% competishun CAPS-5
MATHEMATICS Sequence & Series

TARGET : JEE- Advanced 2021

ANSWERKEY (CAPS-5)

1. (A 2. ® 3 (D 4 (A 5 (© 6 A 7. A
8. (AB) 9.  (ABCD)10. (BD) 11. (BC) 12. (BCD) 13. (ABC) 14. (ABC)
15. 54 16. 51 17. 4 18. 50 19. 8 20. O 21. 65
22. 7 23. (C) 24 —a(l'z+:')q 25. —(p+q)

SCQ (Single Correct Type) :
2 +a, n=1, 2 3, .. the

n+1

1. The sequence a,, a,, az ,....... satisfies a; =1,a, = 2 and ap., =

2009
value of m-amm is

(A) 2010C1005 (B) 2011C1006 (C) 2011C1005 (D) 2012C1006
Ans. (A)
Sol. a,,=—+a

n
n+1

=y Ay = 2+ ap - Ap

Let T, = a, . Qnet

= T,=2

And Ty =2+T,

(This is A.P. with first term 2 and common difference 2)
= Th=2+(n-1)2=2n

= a,.an =2n
= a, =n—_1an_2
n-2
2011 2009 3
Now, a =-a,

R 20 0 0082
_2(2011) 2011 20100 2011 4r
(21005 .1005|)2 — 22009 (1 005|)2 - 22009

1005

2. Let a4, a,, a3, ....a, be in G.P. If the area bounded by the curves y2 =4a,x and
y2 = 4a, (a, — X) be A, then the sequence A4, Ay, A, ..... , Ay arein
(A)A. P. (B) G. P. (C)H. P. (D) None of these
Ans. (B)
a,/2 a,
Sol. A, =2 [ 2a,Jxdx+2 [ 2,fa, [a, -xdx
0 a,/2

a,

2 nl2 2
A, :4\/;><§[X2/3]: —4\/a><§[(an —x)m}

-a,/2
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Ans.

Sol.

Ans.

Sol.

Ans.

Sol.

a,\a, 8 a,\/a,
ah f 22 _Eﬂ[o_ 2&}
M2

A _—a sq.units

n

The sum of first 'n ' terms of the series 1+ 3 +— / +— 15 +onn, is
2 4 8 16
(A) 2™ B)y1-2" (C)2"-n+1 (D)2"+n-1
(D)
3 7 15

S— — to 'n' terms
2 4 8 16

S= 1—1 + 1—1 + 1—1 +.... to'n' terms
2 4 8

(1+1+1+ ... )—(1+1+1+....J

I
=),
|
|

|
=
|
7\
=
|
I\J|_\
;/
l\)
+
3
_\

Find the value of 228 2'3% where

r=1 s=1

8, =0,if r=S
8 =1,if r=S

(A) %(6“ —1) (B) 6" - 1 (C) %(6“ 1 1) (D) None of these
(A)

$o($.0)
r=1 s=1

=) 2715,,3" 45,37 +5,,3 +....+5,3"}
r=1

=2"3"+ 2232 + 2%3% +  +2"3"
=6+62+. .. .+6"

-3

Value of z 1 =

r(r+1)(r+2)(r+3)
(A) 1 (B) 12 (C) 1/18 (D) 0
(C)
_1¢ (r+3)-r

3 = r(r+ 1)(r+ 2)(r+ 3)

18 1
3 z{r(m N(r+ 2) (r+1(r+2)(r+ 3)}
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17 1 1 1 1 1 1
=_ — + - + - +...0
3 {1.2.3 234 234 345 345 456 }

L G B
3(123) 18

6. If o, v are the roots of t; x> — 4x +1= 0 and B,5 are the roots of t,x* —6x + 1 =0 and o, B, 7, 6
are in H.P. then
(A) -ty +t,=5 B)t +t,=12 )t =8 D)t,=5
Ans. (A)
Sol. aty=2iay- . (1)
t, t,
And Bi5=C 5= .. @)
t2 t2
o, B,v, 0 are in HP
20 1 _ 1 26 1
= =—"'=—=— (from (1 =——=— (from (2
Ba+72 2( ())YB+63( (2)
But B satisfies t,x* —6x + 1 =0 —t,=8

And y satisfies t;x* —4x +1=0 =3

7. f12+22+ 32+ ... + 20032 = (2003) (4007) (334) and
(1) (2003) + (2) (2002) + (3) (2001) + ..... +(2003) (1) = (2003) (334) (x)., then x equals
(A) 2005 (B) 2004 (C) 2003 (D) 2001

Ans. (A)

Sol. If12+22+32+ ... + 20032= (2003) (4007) (334)
(1) (2003) + (2) (2002) + (3) (2001) + ......... + (2003) (1) = (2003) (334) (x)

= 2io3r (2003 —r +1) =(2003) (334) (x)

r=1

= 2004.) r — > r® =(2003) (334) (x)

r=1 r=1

= 2004 .

( 200512004 j ~ 2003 . (4007) . 334 = (2003) (334) (¥)

= x = 2005 Ans.

MCQ (One or more than one correct) :

8. Consider the sequence a, given by a, = %,am 272 F
Let S, = 1 + L +o. + then find the value of [Sj12], Wwhere [.] denotes greatest
a,+1 a,+1 a, +1
integer function.
(A)1 (B)le/2] (C) [e] (D) [ —1]
Ans. (AB)
Sol. 1 = 1
an+1 an (an + 1)
1 1 1
= =—-
a,, a, a,+1
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an +1 an an+1
1 1 1 1 1

= — ... =

a+1 a,+1 Ay t1 3 Ay;
=2- 1 & 0< L <1

2013 2013
9. Giventhatx +y+z=15when a, x, y, z, bare in A. P. and 1+1+1:§ when a, x,y,2z, b
X y z

arein H. P. Then
(A)G.M.ofaandbis 3 (B) one possible value of (a + 2b) is 11
(C)A.M.ofaandbis 5 (D) H. M. ofaandbis%

Ans. (ABCD)
Sol. x+y+z=3(a;bJ

- 15=3(a+bJ
2
—~  a+b=10 ..(1)

1 1
11 1 3(a+bj
— SRR e

X y z 2
5 3(a+b) 3x10
3 2ab  2ab
—  ab=9 . (2)
From (1) and (2),a=9,b=1o0ora=1andb=9
Hence GM = Jab=3,a+2b =11 or 19

10. The product of two positive real numbers a and b is 192. The quotient of A.M. by

H.M. of their G.C.Dand L.C.M is % The smaller of a and b can be

(A) 2 (B) 4 (C)6 (D) 12
Ans. (BD)
Sol. Letg, £ bethe G.C.D and L.C.M then

— (g +()2=132 4

g.0= 192 and-97£, 8402159
2 290 48

g=4,/=48 = a=4,b=48ora=12,b=16

11. Let a, b, ¢ are distinct real numbers such that expression ax® + bx + ¢, bx*> + cx + a
) ” . a? +b? +c?
and cx” + ax + b are always positive then possible value(s) of ——————— may be:
ab+bc +ca
(A)1 (B) 2 (C)3 (D) 4
Ans. (BC)
Sol. D;:b’-4ac<0
D,:c*—4ab<0
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12.

Ans.

Sol.

13.

Ans.

Sol.

D;:a’—4bc<0
D, + D, + Dy: a® + b? + ¢® < 4(ab + bc + ac)
a’ +b® +c?

1< —
ab+bc+ac

For AABC, if 81+144a* +16b* + 9¢* =144abc, (where notations have their usual
meaning), then

(A)a>b>c (BYA<B<C

(C) Area of AABC =¥ (D) Traiangle ABC is right handled
(BCD)

81+144a* +16b* + 9¢* =144abc

AM=GM.

81+144a* +16b* + 9c*

7 > (81 x144a* x16b* x 9¢*)™

81+144a* +16b* + 9¢*> 4 x 3 x 2/3ax 20 x+/3¢c
= 81+144a* +16b”* + 9¢* >144abc

Here equality holds

= 81=144a" =16b* = 9¢*

N 3=23a=2b=+/3c

3, 3
a=—>b=—,c=+3
2 2 B3
Here,c>b>a

= C>B>A

Now, a?+p2=2.9_3_ ¢
4 4
= Triangle ABC is right angled

1 33

= Area of AABC = —ab=——
2 8

Letx,y,z e (0%} are first three consecutive terms of an arithmetic progression such that cos

X+cosy+cosz=1andsinx+siny+sinz= i then which of the following is/are correct?

V2
J3-42
A) coty =2 B) cos(x—y)=——F—=—
(A) coty (B) cos(x-y) x5
(®)) tan2y=¥ (D) sin(x—y) +sin(y-2z)=0
(ABC)
X, Y, zarein AP.
Letx=y-6andz=y+0
.30
sin—
cos(y—0)+cosy+cos(y+0)=1= g -cos(y)
sinE
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14.

Ans.

Sol.

30

sin—

sin(y —0) +siny +sin (y + 6) = . 2 -sin(y)
V2 sin9
2

= coty=\/§

. 36
sin——

2 =\/g=3—4sinzg :>cos€)=\/§_\/E
sinE 2\/5

a4, ay .... are distinct terms of an A.P. We call (p, q, r) an increasing triad if a,, aq, a, are in
G.P. where p,gq,reN such thatp < q <r. If (5 9, 16) is an increasing triad, then which of the
following option is/are correct

(A) If a1 is a multiple of 4 then every term of the A.P. is an integer

(B) (85, 149, 261) is an increasing triad

(C) If the common difference of the A.P. is % then its first term is %

(D) Ratio of the (4k + 1) and 4k™ term can be 4
(ABC)

a; =ag -ay,

= (a +8d)? = (a + 4d) (a +15d)

— a’ + 64d +16ad = a® + 60d? +19ad

= 4d° = 3ad

= 4d = 3a

(A) Ifa; =4k ; k el

then 4d = 3(4k) = d = 3k

— every term of A.P. is an integer

(B) (85, 149, 261) is an increasing triad

if a2, = 35 *@yp

if (a +148d)? = (a +844d) (a + 260d)

if (a + 296ad + 21904d? = a® +344ad + 21840d?
if 64d” = 48ad

if 4d = 3a

which is true

Hence, (85, 149, 261) is an increasing triad.

C) If dzl, then a=1
4 3

D) au. a+4kd  3a+12kd  4d+12kd 41+ 3k)
a, a+(4k-1)d 3a+3(4k-1)d 4d+34k-1)d (1+12k)
Let a1 _4 _, 143K _,
a, 1+12k
= 1+3k =1+12k =9k =0 =k =0
which is not possible
Hence, ratio of (4k +1) and (4k)"term can’t be 4
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Numerical based Questions :

15. If — =12 - — 4+ — — — + —( — —+........ o, then find the value of k
k 5 5 5 5 5
Ans. 54
_ 22 3?2 4% 52 @? .
SOI S—12—? +5—2—5—3+5—4—5—5+ .............. ee] (|)
1 1. 22 3% 4% 5° "
——S=— -+ -+ ———+...... © ..(ii)
5 5 5 5 5 5°
(i) — (ii) we get
6 3.5 7 9 1"
—S=1——+———+———+ ... ... (iii
5 5 5 5 5 5 \ o
6 1.3 5 7 9 :
-——S8= —— -t ———F. (v
25 5 5 5 5% 5 ” e
(i) — (iv) we get
6s (6) ERENTE 2
— | ==l =+ ——+—— . 0
515 SIS 5°  5f
§S=1_EL ,§S=1_E §)=2,8=2_5x2=§ Ans
25 5 1+1 25 516 3 36 3 54
5
16. A man arranges to pay off a debt of Rs. 3600 by 40 annual installments which form an
arithmetic series. When 30 of the installments are paid he dies leaving a third of the debt
unpaid. Find the value of the first installment.
Ans. 51
Sol. Let first installment be = 'a' and the common difference of the A.P. be ‘d’
So at(@at+td)+(@+2d)+.... + (a + 39d) = 3600 = ? [2a + 39 d] = 3600
= 22+39d=180 ... (1)
and % [2a + 29 d] = 2400
= 2a+29d=160 ... (2)
By equations (1) & (2), we get
d=2 and a=51 Ans.
17.  Ifx>0, and log, x + Iogz(\/;) + log, (i‘/;) + log, (i’/;) + Iogz(19/;) o sinl = 4, then find x.
Ans. 4
Sol. log, x + log, (v/x ) + log, (x)™ + log, (x)" + ..... = 4
= Iogx+1log x+1log X+..=4
2 2 2 4 2
N '°g—21x=4 ~  log,x=2 = x=4
1— =
2

PAGE #7



18. Ifx>0,i=1,2, ..., 50andx, +x, + .. + X, = 50, then find the minimum value of

1 1 1
— L —
Xp X3 Xs50
Ans. 50
Sol. X+ X, +X,*............ + X, =950
AM > HM
Xy + Xy + e + Xsg 1
50 + ot 1
X1 Xy X5 Xs50
50
Xy 4+ Xg + oo + Xgo 50
50 B .
Xy Xy X550
:i+i+ ........ +iz 50
X X X50
. 11 T
so min value of — 4+ —+........ +— =50
X; X X50

19. The number of terms in an A.P. is even ; the sum of the odd terms is 24, sum of the even
terms is 30, and the last term exceeds the first by 10%%; find the number of terms.

Ans. 8

Sol. Let AP has 2n terms

Sum of odd term = 24 %[a1 - BEY W (1)
and sum of even terms = 30 = D[a2+a2n]=30 ..... (2)
2
and a2n=a1+g
2
a1+(2n—1)d=a1+%z (2n—1)d=§ ..... (3)
By equation (1) & (2)
48
a1+a2n-1=7 and a,*a, =—
So a1+(n—1)d=2—4 and a1+nd=§ So d=E
n n n
Now (n-1)2 =21 N S|
n 2 4 2

So no. ofterms =2n =8 and a, = 3/2. Numbers areg , 3,% ...... .

20. Ifa, b,carein GP,a—b, c—a, b—carein HP, then the value of a + 4b + c is
Ans. 0
Sol. a,b,carein G.P. = b2=ac= (a=b), (c—a), (b—c)areinH.P.
So 1 , 1 , 1 are in AP. Let a, b, c are E, b, br
a-b c-a b-c r
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1 1

So , , are in AP.
D b pr_f bobr
r r
So 2 _ 1 1 - ar _r 1
br 2 P_p b-br r’=1 1-r 1-r
rr
S (1) ~  (1+r2=-2r
(r+1)
= R+1+4r=0 w1 ® g o arapsc=0
a a
21, Ifs= 2+ 20, 995 9995 | 450 then find the value of 36S.
13 (132 (13)°  (13)
Ans. 65
10-1 - r_
Sol. §=0 485 885 o 5/(10=1) 10°-1 q0°-1
13 (13)° (13) 9| 13 (13" (13)
10 1
_5|_13 13 =5 |10 IS &
91_E _ 5| 3 TR A
13 13
1 2 3 .
22. If S = S > yEil > 7 b o, then find the value of 14S.
1+1° +1 1+2°+2° 1+3°+3
Ans. 7
sol. T,=—n =1 i N ;
1+n° +n 2| (1+n+n°)(1-n+n”)

1[ 11 }
" 2!1-n+n® 1+n+n?

S
1
N| =
I 1
| X
|
| =
L S

—
1l

rOQwWer }

[1-=n+n?® 1+n+n?

_1_ 1 }: n+n?
1+n+n? | 2(1+n+n?)

E
N|—

»
=}

1
M
A
1
N -
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Matrix Match Type :

23. Match Column | with Column II:

Column- Column-li
A p 1
lim is equal to
MZ (k+1 ﬂkﬂ d
B 6k q |2
lim is equal
new; (3k _ 2k )(3k+1 _ 2k+1)
to
¢ L k2o N
lim >’ 2 s equal to
=24t k4 4 1
D 1 s | -1
X, = and X, =x¢+x,.T= kz;x =
then [T] is equal to (where [.] denotes
G.L.F)
N0
Code :
(A) A-p; B-r; C-q; D-s
(B) A-r; B-p; C-s; D-r
(C) A-p; B-q; C-p; D-p
(D) A-r; B-p; C-q; D-r
Ans. (C)
Sol.  (A) On rationalizing, z (ke vk —kk +1 _¢ A
e k(k+1) Jn+1
n 3k 3k+1 3 3n
B - = -
( )k2=;3k_2k 3k+1_2k+1 3_2 3n_2n
1 1 1 1
L N L LN k-5 2n +1
X2 N 2 1 1= o v ani
k=t k% —k + — k2+k+§ k=t k% —Kk + — (k+02—m+0+§ el

T R
X Xt D) X0 X +1
1 1 1

(D)

B T R
Subjective Type Questions :

24, In an A.P. of which ‘@’ is the Ist term, if the sum of the Ist 'p' terms is equal to zero, show that
a(p+aq

the sum of the next 'q' terms is - 1
p —
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Sol. Given g[2a+(p—1)d] =0

SO 2a+ (p—-1)d=0
a 2a
(P-1)
Now sum of next g terms are = sum of (p + q) terms of this A.P.

= d=

= P Ra+(pra-1)d

=Egﬂpa+m—1m+qm

SR R Pl il
2 p—1
25, The sum of first p-terms of an A.P. is g and the sum of first g terms is p, find the sum of first
(p + q) terms.

Ans. —(p+aq)
Sol = E - E = - 1
. a= SpRAvp-nd = J=2msp-nd )

p=%[2A+(q—1)d]: 2—(;D=2A+(q—1)d ..... (i)
on subtracting equation (i) from (i), we get

2 (@-p)=(p-q)d
o]e]

-2
= d=— (p+q)
Pq
Sum of (p + q) terms is

=E§9BA+m+q—ndl

%[2A+(p-1)d+qd]

' {2—q+ Q{_—Z(P =S q)H
R W Pg

=P*q {E—Z—E} =—(p+q) Ans.
2 p p
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