Power of real gurus

MATHEMATICS BINOMIAL THEOREM

TARGET : JEE- Advanced 2021

. competishun CAPS-9

ANSWER KEY oF CAPS-9

1. (A 2. (A 3. (D) 4. () 5. (B
6. (D) 7. (A 8. (B 9.  (ABC) 10. (AC)
11.  (ABC) 12. (BCD) 13.  (ACD) 14. (A 15.  (B)
16.  (10) 17. (5 18. (3) 19.  (960)

20. (-22100) 21. (A) 22. (C) 23. (a)n=12, (b) {g <x< %}

SCQ (Single Correct Type) :
1. If a, b, ¢, d be four consecutive coefficients in the binomial expansion of (1 + x)", then value of

2
the expression b - ac (where x>0and neN ) is
b+c (a+b)(c+d)

(A) Positive (B) negative (C) zero (D) depend on n

Ans. (A)

Sol. a="C ,b="C,c="C,, d="C,,
a+b=""'C brc=""C crd=""C
a+b n+1

a r
G W DI S e
a+b n+1b+c n+1'c+d n+1
a , L , are in A.P.
a+b b+c c+d
AM > GM
b ac

b+c \(a+b)(c+d)

( b JZ ac
= - >0
b+c (a+b)(c+d)

2. The coefficient of x? in the expansion of (2 — x> + x®)*°is
(A) 0 (B) 1 (C) 14 (D) 28
Ans. (A)

Sol.  Since 3m + 6n = 28 has no solution in non-negative integers, coefficient of x*° is zero
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Sol.

Ans.

Sol.

Ans.

Sol.

If each coefficient in the expansion of the expression x(1+ x)n (neN)in powers of x is divided

by the exponent of corresponding power, then the sum of the values thus obtained is equal to

2" 2" -1 2" +1 o+ 4
*) (B) (©) D)
n+1 n+1 n+1 n+1
Ans. (D)
n+1
Sol. &+&+&+....+C“‘1+C" _2 -1
1 2 3 n n+1 n+1

- : . 2\13 2 14
The number of distinct terms in the expansion of (x +y ) + (x + y) is

(A) 27 (B) 29 (C) 28 (D) 25

. Aqs,, ch

To get common terms in both the expansion

Xr1 (y2 )1 3-n _ (X2 )I’2 (y)14—r2
rH=2r,and 26 —2ri =14 —r,
r = 8, o = 4

.. Only one term is common

If (x) = rZ:[r(n ™G, 1. "Cy )+ (2r +1) "Cr] then

(A) f(n)=n2 -1 B) f(n)=(n+12-1  (C) f(n)=(n+1%+1 (D) if(n)=374
n=1
(B)

f) = 3((0 1 "€, =12 x"C, .y = (1447 x"Cp = (n+ 1 -1
r=1

If (1+px+x2)n:1+a1x+a2x2+ ..... +a,,x",where neN, peR. If p = -3 and n is even

number, then the value of a, +3a, +5a, + 7a, +.....+ (4n—1)a,, is

(A) n (B) 2n -1 (C)2n-2 (D) 2n
(D)

2n
a,+3a, +5a, +....+(4n-Na,, = > (2r-1)a,

r=1
2n 2n
=2)ra, - a,
r=1 r=1

=2(n(p+2°)~((p+2)" ~1)=(2n-1)(p+2)" +1

=2n (where p = -3, nis even number)

PAGE # 2



7. If 683 + 883 is divided by 49, then the remainder is

(A) 35 (B) 5 (C) 1 (D) 0
Ans. (A)
Sol. (1+7)83+7-1)83=(1+7)83_(1-7)83
=2[83C1-7+83Ca 73+ .. +83Cg4-783]= (2 - 7 - 83) + 491 where | an integer
14 x 83 = 1162
1162 _,,35
49 49

remainder is 35 Ans.

8. The sum of the series (12 + 1). 11+ (22 + 1).21 + (32 + 1).31 + ...... +(n2 + 1) n!

AY(n+1).(n+2)! (B)n.(n+1)! C)(n+1)(n+ 1) (D) none of these
Ans. (B)
Sol. (12+1)11+@22+1)21+ ... +(M2+1)n! -3 (r2+1)r!

Now, (r2+1)=A(r+1)(r+2)+B(r+1)+C
= A=1,B=-3,C=2 (by comparing)

Now, Z( f)rl = rzn:[rm )(r+2)r!1=3(r+1)rl+2rl]

rzn:[uz )I=3(r+1)1+2r!]

+2[r 1= (r+ 1))

Zn: [(r+2)1-(r+1)!]

=1

= [(n+2)1-21]+2[11-(n+1)! ]
=(n+2)!1-2(n+1)!

=n(n+1)!

-

MCQ (One or more than one correct) :
9. If J, = "C, "C,,, and m4, m; are two values of m satisfying 5 Jy = 3Ju.1, then correct

statement is/are (where [.] denotes greatest integer function

(A) m +m, =_78 (B) mym, zﬁ
©) [1-m)(1-m,)] =8 (D) [(1+m,)(1+m,)]=8

Ans. (ABC)
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Sol.

10.

Ans.

Sol.

1.

Ans.

Sol.

12

Ans.

Sol.

5‘Jm = 3Jm+1
m-3 m-2

— 52 mCr mCr+3 _ 32 m+1 Cr m+1Cr+3
r=0 r=0

2m _ ., 2ms2
=5x""C,_,=3x"""C_,

=7m* +8m+46=0

For natural number m, nif (1 —y)" (1 +y)"=1+a,y + a’y? +.... and a,; = a, =10 then
(A)m<n (Bym=>n (C)m+n=80 (D)m-n=20
(AC)

A=y)"(1+y)" =1+ (n— m)y+{m(”;_1) i "(”2_1) —mn}yz .

Which of the following is/are true

(AYES G O T | & SO

(By6°—°C..5" +°C, 4" -°C. 3"+ °C,.2°> Z8€ T =0

(CIREEE T ST 3° + °C,.2° — "GN

(D) 6° -°C,.5° +°C,.4° -°C,.3° +°C,.2° -°C,.*° =°C, |6

(ABC)

(a) Number of onto functions from a set containing 6 elements to a set containing 5 elements
= 602 X |§

(b) Number of onto functions from a set containing 5 elements to a set containing 6 elements
=0

(c) Number of onto functions from a set containing 6 elements to a set containing 6 elemets =

|6 =720

3 11
In the expansion of (x?’ + 3,2"°9ﬁ&j

(A) there appears a term with the power x2
(B) there does not appear a term with the power x2
(C) there appears a term with the power x3

(D) the ratio of the co-efficient of x3 to that of x=3 is 1/3
(BCD)

A1
(Xs +3- 2—'09(2@)11 = (X3 +3- 2'092(X3) ] = (Xs + 3)11

X3

r
general term = 11c, (x3)11 -1 [ 3 j = Mg, - 3r x33-6r

X3
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13.

Ans.

Sol.

Now, 33-6r=2 = r= % = No term appear with power x2

33=-3=r=6 = term appear with power of X3

for x3, r =5 and for x‘3, r=6

11C5 _35

1

= ratio of coefficient of x3 to that of x=3 R T bl
C.-3 3

If (9+\/%)"= | + f where |, n are integers and 0 <f < 1, then

(A) | is an odd integer
C)a+f)y(1-£f)=1
(ACD)

(9+4J§)” =3+f

(D) 1-f=(9-/80)"

let (9-4%)” =f

Comprehension Type Question:

Comprehension # 1

14.

Ans.

15.

Ans.

Sol.

If (1+x+x2)2N=1+ax+agnx®+ ... agx@N, then

n-1
The value of a, ,is
r=0

(B) | is an even integer

9"+1-2a 9"+1+2a 9"+1-2a
A e By = "~ ~"2n @) -
(A) 2 (B) 2 () 7
(A)
What value ao takes ?
(A) 2n Cy (B) 2n+1C2 (C) 2n—102
(B)
(1+x+x2)2N =1+ agx+agx2 + ...+ agx™N.
n-1
D @y =ag+a,+a, +... 8y
r=0
put x=1=32"=1+aj+as+... - VT R
put x=-1=1=1-aq+ag+. ... tagn e

(i) + (ii)

=  1+32N=2(1+ag+ag+ .. +a4n)
= (1+ap+ag+..... +agsp_92)taopt+t(aogp+2+

0 ¥ =128

(D) "Cy

tagn_2+*ayp =

1+9"
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We know that agq =1,a4p—2=as ...... -2 TaA2q42 .- etc

n

= 21+ap+ag+ ... +82n_2)+32n=1+29
_ 9" +1-2a,,
= T+ag+ag+. ... +a2n_2—f

(1+x+x2)2N = 1 + ayx + agx2 + ...+ agn X by differentiation

2n(1+x+x2)20 =1 (1 4+ 2x) =aq + 2aox + 3azx2 + ... + 4nagp XN~ 1.
Again by differentiation

2n [(2n—1)(1+x+x2)2n_2 (1+2x)* +(1+x+x2)2n_1 -2} =2ay +Bagx + .. + 4nag, xM =1,

put x=0=2ay=2n[(2n-1) + 2]

2n(2n+1) _
5 —2n+ 1C2.

ay=n(2n+1)=
Numerical based Questions :
16. I the coefficient of x° in (1 + x)*' + (1 + x)* + ... +(1+x)* is A "C, + u "C,, A, p, n, r, m being
integers and "C,, "C, are binomial coefficients, then the value of A(n +r) + u(m +r) is

Ans. (10)

Sol. ?2'C, +2%C;, +...+%C, +?'C, -?'C,

— 3106 _ 21C6
AN+ 1) + u(m + 1) = (31 + 6) + (=1) (21 + 6)
=31-21=10
9 1OC
17.  Thevalue of ) --——"—is equal to
r=0 r + r+1
Ans. (5)
9 10
C
Sol. S=)» —— T
; 10Cr + 1OCr+1
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n
18. When the terms in the binomial expansion of (\/;+2%j are arranged in decreasing
X

powers of x, the coefficients of the first three terms are in arithmetic progression. The number
of terms in the expansion with integer powers of x is

Ans. (3)
Sol. 1 C1, 022 areinAP =>n=38
2 2
1 16 -3r
Tr+1=80r§><x 4

So 416 -3r(0<r<8) only if r < {0,4,8}

19. Find the coefficient of x/ in (1-x+ 2x3)10 .
Ans. 960

Sol.  Coefficient of x’ in (1 —x + 2x3)10
general term : 10C. (1 —x)10 =1 2x3); 10c (1 —x)10-r.or.,3r

When r = 0, coefficient of x’ in 1000 (1-x10= - 1007.
When r = 1, coefficient of x4 in 10C4 (1-x)9 -2 =20 (9Cy)
When r = 2, coefficient of x!in 1002 (1 —x)8 - 22 — 180 (- 8C1)

= coefficent of x” =(-10c, +20-9c, 180 - 8Cy)
= (— 120 + 2520 — 1440) = 960. Ans.
20. Find the coeffcient of x4 in the polynomial

x—Ci|[x—22.82 x5S | . x—502. 550 | where G.=2g
Co C, C, Cuo

Ans. -22100

Sol. (x—&](x—f-&] ......... [X—SOZ-EJ
Co C, Cus

Coefficient of x4 in this expansion is

S 2 S _(+50)2 - S0
Co C, Cio

¥c 51-r
—Tr=(r)2-—5OCr =(r2) - — = r(1-1

r-1

—T,=51r—r2

50 50
-S=51r->r
=1 =1
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~-§=51-

50x51  50(51)(101) =50x51{ 101}

51-—
2 6 2 3

52

_ 50:51[153-101] _ 50x51
2 3 6

S=-1300x% 17 =-22100

Matrix Match Type :

21. Match the following:
Column - | Column -l
(A) Number of distinct terms in the expansion of (x+y-z)'® is (o) 2"

Ans.

Sol.

22,

(B) Number of terms in the expansion of

6 6
(x+\/x2—1) +(x—\/x2—1) is (q) 97
(C) The number of irrational terms in (3/5 + 9/5)100 is (r) 4
(D) The sum of numerical coefficients in the expansion of
12
(1+i+2_yj s (5) 153
SRS

Options:

(A)A—(s);B—(r); C—(a);D— (p) B)A—(s);B—();C—(p);D—(aq)
(C)A—();B—(s);C—(a); D—(p) (D)A—(s);B—(a); C— (r); D— (p)
(A)

(A) (o3 e _18X17_ 450 (B)g+1=g+1=4
100 . )
(C) §=4+F(T1, T,5, T4, T;3 arerationals) (D)Put x=y=z= 1+§+§ =2
Match the following:
Column - | Column -l
e minimum value ofa+ b +c+dif log;(a+b)+log,(c+d)>4 is p
(A) The mini I f b d if log, b)+log, d)>4 i (p) 18
1 1 14

(B) The number of distinct terms in the expansion of (x +y+—+ —j is (q) 225
Xy

(C) The remainder when (23)% is divided by 100 is (r) 89

5
(D) If the third term in the expansion of (1+ x'°9'1°xj is 1000 and x > 1,
X

then the value of x is (s) 100
(A)A— (p);B—(q);C—(s);D—(r) (B)A — (p);B—(r); C—(q); D—(s)
(C)A—(p);B—1(q);C—(r);D—(s) D)A—(q);B—(p); C—(r); D —(s)
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Ans. (C)
Sol. (A) (a+b)(c+d)>81

1
Applying AM GM > GM Wb);ﬂ

> ((a +b)(c+ d))E

Minimum value of a+b+c+d is 18

x+ y)* (1+ xy)™
B) XY« . y)
(xy)
Both factors in the numerator have 15 independent terms total number of terms 15 x 15 =225

(C) (23)* =(529)*° = (530 - 1)**

= [(530)43 —%C,(530)* + ©*C,(530)*" —... — 1 43C41(530)2] +(43x530)-1
Hence the last two digit of (23)% are last two digits of (43x530) — 1 that is 89

(D) T, :502)(13(x'°91“)2 ~1000

Taking log on the base 10 both side —3log,, x + 2(Iog10x)2 -2=0
Put logqo x =t
2t -3t-2=0

S
2

x>1log,, x=2 = x=100

Subjective based Questions:
n
23. (a) Find the index of n of the binomial (EJFEJ if the 9 the term of the expansion has

numerically greatest coefficient (n € N).

(b) For what positive value of x is the fourth term in the expansion of (5 + 3x)9 is the

greatest.

Ans. (a)n=12, (b) {gsxsg}

Sol. (a) (g N %}

T9>T10 and T9>T8
8 9 n-9 n-8 8 7
(3] e(Z) (5] wee(s) (3] <= (3] ()
5 5 5 5 5 5 5

1 2
(EJ nCB < an g
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1 9 2 n-7 2 1
—. >— —_ = >
5n-8 5 8 5 5
9>2n-16 2n—14>8
25>2n 2n > 22
n<125 n>11

n=12

(b) (5+3x)10
T4=10C357 (3| x|)3
Tgq>T3
1003 57 3] )3> 1002 58 G| X|)2

8 . 3|x|>5
3

| x| >§ X is a +ve quantity

5

X> —

8
T4>T5

100357(3|X|)3>100456(3|X|)4
i><5>3|X|
7

By £
21

5 20

=< X< —

8 21

24.  Showthat (12) NCy + (2:3)"C3 + ...... + (n—1): n"Cp =n (n - 1)2N—2

Sol. (1:2)MCy+(2:3)"Cz+ ...+ (n—-1)nNC,

n n

i ) _ (r—1) _ n!
=X (r-1)r"c, —Z m _;W

= Z n(n-1)[(r_(2r;!_(2r?!_r)'j =n(n-1) {Zn: “-Zcr_zl

r=2
— n-2 n-2 n-2
=n(n-1) [ Co+"Ci+.4 Cn_z]

=n(n-1)-2"-2
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25, Ifaq,a, a3, ...... , an are in A.P. and Sy, is the sum of first n term's, show that

Sol. z "C, ‘S,

= RS B kC, [(2a, - d) + kd]}

M

n
{2&11 ka+%d-szk}

= %(231 —d) (n-2”‘1)+%d(n-2"‘1 +(n(n—1)-2”‘2))

26.  ShowthatSq=p?—q? =(x* - y?)'

2n

Sol. S4=> *C, ,(-1)"

_.‘
I
=y

We know that

(1+x)4N=Cp+Cqx+Cox2 +Cax3 + ... + Cypy - X4N

by putting x=iand x =—i

(1+)4N=Cy+iCq+i2Co+ ..+ Cyp oo (i)

(1-i)4N=Cy—iCq +i2Cy—...... +iNCyuny (ii)

(i) = (i)

=  2(iCq+iSCg+i%Cg+ ... +i*M=1C _1)=(1+iyN—(1-i)4n

2n 2 2n
2i(C{-C3+Cq— .. = Can—1) = ((1+1)°) = ((1-))
2i)" —(-2i)"
o= A (2
2i
27. In the expansion of (x + y) | if the sum of odd term's be p and sum of even term's be g, then
prove that

(i) p? - =(x —y*)

(i) 4pg = (x + y)2" = (x — y)2N
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Sol.

X+y)N=Cox"+Cqyx" =Ty +Cox"=2y2+ _ +Chx0-yN

(x—y)n=Coxn—C1xn_1y+szn_2y2+ ....... +(-1)NCyxY -

x+y)+x-y)y'=20 . (i)
x+y)" —(x-y)'=29 .. (i)
Now,

4p2 — 42 = [(x + y)N + (x = )2 = [(x + y)" = (x — y)"]2
4(p2-q?) =4 - (x2-y2)n

— p2 _ q2 — (X2 _ y2)n

Again (2p) (20) = [(x + y)" + (x = )N [(x + y)" = (x = y)"]
4pq = (x +y)2N = (x - y)2".
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