i competishun CAPS-25
MATHEMATICS Conic Sections

TARGET : JEE- Advanced 2021

ANSWER KEY OF CAPS-25
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SCQ (Single Correct Type) :
1. If o, B are eccentric angles of the extremities of a focal chord of an ellipse, then eccentricity of

the ellipse is

(A) cosa +cosf (B) SII‘.10c—SIn[3 (C) sec o + sec p (D) S|r.1cx+sm[3

cos(a +f3) sin(a - B) sin(a + f3)
Ans. (D)
. o e
Sol.  Let equation of ellipse is — + oF =1 (a=>b)
a

Here chord is given by

icos OL-I-B +X sin OL_-I—B = COS G__B
a 2 b 2 2
(acosa, asina)

. \'

(acosp, asinp)

it passes through (ae, 0)
[oc + BJ _ [oc -
. €ecos|——| =cos
2
J _ sina+sinf

ZCOS[G - BJ sin[

2 2 X =

ZCOS[G+BJ sin (GJ sin (a.+B)
2 2 2

=)

)

N ’

R
+
™

e =

+ | N
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Ans.

Sol.

Ans.

Sol.

A series of concentric ellipses E,, E,, ...... , E, are drawn such that E_touches the extremities of

the major axis of E__, and the foci of E_ coincide with the extremities of minor axis of E__ . If

1

the eccentricity of the ellipses is independent of n, then the value of the eccentricity, is

J5 J5 -1 J5 +1 1
(A) = (B) 5 ©) 5 (D) N

(B)

The figure shows two ellipses E__, and E,.
The eccentricity is given to be independent of n, implies that the ratio of minor axis to the
major axis, is same for all the ellipses.
Forellipse E,_., let

minor axis = b, major axis = a

For ellipse E , we have

: . . . _0OB
minor axis = a, major axis =——
e

o|T

[ B is the focus of E ]

assuming e to be the eccentricity. Thus, we have

2
b8 = e=b—2=1—e2:e2+e—1=0

a b/e a
gives e-@ [ e must be + ve]

The transverse axis of a hyperbola is of length 2a and a vertex divides the segment of the axis

between the centre and the corresponding focus in the ratio 2 : 1, the equation of the

hyperbola is :
(A) 4x2 — 5y? = 422 (B) 4x2 — 5y? = 5a? (C)5x2—4y?2=4a2 (D) 5x2—4y?= 5a?
(D)
cC 2 A1 S
(0, 0) (a, 0) (ae, 0)
Clearly 2 a = e= 3
3 2

(3

Directrix is X = 2;

3a)’ 9( 2a)
equation of hyperbola will be [x - 7} +y2=— [x - ?J

Which reduces to 5x2 — 4y? = 532
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Ans.

Sol.

Ans.

Sol.

2 2
If AB is a double ordinate of the hyperbola X—z—g—z = 1 such that AOAB (O is the origin) is an
a
equilateral triangle, then the eccentricity ‘e’ of the hyperbola satisfies

(A) e > 3 (B)1<e<2% Cle= 2 (D)e>%

J3
(D)

2

2
Let the hyperbola be X—2 - z—z =1 & If PQ is any double ordinate then
a

P=(hk), Q= (h,—k) & O (0, 0) is the origin
A POQ is equlateral

= OP2=0Q2 = PQ2

= h2=3k . ()
also (h, k) lies on given hyperbola
h*  Kk? =
praiiey B9 A (i)
(i) & (ii)
212 2
k=3P so_3p_as0-2 5]
3b° —a a 3
2
e2=1+b—>‘l+1 e2>i ore>i
a’ 3 3 J3

An ellipse whose major axis is parallel to X —axis such that the segments of the focal chords
are 1 and 3 units. The lines ax + by + ¢ = 0 are the chords of the ellipse such that a,b,c are in
A.P. and bisected by the point at which they intersect. The equation of its auxiliary circle is X
+y? + 20x + 2By — 20-1=0then .

Equation of the auxiliary circle is

(A) X° +y° -2x+4y+1=0 (B) X* +y* +2x+2y-3=0
(C) X +y° +2x+4y+1=0 (D) x* +y? —4x+2y-3=0
(A)

~hy (y-k)
Let ellipse be (XAZ) +(sz) =1
PS+PS'=2A=1+3 =A=2
:>ax+(a+c)y+c:0:>a(2a+y)+c(2+y):0

=>y=-2x=1
= centre (h,k) = (1,2)

.. Equation of auxillary circle is
(x=1? +(y+2) =4
=>x?+y?-2x+4y+1=0
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MCQ (One or more than one correct) :
6. A point moves such that the sum of the squares of its distances from the two sides of length
'a' of a rectangle is twice the sum of the squares of its distances from the other two sides of

length 'b'. The locus of the point can be :

(A) a circle (B) an ellipse (C) a hyperbola (D) a pair of lines
Ans. (CD)
Sol. Let the two sides of the rectangle lie along x-axis & y axis as shown

Given that

(PA) + (PB)2=2 (PC2+ PD?
= k2+ (k—b)2=2 (h2+ (a—-h)?)
= 2k? — 2kb + b? = 4h?— 4ah + 2a2
Replacing h by x and k by y
= 2y? — 2by + b2 = 4x2 — 4ax + 2a2
2(y?2—by) + b? = 4(x2 — ax) + 2a2

2 2 2
2 y—E +b—=4 g

2 2 2

2 2 2

4| x- al _ 2|y- A a2

2 2 2

b? b?

Hence it is a hyperbola or pair of lines if B az=0or 5 a’ = 0 respectively.

7. Which of the following equations in parametric form can represent a hyperbolic profile, where

't is a parameter.

(A)X=E t_|_1 &y:E t_j (B) B_X +t=0&§+ t_y_ =0
2 t 2 t a b a b
C)x=et+et&y=¢et-et (D)x2—6=2003t&y2+2=4cos2%
Ans. (ACD)
sol. (&) x=2[t:] ) e ted=X
2 t t a
b 1 N 1 _ 2y
=—|t-- (i) e, t— - =2
y 2[ tJ (ii) s
adding 2t=2X+ 2¥ (o X,y_ bxiay
a b a b ab
Put in (i) x=2a[x, ¥y, @ e b2xe—ary? = ab?
2la b bx+ay
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y:et_e—t

ie. x +y=2e et=X2ﬂ put in (i)

ie. y2 —x2=4 Hyperbola
2 X+y

(D) xX2—6=2cost

2_
y+2=4cos? L =2(1+cost)y=2 |1+ X5
2 2
2_
=2(#J y +2=x2—4 Hyperbola
8. LetC,: 9x2—16y>—18x+ 32y —23=0and C,: 25x* + 9y? — 50 x — 18y + 33 = 0 are two
conics then

(A) eccentricity of C, is% : (B) eccentricity of C, isg :

(C) area of the quadrilateral with vertices at the foci of the conics isg.

(D) latus rectum of C, is greater than latus rectum of C,.
Ans. (ACD)
Sol. 9[x*—2x]-16[y?—2y] =23
9[(x=12-11-16[(y-1)2-1]=23
9(x=1)?2-16(y—1)?=16

(X; 122 —(y-1%=1 which is a hyperbola
3)
1Y )
CI:Q—(y—ﬂ e " (1)
4
3)
- TOWer OF Iec @

1 1
5 3
Let x—1=Xand y-1=Y
X2 Y 4{2 9 16 4}
+ 1

E: 17 12:‘I;WitheE=—
5 )

ef=1-—=—=e_=—
E 25 25 £ 5

5

PAGE # 5



2
and H: ><2—Y2:1;witheH=é eﬁ:1+3:§:>e,4:§
4 4 16 16 4
3
foci of ellipse 0,i and 0,j
15 15
N 5 -5
focii of hyperbola | —,0| and | —,0
3 3
Hencearea=1 d, d2=1-£-E:§ = (A). Ans.
2 215 3 9

9. A hyperbola centred at C has one focus at P(6, 8) . If its directrices are 3x + 4y +10 = 0 and 3x
+4y-10=0, then :

(A) CP =10 (B) eccentricity = /5
(C)CP=8 (D) eccentricity = g
Ans. (AB)
Sol. AM of distances of focus from two directrices is CP, that is 10
CP _ (eccentricity)”
distance between twodirectrices 2
2
= E _ & =e=+5
4 2
2 y2 2 y2 T
10.  Two ellipses o =N e :1[0<0c<—J intersect at four points
Cos“a  Sin“a sin“a  Ccos” a 4

P.Q, R, S then which of the following statement(s) is /are true?
(A) PQRS is a square with length of the side sin 2a

sin2a

2

(B) PQRS lie on a circle whose centre is origin and with radius

(C) eccentricity of the two given ellipses are same

2 2

=y Y

(D) there are two points on — .
sin“a  cos” a

=1 whose reflection in y = x lie on the same ellipse
Ans. (ABCD)
Sol. Since 0<a < %,cos2 a > sina

= eccentricity of the two given ellipse, are same.

2 2 2 2

X y X y
st oo T oot 2
Cos"a SIN“a SIN"a Cos™ o

1 1 2 1 1 2
= ey Il LA (e 7|y =0
CoOs" a SsIn" o SINa  COS™ o

Since sum of the coefficients of and is zero
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POR and QOS are perpendicular equations of these lines are Yy = £X
. P(cosasin,sinacosa), and S(cosa sin-sinacosa)

.. PS=sin2, and hence b, d also correct

Comprehension Type Question:
Comprehension # 1
Paragraph for question nos. 11 to 13
The graph of the conic x? — (y — 1)? = 1 has one tangent line with positive slope that passes

through the origin. the point of tangency being (a, b). Then

11.  The value of sinl[gj is

5n oI s oI
(A) 2 (B) 5 (©) 3 (D) 2
Ans. (D)
12. Length of the latus rectum of the conic is
(A) 1 (B) V2 )2 (D) none
Ans. (C)

13. Eccentricity of the conic is

® 3 ® 3 ©2 (D) none
Ans. (D)
Sol. (i) differentiate the curve
2x—2(y—1)d—y=0 y
dx
dy a b b
dx:Lb -1 a (Mop a) (@)
y=1
al=b:-b ..(1) (1,7 &1)
Also (a, b) satisfy the curve X
i (0]
a2_(b_1)2=1 (\/5:0) (\/an)
a?—(b2-2b+1)=1
a?-b?+2b=2

-b+2b=2 = b=2 {putting a?-b?=-b from (1)}

a= 2 (@#—-+2)

sin~! a-r Ans.
b) 4
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2

(i) Length of latus rectum = 2 = 2a = distance between the vertices = 2
a

(note that the hyperbola is rectangular)

431 N N A

P T T N [, .
()" wurve is a rectangufar nyperoola = € =+Z ANSs.

Numerical based Questions :

3 touching the 14. Common tangents are drawn to the parabola y? = 4x & the ellipse 3x? + 8y? = 4;
ABCD is 1~/2 parabola at A & B and the ellipse at C & D, then the area of the quadrilateral .
the » is equal to
Ans. 55
Sol. y2=4x, %er6_2:1

For common tangent

1 fem+6

m
= m = —|—L
T242
Equation of tangent
1 . XX, Yy
= ——Xx+2V2 iven —1+221=1
Y= 5Rn V2 J 16 6
yy, =2a(x +x,)
3
= X, =8, y1=4\/§ - 2 y3=$
3
X, =8, y1=—4\/§ X, S y4=—$
1 6
= —x|8J2+—[x(10
2| o
= 55,2
ich that CP is 15. If two points P & Q on the hyperbola x¥a? - y?/b? = 1 whose centre is C be st

perpendicular to CQ & a < b, then 1 >+ % = k(iz—izj where ) is :
CP cQ a“ b

Ans. 1
Q P
VA RN

cp-X"0_ y-0_ r, where CP =r, <. P(r,coso, r,sino)
cos@  sin®

Sol.
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Similarly Q(r2 cos [g + eJ, r sin(g + GJJ

Q (-r,sing, r,cosd) P & Q lies on Hyperbola
2 ‘a2
? (cos2 0 sm2 eJ »
a b

2 _ a’b? 8 2 - a’b?
(b>cos’0—a’sin’0)  ° (b’sin’6—a’cos’0)

P
16. If the distance between the centres of the hyperbolas :
x2—16xy —11y2—-12x+6y+21=0 ... (i)
9x?—16y2—18x-32y-151=0 ... (i)
isdthen 125 d2=................
Ans. 25

Sol. Letf(x,y)=x2—16xy—11y>—12x+6y+ 21
&g(X,y)=9x2—16y2—18x—-32y —-151

8—f=0 =2x—-16y—-12=0 ... (@
OX
8—f=0 = —16x—-22y+6=0 ... (i)
oy

: : gt 6 -3
Solving (i) & (ii) we get C, [§?J

Where C, is the centre of 1 hyperbola
Similarly c,=(1,-1)

given that C,C,=d :i+i=d2=
25 25

Ul =

s 125d2=25

17. If (a2, a — 2) be a point interior to the region of the parabola y? = 2x bounded by the chord
joining the points (2, 2) and (8, — 4), then the number of all possible integral values of a is :

Ans. 1

Sol. IF. (a3 a-2)
S=y?2-2x S
Equation of line AB

y2 — 2X

6
-2=_"(x=2
y 6( )

y—2=-x+2
L=x+y—-4=0
S,=(@-2p-2a2<0
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18.

Ans.

Sol.

19.

Ans.

Sol.

20.

Ans.

aZ+4—-4a-2a2< = a‘+4a-4>0

—4da—-ar+4<0 az+4a+4>8

L, <0 (a+2)2>8

a2+a—-6<0 a+2>2J2 a+2<-=22

-3<a<2 a>2+2J2 a<-2J2 -2=  2+22<a<2

so integral value of a is equal to 1 only.

2 2
If a tangent of slope 2 of the ellipse x_2+z_2 =1 is normal to the circle x* + y* + 4x +1= 0, then
a

maximum value ofabis

(4)

Equation of tangent is y =2x + m
This is normal to the circle x* + y*> + 4x+1=0

This tangent passes through (-2, 0)
So, 0=-4++4a’+b’ = 4a’ +b’ =16

2 2
Using AM = GM, we get 22 2" 5 4227 — ab < 4

5 =
If the length of the latus rectum of a standard hyperbola of eccentricity 2 is equal to the limit of
5 7

the series 132+ +....and r is the radius of the director circle of its conjugate

_I_
T o 2 i e
hyperbola, then r* =
(2)

_ 8(2n+1) {1 1
"+ D@2n+l)

6 ———}:Sw:6
n n+1

2 2 2

Let hyperbola be X—2 - z—z =1, then latus rectum = 2 =6
a a

=b?=3a and &’ :1+Z—z:4:>b2 — g
So, a°=1b*=3

.. Radius of director circle of conjugate hyperbola is given by

r’=p’-a’ =2

Let C,:x*-y*=5 and C,:x*+y’ -8y +3=0be the equations of a hyperbola and a circle
respectively. The curves C4 and C; touch each other at (3, 2) . P(0, 4 - \/ﬁ) is a point on

the curve C, . Let a line through P meet C; at m number of points and C, at n number of

points. If (m+ n) = 3, then the number of such straight lines is

(7
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Sol.
L4, L, are tangents from P to hyperbola.
Ls, Ly are two lines passing through point 3, 2 .
Ls, Ls are two lines through P and parallel to asymptotes.
L7 is tangent to circle at P.

21. Coordinates of the vertices B and C are (2, 0) and (8, 0) respectively. The vertex A is varying
in such a way that 4tangtan% =1. If the locus of A is an ellipse then the length of its semi

major axis is
Ans. (5)

Sol. 4tangtamE =1

N (s—c)(s-a)(s-a)(s-b) 1
s(s— b)s(s- c) 4

3221325_a:§:>b+(::§x6:10
[ 4 a 3 3
(.'.a:%:6)
.. Locus of A is
2 2
(x-5) er_:1
25 16
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Matrix Match Type :

22. Match the following:
For the ellipse (3x - 6)2 +(3y - 9)2 = %(5x +12y + 6)2
Column-I Column-Ii
(a) Length major axis 24
(P) 5
(b) Length minor axi 16
(a) 5
(c) Length of Latus Rectum 0 16
3
(d) Distance between directrices (s) 72
5
48
1) ==
(t) 5
Ala—-rb—-qgqc—ord—s B)a—-tb—-qgc—ord-os
Cla—tb—osc—ord—s Da—-tb—-qgc—qgd—s
Ans. (B)
2
4(5x+12y+6
Sol. Xx-2) +(y-3)y =—| — =2 —
(x=2)"+(y-3) 9[ 13 J

e= %,focus(Z, 3), directrix=5x+ 12y +6 =0

Distance between focus, directrix :i—ae:a §_Z =a E :2:
e 2 3 6) 13
a:g,Za:ﬁ
5 5
p:_576(,_4)_576 64
- 25 9) 5x9 5
2x8 16
2b="n~-=——
NN
2
o5
5
48 72

Distance between directrices = 2E =
e
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Subjective Type Questions :
23. If S and H be the focii of an ellipse and any point A be taken on the curve and the chords

ASB, BHC, CSD and DHE be drawn and eccentric angles of A, B, C, D, E, ........ be 6,, 0,, q,,

o PR Prove that tan%tane—2 = cote—zcote—3 = tane—3tane—4 =
2 2 2 2 2

Sol.  Equation of chord AB where A = (acos 0,, b sin 0,) and B = (acos 6,, b sin 0,) is

icos ﬁ +Xsin ﬁ =Cco0S ﬁ
a 2 b 2 2

it passes through S (ae, 0) then tan%tane—2 R (1)

tane_ztane_?’ =] e_+1
2 2 e-1

or L L T 2)
2 2 e+1

and chord CSD joining 0, and 0, passes through S (ae, 0)

tane—3tane—4 = .. ™ )
2 2 e+1

Hence, from (1), (2), (3), ...... we get

tan&tane—2 = cote—zcote—3 = tane—3tane—4 =F A etc.
2 2 2 2 2 2

24. A variable point P on an ellipse of eccentricity e is joined to joined to its foci S, S'. Prove that
the locus of the incentre of APSS' is an ellipse of eccentricity /12—6 .
+e

Sol. Let the ellipse be

:—z + g—j S (1)
Here S (ae, 0) and S'(— ae, 0)
Let P(a cos 0, b sin 6) be a variable point on ellipse (1).
Let | (o, B) be the incentre of APS'S
Now S'S = 2ae, PS'=a(1 + e cos 0), PS = a(1 —e cos 0)
Since | (o, B) is the incentre of APS'S

o = 2ae.acosO+a(1+ecosb) ae+a(1-ecosb)(-ae)
2ae+a(1+ecosb) + a(1-ecosH)

_ 2a’ecosf(1+e)

=aecos® . 2
2a(e+1)
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25.

Sol.

_ 2aebsinb+a(1+ecosb)-0+a(1-ecosb)-0
2ae +a(1+ecosB) +a(1-ecoso)

and

_ 2aebsind _ e
2a(e+1) e+1

bsmeo . 3)

Eliminating 6 between equations (2) and (3), we get

2 2
LT
a’e e’b?
(1+e)’
X2 y2
Hence locus of P(a, ) is + =1
e

Eccentricity of ellipse (4)

_ eb ¥ 1 _ b2 s 1-e _ [2e
R e e | — — e, i Tl
1+e) a‘e a(1+e) (1+e) 1+e 1+e

3n

Let P and Q be two points on the ellipse x* + 4y’ =16 whose eccentric angles are ™ and vy

respectively. The tangent at P and the normal at Q cut each other at R and the normal at Q

cuts the ellipse again at M. Find the area of the triangle PRM.

Here the equation of the given ellipse is x° + 4y =16

Co-ordinate of P = [4003%,23in%} _ (2\/5, \/5)

Co-ordinate of P = [4 cos:%n,Zsin 37”}

=(-2v2,42)

Now equation of the tangent at point P is i.e. PR
XX, +4yy, =16

= 22x + 42y =16

= X+2y= 4\/5

Now equation of the normal at point Q is i.e. QR

axsecO -by cosech =a’ -b?
:4x(—ﬁ)—2y(ﬁ):16—4
= -4x2-22y=-12

= 2Xx+y=-32

Solving (1) and (2) we obtain the co-ordinate of R
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26.

Sol.

3 ' 3
Now solving (2) with the equation of ellipse
X* +4(2x+32)? =16
= X2 +4(4x°+18+124/2 %) = 16

=17x2 + 48/2x+56 =0

4842 + \/(48ﬁ)2 _4x17x56

= X
2x17
—48\/§+\/(48\/§)2 _4x17x56
= X=
2x17
« - 4842 +20V2 482 - 202
- 34 ’ 34

=X = %ﬁ or -24/2. (~242 corresponds to point Q)

__142

17
By putting the value of x in (2) we get y = _2137\/5
Coordinate of M is f?ﬁ%}

242 2 1 2 1 1
:%—2\5 V2 1=2 1 1

SREN e XS
17 17 17 17

:>A:£x2(17+23):ix40:@ sq. units
17 17 17

A rectangular hyperbola, with centre C, is intersected by a circle of radius r in four points p, Q,
R and S. Prove that CP? + CQ? + CR? + CS? = 4r?

Let the equation of the circle be x* +y? =r?. The rectangular hyperbola intersects the circle in

four points. Let (h, k) be the centre of the hyperbola and let (r cos6;, r sing) | = 1, 2, 3, 4 be the
four points of intersection namely P,Q,R and S. Hence by using the fact that mean point of the
points of intersection of circle and rectangular hyperbola is mid point of the line segment

joining the centre of circle and that of rectangular hyperbola, we have 2 = 72“;03 6
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4 4
= 2h=r) cosb, and 2k =r>_sin®,
= =
4
Now CP’+CQ°+CR*+CS’= Z[(h ~rcos®,) +(k- rcosei)z}
i=1

4
= 3(h* +r*cos’ 6, - 2rhcos 6, +k* +r7 sin” 6, - 2rk sin6, )
i=1

M-h

(h* +k* +2rhcos 6, — 2rk sing, +r7 )

1l
o

4
= 4r” + 4h” + 4k” - 2hr sing,
i=1

= 4r% £ 4h° + 4K — 2h-2h - 2k - 2Kk = 4r?
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