tlz = E +1
t2=2,-1

_ 1
t2=2 =t =+ \2=>t,= e
1 3 1 . .
Ift:\/E,tz——:PBA\/E, —, ——— |= Required line is =\/§x—2\/§
1 = G ( )Q[2 ﬁj q y

Iftl=—\/§,t2=%:>P(6,—4«/§),Q [g %J Required lineis y = —2x+2 2

2.n Any point on y = x2 + 4x + 8 is P(h,h?+ 4h + 8). :_y =2h+4
X

p

Tangent at P is (2h +4) x—y =h?-8.

It is sufficient to have only one solution for equations y = x? + 8x + 4,
y=2h+4)x+8-h?

= X2+ (4-2h)x+h>-4=0 = D=0
(4-2h)>—-4(h2-4)=0 = h=2
8x—-y+4=0

coordinates of point of contact are (2, 20) and (0, 4)

3. [¢nx| = px
It is sufficient to find values of p for which y = |¢nx| and y = px has three points in common.
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Application of Derivatives ~ / “_

If y = px is passing through points O, A, B then we obtain three roots. Let us consider line y = px.
When it is passing through points O, P. (tangent)
Let P (a, pa) (o> 1) = pa = |[/na|

P B
0 A
pa=/no. ... (1) Figure
dy _1
dx x
1
p=— .. (2)
(04
@, 2 = a=e
Slope of tangent (OP) is 1 .
e
For three roots condition is 0 < p < 1 .
e
4w y=50-16t2 So, % =32t
tand = == :y:( S0 j.x
30+x
50ft.
i 0
—
30ft. X
Figure
2
d_y: ﬂdl:ioz%: 93 =— 16@=— 1500 ft/sec.= 100X ft/sec =\ = -15 = |A| =15
dt dx dt (30+x)° dt dt 1500
5x att=0 ; x=0, y=1
©.)
7h?
B A [h 1+§)
©.1)
A
dy = 2cm/sec
2
A= Exns] 1 M
2 36
dA (1 7h*) h(14h dh dA (1 14x6 6
— == lt—|+=|=— || —; —=|=%x8+3x— |x ——
dt 2 36 ) 2\ 36 dt dt 2 36 (712)
(At, t = 7/2 sec, change in y -co-ordinate = 7 hence, pt. C has
6 132

y-co-ordinate = 8 and x- co-ordinate =6 att=7/2sec.) = (4 +7) x 7 X2 = - cm?/sec
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Application of Derivatives

/

6.

8.

n

2

2x(ex2 +e‘x2) (e*2 +e‘x2)—(ex —e‘*z) (2xexz —2xe‘x2)

2 2 2
(e* +e™* )

. 2x ((exz +e )2 —(exz —e* )Zj

fi(x) =

= - — = 28X — >0 X e [0, o) = least value of a is 2.
(ex +e™ ) (ex +e™ )
Let f(X) = 2 sinx + tanx — 3x
cosx—1) (2cosx+1
f'(x) =2 cosx + sec’x — 3 = ( ) 2( )>O
COS” X

f(x) is M.I.

x>0

f(x) > f(0)

2 sinx + tanx > 3x

3x<2sinx + tan x = 3—X <lforxe|O, r

2sinX + tanx 2

and I S —— 3x =1 U S 3 =0

Xx—0t 3sinx+tanx X—0t 3sinx +tanx

3SR Iy 3 _ 3 3 _

and im tan® x —sin” x _ im tan® x(1-cos” x) _ im tan® x (1 COSX)(COSZX+COSX+1): 3

X0 x> X0 x> x>0 X° NG 2

tan® x—sin® x

. 3x x®
Hence lim |2+ ———— =(2+0)32= 22 =2.828

x>0 2sinX +tan

f(x) =2ex—ae>*+(2a-3)x-3

f'(x) =2ex+ae>*+(2a-3)20VxeR=a2 e3-2¢7)
1+e)
Lety= & (8=2€7) | etex=t
1+e")
_ (3 2tjte (0, ) dy _ _(2t+3)(2t2—1)
1+2t dt (1+2t)

hence maximum value of y will be att = % Ymax. = % hence minimum value of a is %

f(x) = 4[ cos® x—2(a+1)cosx +a’ +2a—4]

Leto(t) =t2—2(@+Dt+a*+2a—-4, -1<t<1

It is sufficient to find values of t when ¢(t) = 0 has no root in [-1, 1]
D=20

Case-l1: ¢(-1)>0,a+1<-1,D=20>0

:ae(—oo, —2—\/5) U (—2, +\/§, oo)anda<—2:>ae (—oo, —2—\/5)

Case-1II: ¢(1)>0,a+1>1,D=20>0 :>ae<—00, —\/5) u(\/g oo) anda>0 :ae(\/g,oo)

Resonance®
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Application of Derivatives ~ / “_

10.

11x=

12.

13.

14. =

n

Using graph of expressions on both the sides, we get only two roots.

4
>*§ 4

UﬁnZn
log, (2 +/8)

-1<p<1
Consider f(x) =4x2 - 3x—-p =0

f [Ej.go
2
f(1)> 0

f(x) has at least one root between E 1}

Also f(x)=12x3-3>0V E 1} = fis increasing on E 1}

= f(x) has only one real root between E 1} To find root put x = cos6
1

= cos 36 =p = 0= 3 cos™p

Root is cos (%cos‘1 pJ

200
]

2
ot 22 =t:>y=t—1+-299te[1ﬂ»:>gl _ (L) —300 :(t+1+1oJ§xt:1—1o¢5
t+1 dt (t+2 (t+2

= hence function has minimum value att=—1 + 10 \E Ymin. = 20 \E— 2 =26.28

Lety= 21+
2

f(X) = (X = 1) + (X — 2)2°1 + ........... + (X — 2013)2013]

f'(x) = 2013 [(x — 1)2022 + (x — 2)2°22 + _.......... + (x — 2013)%12]
f'(x) >0 = f(x) T

f(X) € (—0, ) = f(x) can have only one real root

1+2013 _ 2014

Due to symmetric nature, real root is = 1007

f(x) = % X3+ (a + 2)x2 + (3a — 10)
f)=gx)=axt+2(@+2)x+(@-1)=ax-a) (x-p) B >a)
Case-l:lIfa=0=>f(X)=4x-10=>x= % is point of minimum (which is not negative)

Case- II: If a > 0 then B will be point of minima which is negative hence both root of g(x) = 0
g(0)>0

must be negative. D >0 =ace [% 7+2'57]
-b/2a<0
Case-lll : If a < 0 then o will be point of minima which is negative hence 3 can be negative, zero or
positive but g(0) < 0 is hence B can be negative only hence again g(x) = 0 must have both negative
g(0)<0 —
roots D>0 = a € ¢ hence exhaustive set of values of a is (%%J
-b/2a<0
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Application of Derivatives

— 2 3 4 5 6
15w f(X)=a,+ax+ax?+ax’ +ax+ax® +ax

Lim (1+L2()j:1:> a,=a
X

x—0

1/x
Lim (1+ @j =e?
X

x—0

. 2
Lim e a) g2 = g =2

x—0

f(x) = 2x4 + ax® + ax®

1:a2:a3:0

f(x) =x*(8 + 5ax + 6a,x?) f(1) =0, f(2)=0

asz—g

16.m  Lety= y-3+4x—x°

X2+y?—4x+3=0

, g :g f(x) = 2x*

1205, 25
5 3

(x—-2)2+y2=1, center C = (2, 0)

D)

Figure

C
(5,-4)
P

Consider point P(5, — 4)

cP= J9+16 =5

2
Maximum value of (x/—3+4x - x? +4) +(x—5) is (5 + 1)2 = 36.

17. Area = 36 (1 + cos6) sin6 = 3

Maximum occurs when tan (

6 cos6 6 cosO
8 -0
6 6 sinb 6
6 sind
6
Figure
18. xy =18

Area of printed space = (x—

=<
|
N

x—1

X
Figure

18

6.4. cos® (6/2) sin(6/2)

9:5:9:2
2 3 3

1) (y_§j218+§_(3_x+§J
2 2 2 X

Maximum when 37)(:— —x=2J3 y=33
X
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Application of Derivatives ~ / “_

19.= Fuel charges per hour = kv2 = 48 = k. 162

= Fuel charges per hour = % V2
Charges per hour :% v2 + 300

Expenses of journey = (i v2 + 300) s
16 v

where v =speed s = distance

: 3v 300
Maximum occures when — = —
\%

(- ax +E , &, b, >0, x>0, has minimum when ax :9)
X X

v2=16.100
v =40

20.
Ay
1 y=x y=(1-x)’

1 12 .2
OVl 12 =2 T o1y

From figure we can see Rolle’stheorem is applicable for xe E %} and f'(c)= 0 =2 - 4c

21.= There exist atleast one ce(a, o + d) such that f'(c) = w{;_fm) = f'(c)e {%Gg} .

If d is very large then f'(c) will approach to zero. Also (f'(a))? €[77, 83] Because f'(x) is continuous

function so (f'(x))? can take all values from (0, 77] = (f'(x))? can take 76 integral values in (0, 77)

PART - 1l
2
1. 2y3:ax2+x3:6y2ﬂ=2ax+3x2: ay =5_512:§
X dX| o a 6
. -a a
Tangentat(a,a)|35x—6y=—a:>a=?,|3=g
2 2
@+ pr=6l = 2.2 -6
25 36
a?=25.36
a=+30
2. XxX=2 = ?+3t—10=0 = t=2,-5
=-1= t—t—-2=0 = t=2,-1
= t = 2 (common value)
dy _4t-2 _ dy| _6_-1_ _7_-1) 36 __ &
dx 2t+3 = dx|, 7 6 6 6 49 6
7 7
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Application of Derivatives

3. Let f(x)=x+sinx =
As fx)20VxeR,
Let g(x) = sec x
g’ (X) = sec x tan x

g’ (X) changes sign.

f'(x) =1 + cos x
f(X) is increasing

g(x) is neither increasing nor decreasing.

1 1

4m f()=2-

2
_ - SEJUE NI N S S I S
1+x* Yx®+1 1+x U241 L+x Ix2+1

5m  g(x)=2f (gjn (1-x) and g'(x) = f'(x/2) - f'(1 - X)

Now g(x) is increasing if g'(x) > 0

fr [gj > (1 - X)

[- f'(x) <0 i.e. f'(x) is decreasing]

X

= Esl—x: X<2-2X = 3x<£2 :>x52/3:>0§x§§:>g(x)increasesin0£x£2/3

and g’(x) < 0 for decreasing = f’ (g] sf'(l—x):% >1-X =>x22/3=2/3<x<1

6. fi(x) = % x[?j

m —n is odd.
ff(x)<0 VX e (—0, 0)
f(xX)>0 Vx e (0, x)
7. Let h(x) = f(x) g(x)
h" (x) = f'(x) g(x) + g'(x) f(x)
As f(x)<0,0(x) <0
= h'(x) > 0
Letx, X, el
X, <X,
g(x,) <g(x,)
f(9(x,)) > f(9(x.))
fog(x,) > fog(x,)

— f(x) g(x) 20 andg'(x) >0, f(x) >0 = fx)g'(x) =0
= h(x) is increasing.

= fog(x) is monotonically decreasing.

8.a ¢’ (X) = (3(f(x))? — 6(f(x)) + 4)f'(x) + 5 + 3 cos X — 4 sin x
5-9+16 <5+3cosx—4sinx<5+ \9+16
adding (3(f(x))2 = 6(f(x)) + 4)f'(x)
B(f())? — 6(f(x)) + A (x) < ¢ (x) < (3(f(x))* — 6(f(x)) + 4)F'(x) + 10

3(f(x))2 = 6f(x) + 4 = 3 (f(x) = 1)2 + 1 > 0

(B(f())* - 6(f(x)) + 4)f'(x) > 0

= ¢’ (x)=0 =

If f (X) =— 11 then

when ever f(x) is increasing.

¢ (X) is increasing, when ever f(x) is increasing.

(3(f(x))? — 6f(x) + 4) F'(x) + 10 = — 33 (f(x) = 1)2— 1 < 0

= ¢’ (x)<0 =

¢ (x) is decreasing.
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Application of Derivatives “_

x+p® pq  pr
9. f(x) = pg  X+q°  qr | =x3+(p?+r2+qd)x?
pr qr  X+r?
fi(x) =3x+ 2x(p* + g+ 1) = x {3x +2(p? + ¢ + r?)}

+ - +

*%(p“rq’“’)

Here f(x) is increasing if x < —% PP+ g2 +r?
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Application of Derivatives ~ / “_

PBx= fX)==1) X+ 12n+1)x*+(2n+1)x*+2(n—1)x — 1]
Atx=12n+1)x*+2n+1)x2+2(n—-1)x—-1=+0

for neN
n — 1 must be odd

= nis even

sec? x(cosx +x) (cosx—X)
(@1+x tanx)?
The only factor in f'(x) which changes sign is cosx — X.

14m  F(X) =

Figure
Let us consider graph of y = cos x and y = x

It is clear from figure that for x € (0, X,), cos x—x > 0 and for x (xo, gj

cosx—x<0, = f' (x) has maxima at x,

15w f(x)= 2 +2bx+1
X
f(-1)=0
_a-2b+1=0
a+2b=1
f(2)=0

844p+1=0 = a+8b+2=0
X

—6b=3 = b= —,a=2

—X ; X < —1

J1I=x2 : 1< x <0

Maximum of f(x) exist at x = 1
Minimum of f(x) existatx = — 1

16.=  From graph f-* (x) ={

J,\\ +

y=1"(x)5

4~

Y =100\
N\

Figure

1
1+ x?

—(x=1*

17 Fe = 2x(1+x?)

<0 V x>0.

1 , X>0 =
X

1
2
f(x) is decreasing Vv x > 0.

1 . 1
On | —, «E reatest value is f| —= | =
be? } ° [ﬁ)
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Application of Derivatives

— 40.12x(x+3)(x—1)

(3x* +8x> —18x* +60)°

f(x)=0

atx=0x=-3,x=1

so atx =0, f(x) has local minima.

and atx=-3, x=1; f(x) has local maxima

(1) :g f(-3) = ‘7—:0. f(=3) <0, f(1) > 0 and f(x) # 0

18 F(X) =

= f(x) is undefined at point(s) in (-3, 1). Hence f(x) has no absolute maxima.
X=2 5
19. fx)= — ; x21,-3 = fX)= ——
) X+3 ) (x+3)°

200 (2xX)2+2.2x.3y+ (By)?+(y-1)(y-3)=0 = (2x+3y)*+ (y-1)(y-3)=0

xe R

SoD=0

144y? — 16 (10y? —4y + 3) > 0
16 [-y?+4y—-3]20
y2—-4y+3<0
(y-1)(y-3)=<0

L 1<y<3

So y_=3andy_. =1

max min

21.=  f(0)=0=f(1)
there will be no x € (0, ) (.. Rolle’s theorem is not applicable)

for which f(x) =0 i.e, cot'x = 3
1+x

-1 (1+X2)—2X2_ -1 X2—1

Fx) = 2 2 2t 2
1+x (1+x2) 1+ x (x2+1)
-2
'(X) = —5——=<
) (X% +1)°

f'(x) is strictly decreasing lim f(x) = lim ( ~X_ | cot™ xj =0

X—>00 X—wo\ 1+ X2

f(x+2J—f(x)
T

f(0+) = lim cot‘1x—L _I — 2  =f'(c) ¢ 0,E .. LMVT is applicable
(0+) [ 1+X2] ; o/ (c) e[ 5 ¢ pplicable)

x—>0*
T
o))<=
(c)< >
f(x
f(x) > 0; f(x) is increasing

f(x) €[f(0), f(x0))

+3j—f(x)<3xﬁ
T n 2
fl x+ 2

—j—f(x)<1

T

f0)=0

. . 1 __cot™'x . —1 2

lim f(x) = lim xcot™ x = lim = lim x(—=x“)=1
X—>0 X—>o0 x—0 1/X X0 1 + X2

f(x) €[0, 1) = f(x) = sec x will have no solution
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Application of Derivatives

22~ f(4)=1(5)=1f(6)=1f(7)=0
By Rolle's theorem on interval
[4, 5], [5, 6], [6, 7] we have

f'(x) = O for at least once in each intervals (4, 5), (5, 6), (6, 7).

23. (A

(B)

(©)

(D)

let f(x) = tan'x

1
f(x) =
) 1+ x°

1
f'(c)| = <1
()l s
tan™ x —tan'x
- <1

X=y

Let f(X) =x®°+sinx—1

f'(x) = 100x%* + cosx > 0, x e [0, 1]
= f(x) is increasing.
Suppose f(x) = ax® — 2bx? + cX, then clearly f(0) = 0
and f(1)=a-2b+c=0,
f(0) = f(1)
By Rolle’s theorem f'(x) = 3ax? —4bx + c =0
for atleast one x in (0, 1) which is positive
f(x) =3 tanx + x3 -2
= f'(x) = 3sec?x + 3x> >0

= f(x) is always increasing

24.»  Apply Roll's theorem on f(x), g(x) = exf(x) and h(x) = e f(x)

25x= (A

(©)

Letx=x+handy — x
[tan-tx — tan-ly| < X — V|

[tan-i(x + h) — tan-*x| < |h|

i(tan‘lx) <1
d
X
1
T <1 hence true

[sin X —siny| < [x -y
X—>x+h y — X

sin(x +h) —sinx
h

[cos x| <1 hence true

Alternative solutions
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Application of Derivatives ~ / “_

For x =y, this is true

Letx,y e Randx<y
consider f(t) =tant, t € [X, Y]

tan'y-tan'x _ 1

Using LMVT, >, Ce(XY)
y—X l+c
= tanty —tan-x = y—>: SY=X . (i)
1+c
similarly x >y, tan*x—tanly<x-y ....... (ii)

From (i) and (ii) we get [tan™ x —tan™y| <[x —y]|

Similarly considering g(t) = sin tin [X, y] we get sny=sinx._ cos C
y—X
= siny—sinx=(cosc)(Y—=X)Sy—X ... (iii)
and sinx—-siny < x-y .. (iv)
(iii), (iv) = [sin x = siny| < [X — V]|
26.m  [f"(0)|<2=> [fx)-f(@)|<2x-a = [f'(x) —f(a)] <2
f(2)—f(1)

=0 as f(1) =(2)

a is that point on the interval when f’(a):‘ 51

f(a+6)—f(a)
6

Now f(a + 6) — f(a) €[-6, 6] = f'(c)e[-1, 1] = (f'(c))? <1

27 . (A Apply L. M. V. T. in (a, a + 6) we get f' (c) =

(B) Apply L. M. V. T. in (-d, 0) where d is positive then f'(c) = w =f(c) e {%6%}
If d is approaching to infinity then f'(c) approaches to zero. And (f'(0))? €[76, 85], Also f' (x) is
continuous function. So (f'(x))? can take all real value from (0, 76]

© By using option (A) we get there exist a value xo € (-6, 0) such that (f'(x))? <1
also f(xo)? < 9 = (f'(x0))? + (f(x0))? < 10
But f(x))? + (f'(x)? is continuous function and (f(0)? + (f'(0)? = 85 hence there exists o € [xo, 0]
such that (f'(a))? + (f(a))? = 10 = there exist a e (— 6, 0) such that (f'(a))? + (f(or))? = 10.

(D) Similarly by using option (C) we say that there exists § < (0, 6) such that (f(8))? + (f'())? = 10
Assume H(x) = (f(x))? + (f'(x))? where H(0) = 85
Let p is largest negative number lies between (-6, 0) such that H(p) = 10
Similarly let q is smallest positive number lies between (0, 6) such that H(q) = 10
Apply Rolle's in H (x) in interval (p, q) we get there exists r in (p, q) such that H'(r) =0
= 2f(r) () + ' (1) =0
Because in (p, q), (f(x))? < 9 & H(x)>10
= F(X))? > 1= f)=0 = f(r) +'(r) =0 = [f(r)] = [f(r)|

(E) There exist one ¢ € (-3, 3) such that f'(c) = Lef(ﬁ)
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Application of Derivatives ~ / “_

let f'(0) > J76 then f'(x) is mix up of increasing as well as decreasing function

= f"(c)<0forsomec e (-3,3) =f(c)f"(c)<0

PART - IV
1n. Here, m= d_y
ax |, _,
OI—y:3x2+6x+4 = m=z=4
dx
and, k=y(0) = k=-1
r=1k| 1+i2 = (= |(-D] 1+izﬁ
m 16 4
2. lyy'| = ly/y'| at (0, 1) = (y") at (0, 1) equal £ 1 = (peP* + p)oy =+1=2p=+*1=p==1/2
ay —3005(_;[] 3 3 9
. —T
3. Length of subnormal = y—| =|-3sin| — |———~—[= — — = —
° Vo (4)( (nn ZE 2
—/2sin| —
4
(4 to 6)
Let g(x) = X+sinx , X € [0,m ]. g(X) is increasing function of x.

range of g(x) is [O , ﬂ

f(X) — X+SInX

, X € [0, 1]
Now let t1<t<2x, thenf(t) +f2r—-t) ==
2n—t+sin(2r—t) w

i.e f(t) +
® 5
e f+n- - 2L
2 2

. t+sint
i.e f(t) =

CRR

f) = X g p<x < 2n
Thus f(x) = 223X for 0 < x < 21

Also f(x) = f(4n — x) for all X € [2=, 4n] = f(X) is symmetric about X = 2n
from graph of f(x)
a=2n—-0=2n
B=a

Maximum value is f(2r) = n =

N |

7. y=x-1)(x-2)?
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Application of Derivatives

/\

j—i =3X -1 (x—-22+2x-2) x—=1pP=(x-12(x-2)[B(x—-2)+2(x—-1)] =(x—1)?* (x — 2) (bx — 8)

1 85 2
(x*—2x + 1) (5x2 - 18x + 16)

d’y

=10x3—42x2+57x—-25=0

(x—1) (10x2—32x +25) =0

= 32+4/24
20

no. of points of inflections = 3

x=1 or

2
8. f(x) = x* + ax® + 3%+1
f'(X) = 4x3 + 3ax? + 3x
f'(x) = 12x% + 6ax + 3
Now, f(x) will be concave upward along the entire real line iff
f'X) >0V xeR

12x?+ 6ax +3 >0 = D<O0

36a2—-144<0

a?—-4<0 = ael-2 2]
9. sin x is concave downward in (0, ) and sin x is concave upward in (r, 2m)
10. e, 2, tan7x (If X € R") is concave upward and /nx is concave downward
11. f(x) concave downward (f' (x) < 0)

f(x) increasing (.. f'(x) <0)
Let g(x) = f(X) = x
f(g(x)) = x

f(g(x). gx=1

1
' - = 0
9 =50
0= — X §1(x).g')
(F(a))° |
g’(x)>0

g(x) = f* (x) concave upward

7 = (2X=2) (56— 18x+ 16) + (10X~ 18) (x* —~ 2x + 1) = 0= 20x* ~ 42 + 11X ~50 = 0
X
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Application of Derivatives ~ / “_

EXERCISE # 3
PART - |
1. f'(x) = 2010 (x — 2009) (x — 2010)? (x — 2011)3 (x — 2012)*
109 = £n (g(9) o
= g(x) = e™® 2009 2011

= g'(x) = e, f(x)
only point of maxima [Applying first derivative test]

2. Clearly f(x) = e + ™
fi(x) = 2x (e —e™") > 0 increasing = f  =f(l)=e+ 1
e
gx)=xeX + e = gx) = e +2xe’-2x e >0increasing

=0.,-01)=e+ 1
e

2 2 2
h(x)=x2 e+ e* = h'(x)=2xe" +2xe’ —2xe™ =2x (eX +x%eX —e ) >0

= hmaX:h(l):e+£,so a=b=c
e
3. (A Re [—2 W) | _gef &V X | _pgo | 2V fAX|_ppqy)-_t
1-(x° —y* + 2xyi) 1-x° +y° — 2xyi) 2y (y-ix) y
=-1<y<1 = _—j'zlor_—ls—l
y y

Alternate
;IO i isi
. 2ie | —Re 2|(cose+|'3|r16)
1-e?® 1-(cos26 +isin26)
-Re[ 2i(cos 0 +isin®) jzRe( i (cos@+isin®) j:Re[ (cos@ +isine) j:Re ( —1}

- 2sin® 6 — 2isinBcos0) sin® (sin6—icos0) —sin® (cos6+ising) sin®
as—-1< sind<1 (—o, 0) U (0, x)

_2
= -1< 8t2 31:039 tESt N 8t2 -1<0
9-t 9-t 9-t
2 _ _ 2 _ -
4 A 28t o 8t 9J;t c0m0< 59 (4D (t+9) (-1
-9 9-t (t—-3) (t+3) (t-3) (t+3)
= te(-o,-9Jul-1,1]U[9,®0)=Xe (—»0,0)U[2, )
: —=9 —5 —=1 1 is s;

= te(—o,-95ul-1,1]U]9,x) = Xe(—0,0)ul2, x)
©) f(0) = 2 sec?0 = f(0) > 2 = f(0) € [2,0)

(D) f(x) = x%2 (3x — 10) = fi(x) =x32 3 +g X2 (3x —10)

as f'(x)>0 = x1’2[3x+g(3x—10)}20 = 3x+9?x -15>0
%—1520 = X>2=Xe[2,0)
4. fX)=x*—4xd+12x* +x -1
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Application of Derivatives ~ / “_

f(x) =4x®—12x2+ 24x + 1
f'(xX) =12x2—24x+24 =12 (x*-2x+2)>0x € R

' (x) is S.I. function
y

y=f(x)

a 0,0)

Let o is a real root of the eqution f'(x) =0
f(x) is MD for X € (-, o) and M.I. for x € (o, ©) where o <0
f(0) =—1 and a < 0 = f(a) is also negative

f(x) = 0 has two real & distinct roots.

5@  p'=iXx—1)(X—=3)=r(Xx2—4x+3)
P(X) = A(x3/3 —2x2 + 3X) + p
p(1)=6
6=A(1/3=2+3)+p
6=M13+1)+pn
18 =4x+3u  ...(I)

p(3) =2
2=0M27/13-2%x9+9) +
2=p

n=2=»x1=3

p'(x) =3(x—1) (x—3)
p'(0) =3(-1)(-3) =9

6. f(x) = x| + [x2 = 1]

—X+x* =1 x<-1
—Xx—x*+1 —1<x<0

f(x) =
) x=x*+1 0O<x<1
X+x% -1 x>1
N~
3 0 T
xZ—x—1 X < —1
2
) = —X“=x+1 -1<x<0

—x*+x+1 0O<x<1
X2 +x—1 x>1
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Application of Derivatives ~ / “_

7.5 X2 = X sinX + coS X
f(x) = x2

g(x) = x sin X + cos X

g'(x) =sin X + X €OS X — sin X

g'(X) = x cos x

(0.1)

—'n/ —n/2 /2 ( 3n/2
—3n/2

Only two solution.

8* .=

o
P
)
I_m
Q
=

o
QO
o
[ry

Let ¢ =8x,b=15x
. Volume = (8x — 2a) (15x — 2a) (a) = 4a° — 46a?x + 120 ax?

d—V = 6a? — 46ax + 60 x2
da
(d_vj =0
da at x=5
x =3 and E
6
2
d \2/ =6a— 23x
da

d’v
ata=5&x=3
2

So, at x = 3 gives maxima > >0
d ata\:S&x:§

So, atx = % gives minima. (;—V =0 when a =5 given
a

(.. 4a? = 100 given for maximum volume)
ata=5

dv
bya =0
= 6x2—-23x+15=0

x =3 or5/6

So by x = 3 (for max volume)
8x =24, 15x = 45
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Application of Derivatives

Point of intersection of tangents at P and Q is R(2 sec9, 0)

Area of APQR = % . 23 sino- (2sec6—2cos 0)

a3
= A= Z\E- sin” 0 ; where cos 0 e EE
coso 4 2

y
—_|P(2 cos6, 3 sino)
/’ \R(Z sech, 0)

—%@ne)

x=h=2cos0

dA 2y/3[cos0.3sin” 0cos6 - sin® O(-sin6) | 5
= >

Now — =
do cos’ 0

As 0 increases, A increases = when cos0 decreases, A increases

A occurs at cosd = 1/2, Therefore A, = 23 .

A, occurs at cosf = 1/4, Therefore A, = 23 .
= A= 2—5 «E

Now 8 A —8A,=45-36=9

N3

10%m f(x) = 2|x| + X+ 2| = | [x + 2| = 2 x| |

1/4

(1-1/4)"*
12

(1-v16)" _ 5 15f 2\3.15.3\5

=43 .

8/3.

3J_ 36

4x

4.4.4 16

2x+4

—2x—4 X <=2
2x+4 2<x<-2/3
=| —4x —2/3 <x<0
4x O<x<2
2X+4 X>2

Graph of y = f(x) is minima at x = —2, 0; maxima at x = —2/3

f'(x) — 2f'(x) + f(x) > e~
f'(x)-e> - f(x)e* - f'(x)e + f(x)e> > 1

d 4 —x_i . @X
™ (f(x)e™ ™ (fx) e >1

2

d fx)ex—fx)e21 = d—2 (e*f(x)) 21 Vv xe[0,1]
dx dx

Let ¢(x) = e~*f(x)

= ¢(x) is concave upward f(0) = f(1) =

-2

—213] |9
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Application of Derivatives

12.x»

13.»

14* =

=>¢0)=0=¢(1) = ¢X)<0 =>f(x)<0

¢’'(X) <0,x € (0, 1/4) and ¢'(X) > 0, x € (1/4,1) = e*f(x) —e*f(X) <0, x € (0, 1/4)

f(x) <f(x),0<x<1/4

tangent at Fyt = x + 412
a:x=0y=4t (0,4t
(412, 8t) satisfies the line
8t=4mt>+ 3
4mtz—-8t+3=0

0,6)
F(XaYo)
(0,3)E
<]
0O 3 1 9
1 (3¢
Area = > 0 4t 1 4

4% 8t 1

(4 (3 — 41)) = 22 (3 — 41)

N |-

dA

A=2[3t-4r] = = 2[6t-12¢] = 24 t(1 -2

— + —

0 172

t=1/2 maxima
G(0,4) = G(0,2)

v, =2
(X, Y,) = (412, 8t) = (1, 4)
v, =4

f(x)=x>-5x+a=0

x> —5x=-a

X(x*—5)=-a

x(¢ —/5 )¢ +/5 ) = -a

X(X — 5¥)(x + 5¥)(x2 ++/5 ) = -a (1)
f(x)=5x*-5=0

-1)(x*+1)=0

(x=1)(x +1)(x*+1) =0

(0,4)
—1
/ 5 lo\:l/sm
(0,-4)

n
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Application of Derivatives “_
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Application of Derivatives ~ / “_

15. (Y — x5)2 = x(1 + x?)?

2(y — x5) (% —5x4) = (1 +x2)2 + 2x (1 + x?) 2x
X
at point (1, 3)

2(3-1) (%— j:4+8

d_y_5 = 223
dx 4
d_y:8

dx

16.=  Volume of material V = nrzh

= V, = n(r + 2)22+ n(r + 2)h — arzh = V, = 2n(r + 2)2+ nh(4 + 4r)
= V= 2n(r + 2)2+ 4nh(r + 1) > V,=2n ((f +2)% + Aar +21)Vj
nr
M _on 2(r+2)+& | on, 2V (2710} _,
ar m\r? n{ 10°
ey =24 = v =10%n = V. _4
10%n 2507

17*.= Let h(x) = f(x) — 3g(x)
h(-1) = 3}
h(0) =3
= h'(x) = 0 has atleast one root in (-1, 0) and atleast one root in (0, 2)
h(2)=3
But since h"(x) = 0 has no root in (-1, 0) & (0, 2) therefore h'(x) = 0 has exactly 1 root in (-1, 0) &
exactly 1 root in (0, 2)

18, lim X _,
=210 g

m 909 (gj Indeterminant form as f'(2) = 0, g(2) =0
x-2f'(x) g'(x) \ 0

Using L.H.

m I TI I FR)eR+g@IR) | g 1 iy -1
=2f'(x) g0 +g" M) '@ +g"@F @) g'(Q)
and f'(2) = 0 & range of f(x) e (0, ») so f'(2) = f(2) = +ve

so f(x) has point of minima at x = 2

and f(2) = f'(2) so f(x) = f'(x) have atleast one solution in x € R
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Application of Derivatives “_

(19 to 21)

f(x) = x + fnx — X ¢nx

f'(x) = 1+1— nx —x (ij: 1 — /nx
X X X

fu(x) - _iz_l<0 VXe (O, OO)
X X

.. F(x) is strictly decreasing function for x € (0, )

Limf'(x) =—0
X—>00

= f'(X) = 0 has only one real root in (0, )

Limf'(x)=o0
x—0"
f'@)=1>0
f'le) = l—1< 0 .. f'(x) = 0 has one root in (1, €)
e
Let f'(a) = 0, where ae (1, €)
+ , + i = 4=
1 o e

f(x) is increasing in (0, o) and decreasing in (o, o)
f(1)=1 andf(e?) =e?+2-2e?2=2-e2<0
= f(x) = 0 has one root in (1, €2)

From column 1 : | and Il are correct.

From column 3 : P, Q, S are correct

22. f'(x) >0 forall x e R, f(1/2) =1/2, f(1) = 1
= f'(x) increases
Let g(x) = f(x) —x, x e [1/2,1]
Then g'(x) = 0 has atleast one real root in (1/2, 1)
f'(x) = 1 has atleast one real root in (1/2, 1)

Hence f'(x) increases = f'(1) > 1

23, f(x) = 2f(x) >0

= dix(f(x).e’zx) >0

= g(x) = f(x).e~>:is an increasing function. for x > 0, g(x) > g(0)
= f(x).e>>1

= f(x) > e2x

Now f'(x) > 2f(x) > 2.e%*

f(x) is an increasing function
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Application of Derivatives

24,

25.m

n

COS2X C€0S2X sSin2x
f(x) =|-cosx cosx —sinX| =C0S2X — C0S2X (—C0s2X + Sin?x) + SiN2X (—2SiNXCosX)

sinx sinXx  CoSX

f(x) = cos4x + cos2x

f(x) = 2cos22x + cos2x —1

Let cos2x =t

= f(x) =2t2 +t-1 and te [-1, 1]

f(x) attains its minima at t = —% e [-1, 1]

fMJ:—%GFLl

2 1

f(x), = = —1=

min E 4
fo|  =2+1-1=

]

2. (when cos2x = 1)

f' (X) = —4sindx —2sin2x

f'(x) =0 = 4sindx + 2sin2x = 0

= 8sin 2x cos 2x + 2sin 2x = 0 = 2sin 2x (4cos 2x + 1) =0
; 1
= sm2xz00rcosZX:—Z
y= sin2x A _
i y= COS2X :
N\ . A :

s \/I \/

A \U.LAULR

Hence option (B), (C)

2(0) + ((0))2 = 85 f:R

— [-2, 2]

(A) This is true of every continuous function

_ f(=4)-1(0)

- —4-0

f(-4)—1(0)
0

(B) f(©)

If'(e)l = ‘

—2<f(-4)<2
—2<f(0)<2

—4 <f(-4) — f(0) < 4

This |f'(c)| < 1
(€) lim f(x) = 1

Note f(x) should have a bound « which can be concluded by considering

f(x) = 2 sin {@J f'(x) :\E cos (@]

f2(0) + (F(0)?) = 85

and lim f(x) does not exist

X—»00
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Application of Derivatives

(D) Consider H(x) = f2(x) + (f'(x)?

H(0) = 85

By (B) choice there exists some xo such that (f'(xo0))? < 1 for some Xo in (-4, 0)
hence H(xo) = f2(xo) + (f'(x0))? <4 + 1

H(xo) <5

Hence let p € (-4, 0) for which H(p) = 5

(note that we have considered p as largest such negative number)

similarly let g be smallest positive number € (0, 4) such that H(q) =5

Hence By Rolle's theorem is (p, q)

H’(c) = 0 for some ¢ € (-4, 4) and since H(x) is greater than 5 as we move from x =p
tox=gand f?(x) <4 = (f(x))2>1in (p, q) Thus H'(c)=0 =ff+ff"=0

sof+f"=0 andf #0

x° +5x* +10x3 +10x? +3x+1 x<0

x2-x+1 0<x<1
26.  f)=12,8 42,7, 8 1<x<3

3 3

(x—2)|n(x—2)—x+% x=3

5(x+1)* -2 x<0

2x-1 0<x<l1

Fo) =1
2X° —8x+7 1<x<3
In(x —2) X=3

X5 + 5x4 + 10x3 + 10x2 + 3x + 1 takes value between —o to 1

Also (x—2) In(x—2) —x + % takes value between % to

So, range of f(x) is R. So option (A) is correct (1) = 2 and f'(1*) =— 4

so f'(x) is non-diff at x = 1 so option (B) is correct f'(x) has local maxima at x = 1 so option (C) is correct

X
2X COSTEX[ — tannxj

27.  f(x) =

x4
|
/ H
0 1 3 2 x5
2 2
— — + —
: : : :
For f'(x) y1 X1 y2 X2
Min Max Min Max
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Application of Derivatives

1.

n

PART -1l
lim f(x)=1
x—-1"
f-1)=k+2
lim f(x)=k+2
x—>(-1)"
f has a local minimum at x =—1
f(-19) > f(-1) < f(-1)
1>k+2<k+2
= k<-1
possible value of kis — 1
Hence correct option is (3)
e+ 2e% 2242 (AM > GM)
1 1
<
e +2e 22
1 >f(x) >0 SO statement- 2 is correct
242

. : 1 1
As f(x) is continuous and = belongs to range | 0, — | of f(x),
(x) = g g ( 5 ﬁ} (x)

= f(c) =% for some C.

Hence correction option is (4).

8
)(_3:0 =

4
y=2+ ? =3

(2, 3) is point of contact
Thus y = 3 is tangent
Hence correct option is (3)

tanx x A

In right neighbourhood of ‘0’

tan x > x

tanx
X

In left neighbourhood of ‘0’

tan x <X

taﬂ>l as (x<0)
X

>1

atx=0, f(x)=1

x*=8 = X=2

= x = 0 is point of minima

so statement 1 is true.
statement 2 obvious

Resonance®

Educating for better tomorrow

Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
ADVAOD- 50

Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Application of Derivatives
5. y—-x=1
y? =X
dy
2y —=— =
ydx
d_y:i:]_
dx 2y
y= X
2
1
X= —
4
tangent at | = 1 Ey—1 X+ 1 y—x+1y—x—1
"2) 2 2 4 4 4
11
distance = 4 | = 3 = 3\5
2 a2 8
3
6. V= % rs 4500 7 = 2
d_V = 4nr? ﬂj 45 x 25 x 3 =73
dt dt
r=15m
after 49 min = (4500 — 49.72)t = 972 t m3
972 n = nrd
rP=3x243 =3x 3
r=9
72n:4n><9><9(ﬂj
dt
ar_(2
dt \9
r3 = 3x243 = 3x 3°
r=9
72n=4nx9x9 ﬂ = £= Z
dt dt 9
, 1
7. f'X)== +2bx+a
X

n

atx=-1 -1-2b+a=0

a_

2b=1 (i)

atx=2 %+4b+a=0

a-+
On solving (i) and (i

fi(x) =

X | =

1
+= =
2

N | X

4b:_% ...(ii

i) a= b= -

N

1

Er

2—x*+x _ —(x+1)(x=2)
2X - 2X

N\ PAERN

— -1\—/0 2\— -

So maxima at X = —

1,2
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Application of Derivatives

8. f(x) =2x® + 3x + k
f(x)=6x2+3>0 VxeR
= f(x) is strictly increasing function

= f(x) = 0 has only one real root, so two roots are not possible

9. Consider f(x) — 29(x) = h(x)
Then, h(x) is continuous and differentiable in [0, 1]
Alsoh(0)=2&h(1)=2
Hence h(x) satisfies conditions of Rolles Theorem in (0, 1)
Thus, There exist a 'c' such that h'(c) = 0 where ¢ € (0, 1)
= f(c) =2g'(c)

10. f(x) = o /n|x| +Bx* + X

2BX% + X+ 0

D).  fx)=L+2px+1=
X X

Since x = -1, 2 are extreme points = f ‘(x) = 0 at these points.
Hence 2p-1+a=0
8+2+a=0

—63—3:035:—% &a=2.

11. 4X + 2nr =2 ()
1-7r 2
X2 + 7r2 = minimum = So f(r)=( > ] +mr?
ﬂ:TCZL—E+275I'=0 =r=
dr 2 2 T+ 4
using equation (i) x = @ = Xx=2r
12. atx = I = y= T
6 3
X X
cos— +sin— -
9 =tant||—2 2| . xe [o, _j
X . X 2
cos—-sin=
2 2
=tan-! | tan| =+ X
4 2
T X 1
fxX)= —+—= f(x)= =
=7+ )= 5
slope of normal = -2
equation of normal y — g =-2 [x—%j

=-2X + 2n
3
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Application of Derivatives

13.

14.

15x

NOTE :

n

dr+1=20=2r+10=20=> 0= 202 A= TO_I" 20-2r
360 2 r
A=10r-r2= ?j—A:10—2r:0:>r:5
r
G:E:Z
5

Maximum area = % x 25 x2=25sq. m.

y(x =2) (x-3)=x+6

=r (10-r)

Intersection with y-axis; Put x =0 = y = 1 = Point of Intersection is (0, 1)

X+6 ,:(x2—5x+6)—(x+6)(2x—5)

NOW’y:X2—5X+6 ()(2—5X+6)2

.. Equation of normal is given by (y —1) =-1 (x—-0) x+y -1 =0

/ \

y= 6—(-30)

=1at (0, 1)

let radius of circle be r, its center lies on y-axis as y-axis bisects the 2 rays of y = |X|

Now 4 — /2 =r = r=—2 _4(2-1)

\/E+1

The correct solution should be

/

y=4-x*

due to symmetry center of the circle must be on y-axis let center be (0, k)

Length of perpendicular from (0, k) toy =X, i.e.r =

J2

2

Equation of circle : x? + (y — k)2 = k?

2
solving circle and parabola, 4 —y +y? —2ky + k?: 0

2
y2—(2k+ 1)y + (k?+4]:0

Because circle touches the parabola
~.D=0
k2
2k +1)2= 4[?+4J = 4k2+4k +1=2k2+ 16

-4+4136
4

On solving we get k =

Therefore radius = k/\/E ~ 1.3546

However among the given choices the following method will yield one of the choice.
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Application of Derivatives ~ / “_

16.=n y?=6xand 9x% + by? = 16

2yﬂ:6:>d_y:§
dx dx vy

18x+2byg—y:0
X

9X+byd—y:0:> ﬂ:ﬂ
dx dx by
3 -9x
_X—_— = —
y by
(b) 6x = 27x
:E:b:g
6 2

1\
1 f x2+—2 (X—j +2
17. f(x) x2 + i,g(x) =x= == h(X)= () _ X< _ X
x2 X a(x) x—i [X_lj
X X

2
2 t+—
h(t):t+2=t+% fz2=Amz oM. —L: %t+%22\/§
B(9 , 6)
C(t, 2t)
18.» \
A4, -4)
. 4 -4
AACB=—- (9 6
t* 2t
A =30 + 5t — 5t?
d—A=0:>5—10t=0:>t=1
dt 2
2
OI—f=—10<0
dt

C 1,1 soA=30+ E—§=311
4 2 4 4

19. y=7+x%2
Let the point on curve be P(x1,7+xf’2) and given point be A (%7)

For nearest point normal at P passes through A
So slope of line AP = Slope of normal at P

x3'? dx

1 dy
xl—5 y

2
(X1~Y1) 3\/2

= 3 =1-2x, = 3’ +2x,-1=0 = (xa+ 1) (3x1—-1)=0

= X1= % (xa =— 1is not possible as x1 > 0) = Hence point P is (%7+ij

cNE)
1 1 17
So AP = f—+— ===
36 27 6\3
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Application of Derivatives

/

2

vaZ +x? -

X
vaZ+x?

/\

(d—x)?

—b% +(d=x)? +

Jb? +(d-x)? a’ b?
20=n f(x) = = +
(a2+X2) b2+(d_x)2 (a2 +X2)3/2 (b2 +(d—X)2)3/2
Hence f(x) is increasing.
21. f'x) >0,y =1(x) ; x € (0, 2)
o(x) = f(x) + (2 — X)
¢'(x) =f(x) -f(2-x)
for ¢(x) to be increasing
d'(x)>0 = f(x) >f(2-x)
= x>2-x (f(x)isincreasing in (0, 2))
= x>1
= x e (1, 2)
For ¢(x) to be decreasing
d'x) <0 = f'(x) <f'(2-x)
‘ x € (0, 1)
Q
P(o? + 2, o)
(2,0)
22.
Shortest distance between y? = x — 2 and y = x
dy at point P will be 1. Differentiating the curve
1 1 9 1
2w =1 S . _q Pl 2 =
W = y 2y 2a [4 Zj
9 1
- : 4 2 7
minimum distance = PQ = 4 2|
V2 | a2
23.  f(x) =x Jhx = x2

F(x) = Jkx—x2 + (k= 2x)x

_ (k¢ —x?)+kx —2x% _ 3kx—4x2 _ x(3k—4x)

2\/kx -x?
for increasing function
forf(x) >0  vxe[0,3]

=

=

k>3 and

kx —x2>0, Vx €[0,3]

: 2\ikx —x?

2k — X2 : 2\kx — X2

and x (3k —4x) > 0, Vx €[0,3]

x(x—k) <0, ¥xe[0,3] and x (4x — 3k) <0, ¥x €[0,3]
k>4

=>k>4 >m=4

maximum(f(x) when k = 4 is 3V4x3-3% =33 =M

(m, M) = (4, 34/3)
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Application of Derivatives ~ / “_

24,

25,

26.

27.

28.

n

d—V:5m3/min = v:%nrzh

dt

|

h 0

!

3 3
tane:L:E:Zr:h = v:inh—: mh = d—V:Ehzﬁ 5= E10zﬁ = @: 20 :im/min
h 2 3 4 12 d 4 dt 4 dt dt 100n 5=
_ . ax® +bx* +cx3 _ _
f(x) = ax® +bx* + cx3 ||m{2+—3j:4:> 2+c=4=c=2
x—0 X
f'(x) = 5ax? + 4bx3 + 6x2 = X2 (Sax2 +4bx + 6)
f(1)=0 = 5a+4b+6=0
f(-1)=0 = 5a—4b+6=0
b=0
— 6 — —6 5 3 1 = 4 2 — AX2 2 = 2
a=-— = f(x) = ?x +2x° = f'(X) = —6x* + 6x? = 6x? (—x? +1) = — 6x? (x+1) (x-1)
-1 + 1-
1- 1
Minimal at x = -1 = Maxima at x = 1
f/(x) = x (t — cos™! (sin|x|)) = X[n—[g —sin}(sin| x |)D A x[g+ | X |j
5 "
X S +X x>0 —+2x x>0
f(x) = f(x) =
X[E—Xj x<0 I _2x x<0
2 2
f'(x) is increasing in (O%J and decreasing in (%0)
(3) = (4) = 0. = 12 f(x) = 12
x|x? +12
f(c)=0
c= 412
1
f'(c)= —
©=1
Lets use LMVT for x e [a,c]M =f'(a) , a € (a,€)
c—a
also use LMVT for x e [c,b] w =f(B), B € (c,b)
-C
" v . . oy f(€)=f@@) _ f(b)—f(c) f(c)—f(a) _ c—-a
f"(x) <0 = f'(x) is decreasing f > f > >
) * o) >0 b—c f(b)-f(c) b-c

(- f(x) is increasing)
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Application of Derivatives

HIGH LEVEL PROBLEMS (HLP)

Given x = f'(t) sint + f"(t) cost

y = f'(t) cost - f*(t) sint

H H dx — ’ nr dy — ’ nr H
from given equation i {f'(t)+f"(t)jcost & i —{f'(t)+f"(t)}sin t

Velocity =

[?j_)t(j +(%) = \/{f'(t)+f”'(t)}2coszt+{f’(t)+f’”(t)}zsin2t:f’(t)+f”’(t)

_ _ 2
Fix) = Jdax—xt+ XBA=2X) _ BaX-2X 4 ) ¢ (4a, 3a)

2\/4ax — x2 B Jaax — x?

so f(x) is decreasing in [4a, 3a]

Here f is a differentiable function then f is continuous function. So by L.M.V. theorem for any a € (0, 4)

(o = 1(4)—f(0)

f(a) = i 1)

Again from mean value for any b € (0, 4)
= @HO @

Now multiplying (1) and (2), we get

f(x)=0 = X

f2(4)—f2(0)
8
12

a’ 3a

= f'(a) - f(b) = f2(4) — f2(0) = 8f'(a) - f(b)

since, we have a cubic polynomial with coefficient of x3 +ve , minima will occur after maxima.
Case-1: Ifa>0

a

then £=l = a=3 alsof l >0 = b<—1
3 3 2

Case-2:Ifa<0

-2

then— — = 1 = a=-2
3

also f (l)> 0 =
3

f(k) = 3

flk+h) = a2 — 2 +

3a

2
32 2 3 27

sin h

= hIim0 f(k+h) =a?-1

lim fk—h)= lim (3+k-h-k)) = lm (3+|-h)=3 =a-1>3

a>4 =|al|>2

f(x) =x®-3x +k, k =[a]
f(x) =3(x—-1) (x +1)
—1is maxima is 1 is minima

m‘1
7

/

Figure

for three roots f(-1)f(1) <0 = (k+2)(k—-2)<0

ke (-2 2)

= -2<[a]<2 =>-1<a<?2

2

p— 2 p—
=2y _(=2) i-z(%)—mo = i+$—§—b 20 = b< -t

27

n
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Application of Derivatives ~ / “_

f(x):sinm +cosm a>0
a a

it attains max. if ﬁ =
a

mE{O,EJ 1>
a

Let f(x) = x* + 4x3 - 8x%2 + k

P(X)=4x3+12x2-16 X =4x (x*+3x—-4)=4x (x+4) (x-1) =>f(x)=0 => x=-4,0,1
7 (X) =12x? + 24x — 16 = 4(3x% + 6x — 4)

7(-4)=20>0

f’(0)=-16<0

f’(1)=20>0 — x=-4 and x =1 are points of local minima whereas

~a pa

, for f to have is maxima = 0<a< i
T

Figure
x =0 is point of local maxima

for f(x) = 0 to have 4 real roots

f(-4) <0 = k<128
f(0) > 0 =k>0
f(1) <0 = k<3 = k e (0, 3)
(09 to 11)
Graph of y = f(x)
(=2, 1(=2)) v
/
y=3
x==2 x=3 X
Figure
9.
(-2,1(-2))
y=1[x]|

Figure

Three points of intersection. Three solutions
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Application of Derivatives ~ / “_

10.
-2f2) (2. 1(2))
_/ &_—
Figure
11.
(-2,1(-2)
-2
Figure y=—3x
12. (i) w = f'(c), where —1 < . < 0
= If'(e))| = [f(0) — f(D)[ < [f(O)] + [f(-1)[ = [F(a)| <1 +1 =2
similarly forO < pg <1
f(x) < 1= (f(x))? <1
i OE1=0007<1] o
[f(X)|<2=f(x)><4
(iii) Obvious from (i) and (ii) that there exits atleast one max.
(iv) Also from (i) and (ii) option iv is quite obvious.
13. As (a,b)liesony=x>+1 = b=a+1
d_y =2a
dX|a v
Tangenty—a?—-1=2a (x—a)
Xx=0 = y=1-a?
x=1 = y=—at+2a+1
Area = % QD (1l-a?—a?+2a+l)=—a’+a+1l
It is greatest when a=E =b=1+ lzé
2 4 4
14, (2-1) >-1= 228 oip=2
1) 2
,_a(x—=1)(x—4)—(ax+b)(2x-5)
(x =1 (x -4y’
y=0 atx=2 = b=0 = a=1
S S
YT (x-4)
. (2+x)(2-x)
(x=1)(x -4y’
— - —
signs of y*

At x = 2, ¥’ changes sign from positive to negative = x = 2 is point of maxima.
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Application of Derivatives ~ / “_

15.

16.

17.

n

Since = \/s(s—a)(s—b)(s—c) = {s(s—a)(s—b)(s_c)}y2

Taking logarithm of both sides, we get In A= %{Ins +In(s—a)+In(s—b)+In(s —C)}

1da -1 E§+ 1 .d(s—a)+ 1 .d(s—b)+ 1 d(s—c) ..................... D)
A dc 2|sdc (s-a) dc (s-b) dc (s—c) dc
Buts = }(a+b+c) %:E = Mzﬁ_@:l—OZE'
2 dc 2 dc dc dc 2 2
and d(s_b)=§_@=l—0=£and d(s_c)=%—l=£—l=—i
dc dc dc 2 2 dc dc 2 2

ovioncy 3 = HE2 o bt o) 2t )

dc 2
Hence dA=3{5+ L + L L }dc

s s—-a s-b s-c

3-x2>|x—a|

Case () a<0andy=x—ais tangent of y = 3 — x?(see figure)

0.3
P
a/Js ‘ Js\
—-2x=1=Xx=— 1 P —EE
2 2 4

Since y = X — a passes through (— , 171) S>a=x-y=- (1—1+Ej = —? (minimum value of a)

4 2
K/
/—JB JsY

Case (ii) a> 0 and y = — x + a passes through (0, 3), then a = 3 (maximum value of a) (see figure)
S
= ae|—, 3
4

Let f(x) = xm+a, x""1+a, XM~ + ... + @, if possible, let f(x) = 0 has 'm' real roots, then by Roll's
thearem, f '(x) = 0 must have "(m — 1)" real roots, f "(x) = 0 must have "(m — 2)" real roots and so on,

N |-

I
fm-2(x) = 0 must have 2 real roots, m? x2+a, (m-1)! x +a, (m-2)! =0 must have 2 real roots

or W x? +a, (m—1) + a, = 0 must have 2 real roots
D=a?(m-12-2m(m-1)a2=(m-1)[(m-1)a?-2a,)]

which is —ve, so our allumption is wrong. Hence proved.
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Application of Derivatives
18.
y= X
P(x, T '(x)) /
Q(f(x),|x)
, A 1)
o) X
Figure
x (%)
Slope of OQ > slope of OP ﬁ > = f(x). F1(x) < x2
X
2 2
19.  go=2f%]. 2—X+f'[2—x2 @0 ([ | SO
2 2 2 2 2
gx)=0
2
=x=0or X—=£ — X2
2 2
=>x=-3,0,3
= + = +
for g'(x) -3 0 3
so g(x) is increasing in X € (—o, —3]and in [0, 3] and g(x) is decreasing in [-3, 0] and in [3, )
_ oy A
20. Let f(x) = ¢nx = f"x) = y

So f(x) +F(X,) + oo + (X)) Sf[(X1+X2+....+Xn)]

n

for x,, X,,

m (X)+m (X)+....+¢n (x,) <

n

h[XatXe et X,
n

n
LOX Xy e+ X
= (X, Xpeereenen X, )" <2 = G.M. AM
n
1 1 1 1 1 1
fl —|+f| — |+ +f] — ettt
. X X X X X X
Again ! 2 UEAP Y g — n
n n
1 1
1 el —+—+..... +—
n X X X n
= ( ) <+ -2 L= T 1 (X, X, oo X )" = G.M. <AM.
X1Xa X, n — .
Xy X3 Xn
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Application of Derivatives

21.

n

Q) 1+ x?> (x sin X + cosx)
Let f(x) =1 + x? — X sinx — cosx, X € [0, x)
f'(X) = 2x — sinx — X €OS X + Sin X = X(2 — c0osX)
= f'(x) > 0 for x € (0, )
= f(x) is an increasing function
x>0
= f(x) > f(0)
= 1 + X2 > X sinx + cosx
(ii) f(x) = sin x — sin 2x — 2x
f'(x) =cosx—2cos2x—2=cos X—2(2 cos?x—1)-2
= c0S X — 4 cos?x = cosx (1 — 4 cosx), X € {0, g}
1
= cosx2§:>cosx(1—4cosx)<0
fxX)<0Vxe {O,E}
3
f(x) < f(0) = SinxX — sin2x —2x <0
=  sinx —sin2x < 2x
X2
(iii) f(x) = = + 2x + 3 — 3ex + xe*
ff(X) =X +2—3ex+ex+xex=XxX+ 2 — 2ex + xex
f'(x) =1-2ex+ex+xer=1-—e*+xex
f"(x) =—ex+eX+ xex=xex
f"x)> 0V x>0
= f'(x) > f"(0) = "(x) >0
= f(x) >f(0) = f(x)=0
= f(x) = f(0) = f(x) > 0
X2
= ?+2x+323eX—xeX
: : sin’ x . . .
(iv) f(x) =x sin x — f'(x) = X €c0s X + sin X — sin X COSX = X €0S X + sin X (1 — cos x)
2
f'(x)>0forx e (O, gj = f(x) > f(0) or x sin x—Sln X > 0
a2
and f(x) <f T , XSsinx-— SIMX T _ L
2 2 2
Hs
— x sinx— 2 X ¢ % (mr-1)
®
Resonance

Educating for better tomorrow

Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
ADVAQOD- 62



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Application of Derivatives

22. fx)= [ 1-
e [ b+1
2
0= 3 {1_—421—4b—b
b+1

f(x) is increasing

\21-4b - b? S

_ _ K2
J21-4b-b j o+ x4 B

Jx2+5

= f(x)=20 VxeR

1f(b+7) (3-b) <1

= 1- >0 =
b+1 b+1
Case-1 Ifb+1>0,thenw <land-7<b<3
(b+1)
= b<-5andb=>2 = b e]2, 3]
Case-II fb+1<0=bel-7-1)

2
23. y:x,€nx—x—+l
2 2

y=1+/nXx-X

y":i-l:l__x
X X
y'>0 Vxe(0,1)
= y'(x) <y'(1)
= y'(x) <0
y(x) > y(1)
2
= ongx—X—+l>0
2 2
x2 1
= xlogx>— +=
2 2
24, F(x)=0 = x= + |
3b
Pl 2] 2a [a
3b 3 \3p
LS -Zéﬂi
3b 3 \3b
f-1)=b-a
f1)=a-b
Given that | 22 |2 -Eﬂﬁi =|lb-a|=]la-b|=1
3b 3 \3b
3 3 3
SR b= L ab-15a- P i awo27a+27=0
27b 27 27
a=—3,§ :>a=—3—1:b=§—1=— 1=—4
2 2 2

4a°

Also,b—-a=1=> 7 —a =>4at-27a-27=0

=(@-3)(2a+3)2=0
—a=3=b=4

Rejecting — ve values, thereforea=3,b =4
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Application of Derivatives ~ / “_

25,  Letf(x)= X
X

P(x) = xcosxz—smx _ cosx(xz—tanx) <0 Y xe (0’ E); (- tanx > %)
X X 2

won =X SiNX —2XCOS X + 2sinx

f’(x) = v

Let g(X) = — x?sinx — 2Xcosx + 2sin X
g'(x) =—x%cosx <0V x e (0, n/2)
forx >0 , we have g(x) <g(0) i.e. g(x) <0

S P(x)<0 and f'(x) <0 ¥ x e (o, gj

¢ (A+B+Cj> [f(A)+f(B)+f(C)J

f—
3 3
sin[A+B+Cj sinA sinB sinC
— + +
A B C
g~ - 27>
= A+B+C - 3
3
sin A+S|n B+sm CS 9\/5
A B C 2n

26. Area (AABCD) = Area of AADB + Area of ABDC
B

Figure

1 . 1 :
A= — pssSina+ — Qgrsin
> p > q B

gA =1 ps(+cosa) + X grcosp
B 2 2

%: 0 = d_[?):__pS @
da da qr cosp
BD? = p? + s2 — 2pscosa = g2 + > — 2qgr cosp
Differentiating we get — 2ps (=sina) = — 2qr (— sinp) dp = dp = P Sl_ﬂ
da do gr sinf
_ ps cosa _ps sina

- = sina cosp + cosa sinB=0=sin(a+P)=0 = a+PB=n
gr cosp gr sinp

AIso,d—A=l SMZO = at+tf ==x
g 2 sinB

Ifoa+p <=m then d—A>0
dp

Ifa+p>n,then d—A<O
dp

. By 1st derivative test A has maximawhen o+ =n = A, B, C, D are concyclic
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Application of Derivatives

27. Letu =2x+ 2~

W=8+8>*+3(20) (2% (2*+2>) = u—3u=8+ 8

also, 4+ 4> =u2-2 =>fx)=u*-3u—-4 (U?-2) = LBB—-4u2—-3u+8
Letg(u)=u—4u?-3u+8 ; u>2

g(u)=3u?-8u—-3=@Bu+1) (U-3)

putting g’(u) =0 ; wegetu=3

g’(u) =6u-8 = g”(3)=1 >0

= u =3 is point of minima = ¢g(3) =27 -36 -9 + 8 =-10 = minimum f(x) = — 10

28, Letf)= 29D 51
g X
Now fix)= @X=1 l0g.(2x-1) -2xlog,

x(2x-1) {log,(2x -1}

Let g(x) = (2x — 1) log, (2x — 1) — 2xlog X

= g'(x) = 2log, (2x — 1) — 2log x + 2 -2 = 2 log, (Z—E) >0 forx>1
X

=forx>1 ,we have g(x) >g(1) = g(x) >0 =f(x)>0 forx>1 = f(x)is increasing for x > 1

453 > 2 = f(4)>1(3)>f(2) = 2% 1005 log, 3

29. Azé bc sin 6 =

N |~

log, 4 log,3 log,2

c2sin 0 (- b=c)

2 2

In A ABE, using cosine rule, ¢2 = c? + bz —bccos 6= 5% — c? cosO

| 402
C = o —
5-4cos6
A=pp _ SINO
5-4cos6
+ -
cos' 0.8
e 9
dA _ 2¢*.((5-4cos6)cos0-sin6 (4sin6)) signs o d_e _ 2¢*.(5cos0-4)
do (5— 4sin6)? (5 4sin6)?

For A to be maximum, cos6 = 0.8

Educating for better tomorrow

‘ PN Resonance”

Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
ADVAOQOD- 65

Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Application of Derivatives

30. y=1-x2

Consider point P (x,, 1 —

equation of tangentat Pisy — (1 — x5 ) =—

X5) 0<x,<1

2%, (X =X,)

. . . . (1-x2)
intersection with x-axisat = A= | X, + , 0

intersection with y-axis at B(0, 2x3 + (1 —x; ) area of AOAB A =

2X,

108+

0 + 17

2X,

0 =X =

1
B

2
1
dA :(X0+2 ) [3x§ -1]
dx, 4xg
dA :
—— changes sign from +ve to — ve
dx,
B
A
Figure
1 . -
atx, = —= So point of minimum

B

31. 3=h2+r?

= r2=3-h?

-1 ren=iz@-mn
3 3

av . 7 (8 —3h?)

dh 3

d—V=O ath=1
dh

N
ol

min

1
4 Xo

Educating for better tomorrow

‘ PN Resonance”

Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.)-324005
ADVAQOD- 66

Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029



mailto:contact@resonance.ac.in
http://www.resonance.ac.in/reso/results/jee-main-2014.aspx

Application of Derivatives

32.

33.

34.

n

[

. . A a . .
V will be minimum when — + x will be minimum

a

AM. >G.M.

= minimum of

Q| >

> o

V= K2 which is independent of a.

P = (R cos6, Rsing)

R? [a cos?0 + b sin26 + a sin?0] = ¢ = R? =

= a(R cos0)? + 2b(Rcosh) (Rsind) + a(R sinb)2=c

for minimum distance sin20 = 1

Let ¢(x) = X + 1+ x>

Y =1+ ——

1+ x>

If x <0, —[x] =x

N1+X2— | x| \/1+X2—ﬁ>

—
a+bsin26
= R = L
a+b
0

¢'(x) = =

1+ x°
Ifx>0,¢'x)>0

Hence ¢(x) is increasing

1+ x>

As we know ex>x +1 = ¢(e) > (X + 1)

e+ V1+e? >x+1+\1+(x+1?
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Application of Derivatives ~ / “_

35. Letx >-1

Consider f(x) = (1 + x)¢n(1 + x) — tan x

1

ff(X) =1L +x)+1-
() ( ) T

@+ x)*+3x%+x*

e @+x) (1+x?)?

>0 = f'(x)isincreasing

For x <0, f'(x) < f(0) = f'(X) < 0 = f(x) is decreasing = f(x) > f(0) = f(x) >0

=(1+x)/n(l+x)—tantx>0

-1
(L +x) > tan™— x
X+1
- . tan™ x
For x > 0, f'(x) > f'(0) = f'(X) > 0 = f(x) is increasing = f(x) > f(0) = f(x) >0 = /n(1 + x) > a1l
X+
Hence larger of these is /n(1 + x).
36. cos x € (0, 1) = f'(cos x) <0, f’(cos x) >0
g'(x) = sin x cos x [f (§|nx) - f (COSX)J :
sinx COS X
Consider ¢(t) = ltt) ,te(0,1)
frt—f(t
oo = Q=T
t
f’'(sinx)>0= f'(t) >0
f(sinx) <0=f(t)<0=¢'() >0t e (0, 1)
¢(t) is increasing. For x e (O, gj €OS X > sin X
H(608 X) > §(sin ) LCOSX) S FEINX)
COSX sinx
= g'(xX) <0 = g(x) is decreasing. Similarly, for x (% gj g(x) is increasing
37. Let P(x) = x2013 — x2012 — 1007x2 + 1007x + k
as P(x) is a polynomial function in x hence it is everywhere continous and differentiable
also P(0) = 0 + k = k ; P(1007v2011) = k
hence by Rolle's theorem P'(x) = f(x) =0
for atleast one real value of 'x' in given interval.
i(5) _1(0)
39. Clearly g(x) satisfies condition in LMVT = w =g'(c), c € (O, S)% =g'(c) - % =g'(c)

39. Let two consecutive zero of f(x) be a and b f(a) = 0 = f(b).
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Application of Derivatives “_

fx)
a(x)

If possible, suppose g(x) has no zero. Define ¢(x) =

d(x) satisfies conditions in Rolle’s theorem, = ¢’(c) = 0 for at least one c e (a, b)

= f(c) g(c) - f(c) g'(c) = 0

Which is a contradiction to given condition f(x) g'(x) = f'(x) g(x)

Hence our supposition that g(x) has no zero is wrong = g(x) has at least one zero.
40. Let (X)) =¢'(x+a)—¢'(X) = f(X) = p(x + a) — p(X) + k

f(0) = ¢(a) — ¢(0) + k

f(2a) = ¢(3a) — ¢(2a) + k = f(0) = f(2a)

By Rolle's theorem on [0, 2a], f'(c) = O for at least one ¢ € (0, 2a)

= ¢'(x + @) = ¢’(x) has at least one root in (0, 2a)
41. f(xX) = 8ax — a sin 6x — 7X — sin 5x

f'(x) = 8a — 6a cos 6x — 7 — 5cos bx= 8a — 7 — 6a cos 6x — 5c0s 5x

f(x) is an increasing function

f(x) >0
8a—-7>6a+5
= 2a> 12
a>6
a e (6, )
s2. geo= "0 gy = NONEI— ()

h(x) (h(x))*
= g'®) <0

g(x) is concave down on J.

43. f'(x) =2ax + 2(a + 2)

Point of inflection is x = — aLZ
a

a+2

<0=ace (-0 -2)u (0, x)

44, Period of y = 2sin %x i = 12 &y =a(x—1)(x — 2) + 1 which is a quadratic. So for given

is 2"
5% 5

information (1, 1) is the common point to two curves and the possible graph would the
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Application of Derivatives

45.m

46_.

47 .

0 16 \.‘l 2
5 %

o can not be nagative o must be positive for these twp graphs to touch each other at (1, 1)

(Which can be the only possible point of contact) j—y of both curves must be same.

X
y= 23in5—nx = dy = (Zcosﬂxj.iT
6 X 6 6
(ﬂj = (ZCOSE\].ﬁ = @.cos (R_Ej:_ S—WE ..(1)
ax Jy v 6) 6 6 6 3 2
_ dy
y=oax?—3ax +2a + 1 = d—=20cx—30c
X
(ﬂj =20 —-30 =-a ..(2)
dX at x=1
for()e@as 2% - N8 _1
23 50 2

Let d be distance between (k, 0) and any point (X, y) on curve.

d= (k=x)+y

d= \/—xz +2(1-K)x +k? (c y? = 2x — 2x2).

2 2
Maximum d = % Maximum d = «2k? — 2k +1

f(x) = (x + 1)(pX* + (d — p)x + p)
g(x) =px*+ (q-p)x +p
g(2)=3p+2q<0
g(3)=7p+3q>0

= one root is —1, one root lies between (2, 3), one root lies between [%%}

)\ VAN L,

x=0 C1 C2 =1 x=2
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