jcompetishun CAPS-4

Power of real gurus

MATHEMATICS Inverse Trigonometric Function

TARGET : JEE- Advanced 2021 & Solution of Trlangle

SCQ (Single Correct Type) :

1. The value of
sin-!(cos2) — cos~!(sin2) + tan!(cot4) — cot'(tan4) + sec!(cosecB) — cosec!(sech) is
(A)O (B) 3w (C)8-3m (D) 5 — 16

Ans. (D)

Sol. Given expression = {g —cos '(cos 2)} - {g —sin"'(sin 2)}

T 1 T 1 T 1 T 1
+ {E —cot (cot4)} — {E —tan '(tan 4)} + {E —cosec (cosec 6)} — {E —sec” (sec 6)}

= sin~!(sin2) — cos!(cos2) + tan~!(tan4) — cot!(cot4) + sec!(secB) — cosec ! (cosech)
=(n—-2)-2+(@-m)—(4—-T)+(2n—6)—(6-2n) = —4 +4n— 12 =51 —16]

2. Let o = cot’! (%) , B =sin! (%) and y = sec™! (23—75} , then the correct order sequence is

Aa<y<p B)p<a<y Cy<B<a D)a<P<y
Ans. (D)
Sol. As Zsi1=cot'Zecot™=" = cot'E<=07856 @ .. (i)
3 3 4 3 4
& L 41 o1 B .k T ..
As —>— = s8N —>sinn —— =— = sin —>—=0.7856 ... ii
RN RN B 4 (i)
Al 24 SRR _ A 1 o (iii)
3 3 g 3 3
Clearly a<P<y.l
3. Let f(x)= % (sin‘1 [x]+tan™"[x] + cot™ [x]) where [x] denotes greatest integer less than or
T

equalto x. If A and B denote the domain and range of f (x) respectively, then the number
of integers in (A U B), is

(A)1 (B) 2 (C)3 (D)4
Ans. (D)
Sol. Fordomain of f(x), we musthave -1<[x]<1 = -1<x<2,s0 set A=[-1, 2)
f(x)= 2 (sin‘1[x] + g} (As tan™'[x] + cot '[x] = g VX e AJ
T

So, set B ={0, 1, 2}= Range of f(x)
Now AuB=[-1,2)u{0,1,2}=[-1,2]
Hence number of integers in (A U B) =4 Ans.

PAGE #1



4. The radii of the escribed circles of AABC are r,, r, and r_respectively.
If r,+r,=3R and r, +r_ =2R, then the smallest angle of the triangle is

(A) tan™! (ﬁ —1) (B)% tan-! (ﬁ ) (C)% tan-! (JE 4 1) (D) tan™! (2 -3 )
Ans. (B)

Sol. Wehave r,+r,=3R = A + A 3R = 3abc [R :@J
s—-a s-b 4A 4A
A(s—b+s—a) _ 3abc N cA _ 3abc A? _3ab
(s—a)(s—b) 4A (s—a)(s—b) 4A (s—a)(s—b) 4
4s(s —c) = 3ab = (a+b+c)a+b-c)=3ab

(@a+b)y-c2=3ab = al+br-ct=ab
c2=a’+b’-ab

Note : Angles A,C,Barein A.P.
can be convertedinto more than one

= al+b?-2abcosC=a2+b2—ab (As c2=a?+b?-2abcosC)

U

= cosC = % = ZC =60° il
[llly from r +r =2R
2
N A . A _oR L A(ZS—b—c):Zabc 2A .
s-b s-c (s—b)(s—c) 4A (s—b)(s—c)
= 2s(s—a)=bc = (b+c+a)b+c-a)=2bc = (b +c)?—a2=2bc
= b2+ct=a’ = ZA =90° = ZB =30°]
5. If cos™' X _sin! % =0 (a, b # 0), then the maximum value of b2x2 +a2y? + 2ab xy sind
a
equals
(A) ab (B) (a + b)? (C) 2(a + b)? (D) ab?
Ans. (D)
2 2
Sol. We have cos™ X+cos‘1y- = Bk, 1—X—2 1_y_2 =—-sin®
ab a
— +sin 0= 1/1——‘/1——2
b
On squaring both the sides, we get
e DRy X2 y?  xPy?
+sin0+—= sin0=1-—>—=-+
a’b? ab a’> b’ a’b?
= b2x? +a2y? + 2ab xysinb = a’b?cos?0 < a’b? ]
6. In AABC, the bisector of the angle A meets the side BC at D and the circumscribed circle at E,
then DE equals
2 A 2 A 2 A 2 A
a“sec— a‘sin— a“cos— a“cosec —
(A) 2 () ——2 (C) ——2 D) ——2
2(b+c) 2(b+c) 2(b+c) 2(b+c)
Ans. (A)
Sol. Wehave ck+bk=a = k= —°
b+c

Also xy=bck?
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2bc cosé

2 |_bc 2
b+c (b + c)?
A
y
ck bk
X
E
a® sec %
Hence x= ——= =DE
2(b+c)
7. If [cos‘1 x] + [cot‘1 XJ =0, where [.] denotes the greatest integer function, then the complete
set of values of x is
(A) (cos 1, 1] (B) (cos 1, cot 1) (C) (cot 1, 1] (D) [0, cot 1)
Ans. (C)

Sol. [cos‘1 x] >0vx e[-11] and [cot‘1 X] >0vx eR
Hence [cos‘1 x} + [cot‘1 ] =0
= [cos‘1 x] = [cot‘1 XJ =0
If [cos‘1 x] =0

= x € [cos11]

If [cot‘1 x] =0

= xe(cotlw) = x € (cot1,1)
8. f: R—(0,n /2] and f(x) = cos™'(x* — ax + a + 1) is sujective than ac

1-J5 1+/5 1-J5 1-5
(A) 1 —=—, B)y———5—
2 2 2 2

(C) [_oo, L _Z\EJ U (1 +2\/§ ,ooJ (D) None of these
Ans. (A)
Sol. D=0
9.  InaAABC, ifb? = ¢ = 199922 then S2tBF9tC (¢ cqualto.

cotA
1 1

A) — B) —— C) 999 D) 1999

()999 ()1999 (C) (D)
Ans. (D)
Sol. b?+c?=19992° = b?+c® - a%=1998a°

cotB+cotC ~ sinB+C)  sin®A

cotA SinCsinB x cosA sinBsinCcosA
sinA
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i 2bc J
bc \ b? +c? —a?

2a? 1

1998a° 999

10. If 2a cos B = ¢ in a AABC with sides a, b, c then tan%[tan% + 2tan%) is equal to

(A) 1 (B) 21 (C) % (D)

W=

Ans. (A)
Sol. 2sinA cosB = sinC
sin (A + B) + sin (A —B) =sinC
Consider sin (A—B) =0, thatis A=Band C =1 — 2A

1. In AABC, if BC =1, sin%= X1, sing= X2, cos%= X3z, and cosg= X4 With

X 2010 5 2009
(—1J — (—3] =0, then length of AC is equal to .
X4
(A)>1 (B) <1 (€) % (D) 1
Ans. (D)
. A B o1
Sol. In given AABC, both = and EE O’E

sin x, is increasing in (Ogj and cos x is decreasing in (Ogj
A B . A . B
f —>— = sin— > sin— = X1 > X
2 2 2 2
A B
COS— < COS— => X5 > X,
2 2
2010 2009
e N\
X, ar

Similarly, for A < B
2y 2

é—E:>x = X, and i—i
2 2 i e x x4
BC =AC =1

MCQ (One or more than one correct) :

12. Let f: R —> R defined by f (x) =cos™! (<{-x})
where {x} is fractional part function. Then which of the following is/are correct?
(A) f is many one but not even function.
(B) Range of f contains two prime numbers.
(C) f is aperiodic.
(D) Graph of f does not lie below x—axis.
Ans. (ABD)
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Sol.

13.

Ans.

Sol.

14.

Ans.

We have f(x) = cos™! (—{—x})

D,=R
As 0<{x}<1Vxe R
= -1<-{=x}<0

So R;= {g,nJ

Clearly, f is neither even nor odd.
But f(x+1)=f(x) = fis periodic with period 1.

Which of the following statement(s) is/are TRUE?

(A) Domain of y = cos!(e¥) is same as range of y = —J-x.

(B) Number of elements common in the range of function y =tan-!(sgn x) and y = cot!(sgn x)
is only 1 (where sgn x denotes signum function of x.)

(C) The function y = sgn (cot"!x) and y = 1 are identical functions.

(D) Number of integers in the solution set of 1 < log,(tan-!x) < 2 is 4.

(ABC)
(A) For domain of y = cos!(eY), 0<eX<1 => x<0or xe (—om,0]
Forrangeofy=—\/3 : —y=\/3
JXx 20 => -y20= ye (-, 0]
Domain of y = cos~!(e¥) is identical with range of y =—J-x.
tan'(-1), Vx<O0
(B)y =tanl(sgn x) ={tan”'0 ,  for x=0
tan'(1) , Vx>0

= Range of y = tan-!(sgn x) is {_4—750%}

Also, y = cot !(sgn x) = g—tan‘1 (sgnx)

. |3t w
= Range of y = cotl(sgn x) is { —,—,—
geofy (sgn x) {4 > 4}

Number of elements common in the range of y = tan-!(sgn x) and y = cot-!sgn x is only
oneie ~.
4
(C)y=sgn(cot!x)=1 ¥VxeR

",y =sgn (cot'x) and y = 1 are identical functions.
(D) 1<log, (tan"!x) <2 = 2! <tan"'x <22

= Not possible. (As _7“ <tan'x < g < 2)

Let a function f: A — B be defined as f (x) = sin"!(tan x) — cosec!(cot x).
Which of the following statement(s) is/are TRUE for the function f (x)?

(A) f (x) is periodic with fundamental period .

(B) The function f (x) is non-invertible.

(C) The composite function f(f(x)) is not defined.

(D) The function f (x) is an even function.
(BCD)
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Sol. We have f(x) = sin"!(tan x) — cosec’!(cot x) = sin”!(tan x) — sin—l(Cot j= 0 VX;&%
X
where n € |.
O O O O O o, > X
2n 3 —gp _x LO T o@m 3 2n
2 2 2 2

Graph of y = f (x)
Clearly y =f(x) is periodic function with fundamental period g
The graph of y =f(x) is union of line segments on x axis and not a straight line.

The function y =f(x) is many-one, so non-invertible.
Also y = f(x) is even and odd both simultaneously.

As f(0)is not defined, so f(f(x)) is not defined.

15. Which of the following expression(s) have their value equal to four times the area of the
triangle ABC? (All symbols used have their usual meaning in a triangle)

2
(A)rs +r(s—a) +ry(s—Db) +ry(s—c) (B) (a+b+c)
A B C
cot—+ cot—+cot—
2 2 2
(C) (@2 +b?—-c?)tan B (D) b? sin 2C + ¢? sin 2B
Ans. (ABD)
Sol. (A) r= é; r= e ;= A i, - = (A) is correct
s s—a s-b s-c

4s* _ (a+b+c)
4A aA

A_ S _ _ = =E =
(B) ZCOtE'X[(S a)+(s—-b)+(s—c)] A[s]

= 4A — (B) is correct

(C) Using a2+b?2-c2=2abcosC
SN = (C) is NOT correct
cosB

Note: C could not be correct if tan B — tan C
(D) b?sin2C +c2sin 2B
using b =k sin B, b[gsinB-ZsinCcosC]+cEsinC 2sinBcosB
2bc sin B cos C + 2bc sin C cos B
2bc(sin B cos C + cos C sin B)
2bc sin(B + C) = 2bc sin A = 4A = (D) is correct

given (a’+ b%—c?)tan B =2ab cos C

16. Following the usual notations, in a triangle ABC, if (\/5 —1) a =2b and A = 3B, then C cannot

be equal to
s i 2n i

A) — B) — C) = D) =

() 3 ®) % © 3 ©) =
Ans. (ABD)

a b

Sol. 3-1la=2b=>—=——

= 3—4sinzB:L: 3+1 = sin28:&

J3 -1 4
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