, competishun CAPS-8
MATHEMATICS Complex Number

TARGET : JEE- Advanced 2021

ANSWER KEY oF CAPS-8

1. (D) 2. (D) 3. (D) 4. (D) 5. (D)
6. (©) 7. (ABCD) 8. (AB) 9. (ACD) 10. (ABCD)
1. (3) 12. (3) 13. (3) 14. (0) 15. 0)
16. (99) 17. (7) 18. (32) 19. (13) 20. (25)
21. (1) 22. (16) 23. (A) 24, ‘(Z1 —22)’6[3\/5, 13\/5]

25. — ® Or — @2

SCQ (Single Correct Type) :

1. The least value of |z —3—4i|2 +|z+2—7i\2 +|z —5+2i]2 occurs when
(A) 1+ 3i (B) 3 + 3i (C)3+4i (D) none of these
Ans. (D)
Z1
z
Sol. % %
Let z=x+1y

Then [z—3—4if +[z+2-7i

+lz-5+2
=3(x2 +y? —4x—9y)+107 =3{(x—2)2 +(y—3)2} +68
The least value occurs when x =2 andy =3
z=2+3i
Alternatively, [Z —Z,* +|Z - Z,[* +|Z - Z, [ will be minimum
when z be the centroid of the triangle formed by the points Z,, Z, and Z;
2, +2,+2Z,
3

Here zy=3+4i, z,=-2+7i,23=5-2i >z=2+3i
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2. |z—3i+4|+|z—ki+4|=k

(A) 0 (B) ©) g (D) 2

TN

Ans. (D)
Sol. [z (—4+3i)+|z—(-4+ki)| =k
-. PS + PS’ = 2a represents an ellipse if SS’ < 2a

=[3-k| <k :k>g
2

3. If |z|? +Az?>+Az?+Bz+Bz+c=0 represents a pair of intersecting lines with angle of

intersection 6 then the value of |A| is

(A) tan (B) cos 6 (C) sec 0 (D) Sezce
Ans. (D)
Sol. z=x+iy,A=a+ip B=y+3i

X2+ y2+ 20 (X2 —Yy?) +4xyp + ax —py + ¢ =0.

(1+20)x2+(1-2a)y2+ (4B) xy + ax—By +c =0

2 4 2
tang = 2,4p% — (1-40?)
2

tano =/4p2 + 4a2 -1 =J4|AP -1

4|1AP =1 + tan

1Al = secO

2

4, If z—2z]|=]z,|and |z-z,| = |z,| be the of two circles if the two circles touch each other then

i

(A)Re(z,2)=0  (B)Re (z ] =0 (©)I,(z,2z)=0 D) I, (;J =0

2 2

Ans. (D)
Sol. |Z1 = zzl = ||Z1| - |Zzll or |Z1 - Zzl = |Z1| + Izzl

Arg (ﬂ] =0, %n

Z,
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Ans.

Sol.

Ans.

Sol.

If |z,| =2, |z,| = 3, |z,| = 4 and |2z, + 3z, + 4z,| = 4, then absolute value of 8z,z, + 27z,z, +
64z,z, equals

(A) 24 (B) 48 (C) 72 (D) 96

(D)

8z,2,+272,2,+642,2,=2.2,2,2,2,+3.2, 2,2,2,+4 2,2,Z, Z,

(+4=2,2,9=2,2,,16 = Z,2,)

=(2Z+32,+4Z;) (212, 25) =(22, + 32, + 42;) (242, 2)

So absolute value = 4. 2. 3. 4 =96

If z=x + iy then the equation of a straight line Ax + By + C = 0 where A, B, C € R, can be

written on the complex plane in the form az + az + 2C = 0 where 'a' is equal to :

(A +iB) @ A= B

*) 2 2

(CA+iB (D) none

(C)
(255 255 oo

>z [A+B}+Z(A—EJ +C=0=>2zA-B)+z(A+iB)+2C=0

2 2 o

MCQ (One or more than one correct) :

7.

Ans.

If from a point P, representing the complex number z; , on the curve| z |= 2, two tangents are
drawn to the curve|z |=1, meeting the curve at points Q(z,) and Q(z,), then

(A) the complex number 21-"22"%s

(B)(i+i+i}(_i+_i+_iJ=9
ENE Z N e

(C) arg 2—2] = 2—“

z, 3
(D) orthocenter and circumcenter of APQR will coincide
(ABCD)

will lie on the curve |z |=1
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Sol.
Since OQ =1 and OP = 2,

so sin (£ OPQ) = % and hence £ QPR = g

Then, APQR is equilateral
Also, OM 1. QR

Then from AOMQ, OM = %

Then centroid of APQR lies on |z| =1
As PQR is an equilateral triangle,
so orthocentre, circumcentre and centroid will coincide.

Z,+2Z, + 2,4

Now, =1:]z1+22+z3‘2=9

= (2 +2,+2;)(Z+2, +2;) =9 3(i+i+ij(i+i+i}:9
- 2 A

and £QOP = 120°

z,-z,

8. If z,,z,,z,are any three roots of the equation z° = (z+1)°,, then arg ( ]can be equal to

2~ 44
T T
(A)O (B) (C) 2 (D) -
Ans. (AB)
Sol. Z=(z+1)°

:‘26‘ =‘(z+1)6

=z =[z+1
.. zlies on the line x = —%

.. Roots of z° = (z + 1) are collinear
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Ans.

Sol.

10.

Ans.

Sol.

Z,, Z, are two complex numbers satisfying i|z, |* z,~|z, |* z, =z, —iz,. Then which of the

following is/are correct.

(A) Re (iJ 0 B) I (ﬁj ~0

z, Z,
(C) 2z, +22,=0 (D) [zllz; =1 0r |-z, |
(ACD)

iz, (12, ) =2,(t+12, [})

Z o
or, =* is purely imaginary
z

2

z
:Re(—1}=0
Z,
z, -z, . _ _
Also, L =—"ie. 2,2,+2,2,=0
Z, %

As iz, F 2, |2, [F 2, =2, -z,
or, iz,z.z, -2,2,Z, =2, - iz,

or, (z,z, +i)(iz, +2,)=0

= either zz,=-i oriz,+z, =0
|z 11z, [=10r |z, |=[ 2, |

3

The curve represented by z = ——— . 0 [0, 2n)
2+cosO+isind
(A) never meets the imaginary axis (B) meets the real axis in exactly two points
(C) has maximum value of |z] as 3 (D) has minimum value of |z| as 1
(ABCD)
- 3 _ 3(2+cosb-isin®) 3.(2+cosb—isinb)
2+cosO+isin®  (2+cos6)? +sin’0 5+4cos0

For imaginary axis, real part =0 i.e. 2 + cosd = 0 which is not possible, so curve never meets
the imaginary axis

ForrealaxisImz=0 =sin 6 =0 = 06 = 0,7 € [0, 2r), so curve meets the real axis in two
points.

\/(2 +cos 9)2 +(sin 9)2
5+4cos0

|Z| = 3. = 3(5 +4 0036)4/2 = |Z|max = 3’ Izlmin =1
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Numerical based Questions :

1.

Ans.

Sol.

12.

Ans.

Sol.

13.

Ans.

Sol.

Let  z,z,z;be three  complex number such that |z|=|z,|=|z,|=1and
2 2
z z z
1, %2 | %3
2,2, 22, 2z,
(3)
2 2 2
z z z
1+ 2 + 3

2,2, 22, Z,Z,

+1=0, then sum of possible values of |z, +z, +z, is

+1=0

=22 +23+23+22,2,=0
2 2 . _2 At
=(z,+2, + 23)(21 +2Z5 +25 —2,Z, — 2,2, —2223) =-42,2,7,
2 — L —

=(z,+2, + 23)((21 +2Z,+2,) —32,2,23(2,+ 2, + Z, )) =-42,2,7,

3 2
=(z,+2,+25) =z12223(—4+3|z1+22+23| )
| zZ+2,+ 24 |3=‘3|z1+22+ 271 —4‘

=|z+2,+2;|=10r 2

If the vertices of a triangle ABC, A (z1), B(z,) and C(zs) lie on the circle [z-3|=16 , such that

z,tanA +z,tanB +z; tanC .

z; + z, + z3 = 9, then the value of is equal to
tanAtanBtanC e

3)

2 +2,+2; 4
3
Clearly centroid coincides with circumcentre, hence AABC is equilateral
If » is a non-real complex root of z*® = 1 and such that |o +1| is maximum and x :% oa—l ,
®

then 8x* + 4x°> — 8x* — 3x + 4 is equal to

(3)

i2n

n=e®
1 _ .1 . LT
X=—|o-0|==|2sin—| =sin—
2 2 14 14

fo=" —3p+40="
14 2

sin 30 = cos 46
3x —4x® =2c0s%20 —1=2(1-25sin? 0)? —1
3x —4x° =2(1—2x2)2 -1 =2(4x4 —4x2 +1)—1 —8x* —8x% +1

8x* +4x® -8x2-3x+1=0
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14.

Ans.

Sol.

15.

Ans.

Sol.

16.

Ans.

Sol.

17.

Ans.

Let z,, z,, z; be complex numbers such that z+ z,+ z; = 0 and |z, |5z, |5z, |then
2 2 2 -

zZ;+z,+2z5 is

(0)
2 2 2 2

Zi+25+25 =(2,+2, +2Z3) —2(2,2y + 2,24 + 2,2,)

=-22,2,7, [i+i+i} —22,2,2,(Z,+Z, +2,) =0

z, Z, 2z,
10
Let 1 ay,0,,0;,......04, be the eleven 11th roots of unity. Let A = Zr (o, + 044 ). The value of
r=1
A+11
equals
11
(0)
10
ro + 0oy )

r=1
7\,21(@1 +oc10)+2(oc2 +a9)+3(0c3 +oc8)+4(oc4 +a7)+5(0c2 +oc6)
+6 (ot +0tg) +7 (01 + 0ty ) +8(0tg +015) +9(0tg + 01, ) +10(0tyg +0ty)
:11((11 +0, + 05 + 0, + 0 + 0l + 0Ly + 0l + 0 +oc10)=(—1):—11

A+11
-
11

If a and b are positive integer such that N = (a + ib)® — 107i is a positive integer then find the

=0

value of —

99
= (a+ib)*—107i
= (a® — 3ab?) + i[3a2b — b®] — 107i = Positive integer
3ab - b*-107=0
b(3az - b?) = 107
b=1 3a2-b2=107 107 is prime

= a=6 or b=107 3az— (107)2=1
a is not integer not possible
a=6 b=1

N=216-3x6=216-18=198.

Let z,w be complex numbers such that z+iw =0 and arg zw = =. If Re(z) < 0 and principal
argz = a?n then find the value of a + b. (where a & b are co-prime natural numbers)

7
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Sol. Since, Zz +iw =0= =-iw > Z=iW=>W=-iz

Also, arg(zw) =« = arg(-iz2) ==
= arg(-i) +2arg(z) =n = - g+ 2arg(z)=n [ arg(i) = _g}
:2arg(z)=377t = arg(z)=34—n.

18. Let z is a complex number satisfying the equation, z2 — (3 +i) z+ m + 2i = 0, where m € R.

Suppose the equation has a real root a, then find the value of o* + m*

Ans. 32

Sol. z=a aeR
a*—(3+i)a+tm+2i=0
o*—3a+tm=0 & -—a+2=0
a=2
8-6+m=0
= m=-2

o+ m4=32

19. Ifx=9w QWO oo y=4141477 o andz= 2(1 + i)_r and principal argument of P = (x

r=1
Ja

+ yz) is —tan- [TJ then determine a2 + b2. (where a & b are co-prime natural numbers)

Ans. 13

iy 1 1 1
Sol. x=9392 -9 3-092-3 Dy = 43 927 7 _4 3:442\/5

Let P=x+yz=3- iv2 (fourth quadrant). Then, arg P = —tan- (g] = —tan- (%J

Hence a=2,b=3

20, z,z,ecandz?+z2eR,
z(z2-32,)=2,2,(322-2,) =11
If z,2 + z,2 = A then determine 22

Ans. 25
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Sol. z,(z;2-322) =2 (1)

z, (322 -2, = 11 (2)
Now (1) +i(2)
(z, +iz,)? = 2 + 11 .(3)
(i) —i(2)
(z,—iz,)* =2 - i (4)

Multiply (3) & (4) we get
(z,2+2,2)%=125

z2+z2=5=)

21. Let |zl =2 and w = Z—+1 where z, weC (where C is the set of complex numbers), then find

product of maximum and minimum value of |w|.

Ans. 1
Sol. lLetz=a+ib
Given |z| =2 = az+b2=4 =5 a, be[-2, 2]

_(a+1)+ib _ Y +b? _ [a?+b?+2a+1 _ [5+2a
Noww=-—F¢-— = |w| = 5 =
(a-1)+ib +b2 a’+b?-2a+1 5-2a

W, = 5:4 =3 (whena=2) ;wl, = {5;4 % (when a = -2)

Hence, required product is 1.

22, If  and w? are the non-real cube roots of unity and a, b, ¢ € R such that . + } + L
ato b+o c+o
= 202 and 12+ 12+ 12=2c0.|f L + L + d = )\ then determine 24
a+to° b+o° c+o a+1 b+1 c+1

Ans. 16
Sol. Now consider the equation
! + 1 + L =E ..(1)

a+x b+x c+x X

Take LCM and solve we get

x3+ (ab +bc +ac)x—2abc=0

Now roots of this cubic are o, ®?2

let another root be «

ato+n2=0

o=1

hence put x = 1 in the equation (1) we get

1 1 1
a+1 b+1 c+1

=2=X
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Matrix Match Type :
23. Match the following:

Consider the two circles in the complex plane

Z+i

C.:
Tz -1

=2

C,:zz-(3+4i)z—(3-4i)z+9=0
Let (ay,B,) be the centre of Cy and (a,,B,) be that of C,

Column- Column-ll

(A) 20, + B, equals (p) 11

(B) a, -2, euqals ()3

(C) The radius of circle C; equals (r) 4

(D) The radius of circle C, equals (s) ¥
(t) 2

Options:

AA—>qB—-p;CosDor;

B)A—q;B—r,C—sD—p;

(C)A—-q;B—s;C—p;D—r,

D)A—-p;B—>q;C—s; Do
Ans. (A)

242

Sol. C, —»3x*+3y?-8x-2y+3=0 is a circle with radius e

C, > x* +y> -6x+8y+9=0 is a circle with radius 4

4 1

(o, By) =(§v§jv(%,ﬁ2) =(3,-4)

Subjective based Questions :

2

24, If z, and z, are the two complex numbers satisfying |z — 3 — 4i| = 8 and Arg( ]:% then find

Z;
the range of the values of |z, — z,|.

Ans. |[(z,-2,)|e [3\/5 13\/5}

Sol. |z-3-4i|=8
Hz—3—mH—B+4Hus—3—4}%3+mHsh—3—4ﬂﬂ3+4w
= |8-5|<|z|<8+5 = 3<|z|<13 . (1)

Now, z, and a,follows |z—3 —4i| =8
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and Arg(ijzg A

Z;
So, |z-z,|=|z,(1-)|=V2]|z,| ... (2)
from (1) and (2)
|z, |<[3,13] =|(zi-2,)|€[3V2,132]

a b c

25. Let a, b, ¢ be distinct complex numbers such that b =1 S = . =Kk, (a, b, c=1). Find
the value of k.

Ans. —oor—e?

Sol. & _ b _ ¢

1-b 1-c 1-a
a=k-bk b=k-kc c=k-ak
= a =k — (k2 — k)

a=k-— (k- (k3 —ak?®)]

a=k-k2+k®-—ak?

a(ke+ 1) =k[kz—k + 1]
(ak+a-k) (kr—=k+1)=0

-a

k= _——
a—1

or kk—-k+1=0

k=—0,—0? andk= % is not possible. Hence Proved.
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