CAPS-23
MATHEMATICS CIRCLE

TARGET : JEE- Advanced 2021

ANSWER KEY OF CAPS-23

1. (©) 2. (©) 3. (0 4. (B 5. (D)
6. (D) 7. A 8. (B 9. (D) 10. (B
11. (AC) 12. (AB) 13.  (49) 14. (2 15.  (13)
16. (1) 17.  (8) 18.  (75) 19. (1)

SCQ (Single Correct Type) :

1. Three concentric circles of which the biggest is x2 + y2 = 1, have their radii in A.P. If the line y
= x + 1 cuts all the circles in real and distinct points. The interval in which the common
difference of the A.P. will lie is :

1 1 2-2
(A) (0, ZJ (B) [0, ﬁ} ©) [0, TJ (D) none of these

Ans. (C)
Sol. Let‘d’ be the common difference
the radii of the three circles be 1 —-2d, 1-d, 1
equation of smallest circle is x2+y2=(1-2d)2 ... (@)
y = x + 1 intersect (i) at real and distinct points
X2+ x+2d-2d2=0 ... (i)
D>0 = 8d2-8d+1>0

= d> ﬂ ord < ﬂ
4 2
but d can not be greater than 2 +2\/§
de [0, ﬂj
4
2. A circle of constant radius T passes through origin O and cuts the axes of coordinates in

points P and Q, then the equation of the locus of the foot of perpendicular from O to PQ is :

(A) (2 +y?) (x2 +y2) = 4r? (B) (¢ +y?)? (x2 +y?) =r2
(C) (% + y2)? (x2 + y?) = 4r2 (D) (x* +y?) (x2+y?) =12
Ans. (C)
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Sol.

Ans.

Sol.

Ans.

Sol.

Let the coordinates of P and Q are (a, 0) and (0, b) respectively
equation of PQisbx+ay—ab=0 ...... (i)
a2+b2=4r2 (ii)

OM 1 PQ

equationof OMisax—by=0 ... (iii)
Let M(h, k)

bh+ak—ab=0 ..... (v and ah—-bk=0 ... (v)
On solving equations (iv) and (v), we get y

h? +k? andb=h2+k2 TQ
k

put a and b in (ii), we get j,
(h2 + k?)2 (h-2 + k2) = 4r2 <—a—>
- locus of M(h, k) is (X2 + y2)2 (x2 + y-2) = 42

A pair of tangents are drawn from a point P to the circle x* + y* =1. If the tangents make an

intercept of 2 units on the line x = 1, thenthe locus of Pis

(A) a straight line (B) a pair of lines (C) a parabola (D) a hyperbola
(C)

Taking P(x1,y1), we get the pair of tangents as

(x12 +y7 —‘I)(x2 +y? —1)—(xx1 +yY, —‘I)2 =0

Putting x = 1 and solving the quadratic equation in y, the diference of roots comes out to be 2.
Hence the locus of P is y? = 2(x + 1), which is parabola

A circle with centre at the origin and radius equal to a meets the X axis at the points A(-a, 0)

and B(a, 0) . P(a ) and Q(B) are two points on this circle so that o - = 2y , where y is a

constant. The locus of the point of intersection of AP and BQ is

(A) x* —y? - 2aytany = a’ (B) x* +y? - 2aytany = a*
(C) x* +y? +2aytany = a° (D) x* - y? +2aytany = a°
(B)

R (h k)

P (acos a,asina)

Q (acos B, asin )

A (-a, O)\JB (a, )

Coordinates of A(-a,0), A(acosa,asina)
R (h,Kk) is the point of intersection A, P and R are collinear,
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Ans.

Sol.

Ans.

Sol.

Ans.

k-0 sina k o
= = tan—

So, = =
h+a cosa+1 a+h 2

B, Q and R are collinear,

So,k_oz sinf :>E:ﬂ
h-a cospB-1 2 k
o-p
Now, y=——
2

o p( k | (a-h
tanE—tan5 [h+aj [ K J

- tany = =

‘I+tangtanE 1+ L ﬂ
2 2

h+a
Thus, x* +y? - 2ay tany = a°
Let the lines y =2 = m; (x =5) and (y + 4) = m, (x —3) intersect at right angles at a point P,
where m; and m, are parameters. If the locus of P is x* + y? + gx + fy + 7 = 0, then the value
of(f-g)equals .
(A) 1 (B) 2 (C)8 (D) 10
(D)
P lies on a circle with A(5, 2) and B(3, — 4) as diametric end points
= Locus of point of intersection of lines is
(X =9)(x-3)+(y-2)(y+4) =4
=X +y’-8x+2y+27=0
Hence, (f-g) =2-(-8) =10
The circle, which passes through the points of intersection of the circles x* + y* — 4x — 6y +12

=0and x* + y*—8x +12y + 50 = 0, and also passes through the origin, is

(A) 19%° +19y* — 52x — 222y = 0 (B) 19 (04 + y?) — 2 (34x +111y) = 0
(C) 19 (¢ + y*) —117x + 26y = 0 (D) such circle does not exist
(D)

C,=(23); rJ4+9-12 =1

C, = (4,-6); 1,16 +36-50 =+/2

.. Both given circles does not intersect

So such required circle does not exist

Let P(a, B ) be a point in the first quadrant. Circles are drawn through P touching the
coordinate axes.

The relation between o and 3, for which two circles are orthogonal, is

(A) o + B2 = 4op (B) (o +pB)’ = 4ap
© o? +[32 =af (D) o? +[32 =2ap
(A)
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Sol. Letr; and r; be the radii of the two circles
Clearly, (o - ) +([3—r1)2 =r? and (a - L) +(B- L) =12
= rqi and r, are the roots of the equation
(oc—x)2 +([3—x)2 =x’, thatis x* + (-2 - 2B)x+ o’ +p* =0
For orthogonalityof two circles,
2(-r)(-1)+2(-1) () =1 +1;
= (1, +1,)" = 6ry,
= 4(oc+[3)2 = 6((12 +[32)
:>a2+B2:4aB
8. The equation of circum-circle of a AABC is x> + y* + 3x +y -6 =0. If A = (1,-2), B = (-3,2)
and the vertex C varies then the locus of ortho-centre of AABC is a

(A) Straight line (B) Circle (C) Parabola (D) Ellipse
Ans. (B)

3 17 17
Sol. Equation of circum-circleis | x+—| +|y+—=| =—
2 2 2
C-= £+ /Ecose,_—1+ /ﬂsine
2 2 2 2
Centroid of AABC = G = i+ /ﬂcose,_—1+ /Esine
6 18 6 18

Let orthocentre (O) be (h, k)

2 2
g h+1 + k—1 :E
2 2 2

Which is a circle

9. Let AB be any chord of the circle x* + y* — 4x — 4y + 4 = Owhich subtends an angle of 90° at
the point (2,3) then the locus of the midpoint of AB is a circle whose centre is
3 5 5
A)(1,5 B) | 1= C) 1= D) | 2,—
(A) (1, 9) ()[ZJ ()[ZJ ()[ZJ
Ans. (D)
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Sol.

10.

Ans.

Sol.

Let midpoint of AB is P(h, k) & C be centre of given circle AB subtends 90° at Q(2, 3)
A
/ N
- | |B
CQ

In AABC, AP = PB = PQ
PC? +PB? =BC?

(h-2)* +(k-2)* +(h-2)* +(k-3)* =4 = x2+y2—4x—5y+g:0

P and Q are two points on a line passing through (2, 4) and having slope m. If a line segment

AB subtends a right angle at P and Q where A = (0, 0) and B = (6, 0), then range of m is

NEECE NS G =t
(C) (4, 4) (D) (~o0,~4)u(4,0)
(B)

Sine AB subtends right angle at P and Q on variable line
So AB is a diameter of circle whose chord is a variable line
Equation of circle is x* + y* -6x=0 ... (i)
Equation of line through (2, 4) is

y—-4=m(x-2) (1))
3m+4-2m

V1+m?

8m’-8m-7>0 :>me(—oo,

Line (ii) is chord if <3

2-3J2] (2+342
4 V] 7 , 00

MCQ (One or more than one correct) :

11.

Ans.

Ifafz-—bm2+2df+1=0, where a, b, d are fixed real numbers such that a + b = d?, then the

line {x+ my + 1 =0 touches a fixed circle :

(A) which cuts the x-axis orthogonally
(B) with radius equal to b
(C) on which the length of the tangent from the origin is d* - b

(D) none of these.
(AC)
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Sol.

12.

Ans.

Sol.

carf—-bm2+2/d+1=0

a+b=d?

Put a=d?—b in equation (1), we get
(¢d + 1)2 = b(/2 + m?)

and

|ed+1] _

N2 em?

Jb

=

From (3) we can say that the line ¢x + my + 1 = 0 touches a fixed circle having centre at (d,0)

and radius =+b

Let A, B, C, D lie on a line such that AB = BC = CD =1. The points A and C are also joined by
a semicircle with AC as diameter and P is a variable point on this semicircle such that
/PBD=6,0<0 <= LetR is the region bounded by are AP, the straight line PD and line AD.

(A) The maximum possible area of region R is

21+ 33

(B) If ‘L’ is the perimeter of region ‘R’, then L is equal to 3+x -6 + 5 - 4cos6

(C) The maximum possible area of region R is

2n - 33

(D) If ‘L’ is the perimeter of region ‘R’, then L is equalto 3+ -6 + /5 +4C0s6

(AB)

e= == P(cos 0, 5sin 0)

”

A

Al(— I, 0) é(o, 0y C(.0)

D(2, 0)

1 1 : T . 0
Area=—(1)*(r-0)+—(2)sin® ==+ sin6— —
2()(7E ) 2() > >

A:E+sine—9
2 2

%:cose—l,

ao 2

A is max, for © :g

n_£_2n+3\/§

:>Amax =
3 2 6

1 . 1
A=—sin6(2)+—(n-0
5 (2) 2(n )

L:3+(n—e)+\/(2—cosez)+sin26

:3+(n—e)+«/5—4cose
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P{cos 0, 5in &
,

’
/

-
-'T\‘

—

F 4
' \
A' B . C D

Numerical based Questions :

13.

Ans.

Sol.

14.

Ans.

Sol.

15.

Ans.

Sol.

16.

Ans.

The axes are translated so that the new equation of the circle x>+ y*-5x+2y-5 =0 has no
first degree terms and the new equation x2 + y? =% , then find the value of i
49

_ 5) 25 . _
X2+y?2-5x+2y-5=0 = X=3 +(y+1)2—5—T—1—0
2
= (x—%} +(y+1)2=? = So the axes are shifted to (g,—1J
9

New equation of circle must be x2 + y2 = v

A line meets the co-ordinate axes in A and B. A circle is circumscribed about the triangle
OAB. If d, and d, are the distances of the tangent to the circle at the origin O from the points A
and B respectively and diameter of the circle is ,d, + 2.,d,, then find the value of %, + ,.

2

B(,b

0] A(a, 0)

Equation of circum circle of triangle OAB x2? + y2 —ax — by = 0.

Equation of tangent at origin ax + by = 0.

2 b2 | .
d= 171 snd q.= d,+ d,= a?+b* = diameter
v a0 2 a1’ o

Find the number of integral points which lie on or inside the circle x2 + y2 = 4.

13
o1
/‘-1-1)'“‘1)\
21U Eoloo lols
©-1) 1)
(1,1

-2

Find number of values of 'c' for which the set,
{x, y) |32+ y2+2x <1} ~ {(X, ¥) |[x - y + ¢ > O} contains only one point is common.

1
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Sol.

17.

Ans.

Sol.

18.

Ans.

Sol.

c=3

(_1 ’0) c=-1

‘ﬂ =2 oc-1=42 >c=-1 3

2

But ¢ = —1 common point is one

¢ = 3 common point is infinite

Hence c = -1 is Answer.

A rhombus is inscribed in the region common to the two circles x> + y> - 4x - 12 = 0 and

X2+ y?2 + 4x - 12 = 0 with two of its vertices on the line joining the centres of the circles and the

area of the rhombus is av/3 sq. units, then find the value of a.

o, 243)

Area of ABCD = 4[%.2.2£J .

Let A be the centre of the circle x* + y? - 2x — 4y — 20 = 0. Suppose that the tangents at the

points B (1, 7) & D (4, - 2) on the circle meet at the point C. Find the area of the quadrilateral

ABCD.
75
Givencircle x2+ y2—2x -4y -20=0
Tangents at B(1, 7) is B(1.7)
X+7y—(x+1)-2(y+7)-20=0
(16,7)
5y-35=0=>y=7 C
at D (4, -2)
4x —2y — (x+4)=2(y—2)—20=0 D(4.-2)
3x—-4y=20

Hence ¢(16, 7)
Area of quadrilateral ABCD = AB x BC = 5 x 15 =75 square units
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2 2
19. If a tangent of slope % of the ellipse X—2+g—2:1 is normal to the circle X* + y* + 4x + 2 = 0,
a

then the maximum value of ab is
Ans. (1)

2
Sol. Equation of tangent of slope % isy= %x + ,l% +b?

This is normal to the x> +y* +4x+2=0

= This tangent passes through (-2, 0)

2
So, 0=-1+ %+b2 20— Ja’+4p’ = a’ +4b’ = 4

2 2
Now using AM > GM, we get a +24b > \4a’h? = ab<1

Subjective Type Questions:
20. Find the equation of the circle passing through the points A(4, 3), B(2, 5) and touching the axis
of y. Also find the point P on the y-axis such that the angle APB has largest magnitude.
Ans. X*+y?-4x-6y+9=0 OR x2+y2-20x-22y+121=0, P(O, 3),0=45°
Sol.  Equation of circle touching y - axis is
x2+y2+2gx+2fy+f2=0
it passes through (4, 3) & (2, 5)

so 25+8g+6f+f2 =0
29+4g+10f+f2=0
solving above two equations, we get
(9, f) =(-2,-3) & (- 10, — 11).
So equations of circles are x2 + y2—4x -6y +9=0and x? + y2—-20x - 22y + 121 =0

for circle x2+y2—4x -6y +9=0.

5-k 3-k
tan o = 2 4 _ 14—22k
1+5—k(3—kJ 23 +k? -8k
2 4
+ ., - ,+
3 11
d (tan0) _ 2(k-11)(k-3) (max)  (min)
dk (k? — 8k +23)?
So tan 6 is max at k = 3.
atk=3 , tan6=1 = 0=45°
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21.

Ans.

Sol.

22.

Ans.

Sol.

Two circles, each of radius 5 units, touch each other at (1, 2). If the equation of their common
tangent is 4x + 3y = 10. Find the equations of the circles.
X2+y?+6x+2y-15=0;x*+y?*-10x-10y +25=0

,=4x+3y=10

ly,=3x—4y=-5

Let 6 be the inclination of 7,

oo tane = 3 (A
4
. equation of 7, in parametric form "
/

7
=Y¥=2_-,5
3/5

X-1
4/5

co-ordinates of centres are (5, 5), (-3, —1)

The centre of the circle S = 0 lies on the line 2x - 2y + 9 =0 and S = 0 cuts orthogonally the
circle x> + y?> = 4. Show that circle S = 0 passes through two fixed points and also find their

co-ordinates.

4.4 (- 33|

centre lies over the line2x -2y +9=0

So let coordinate of centre be (h, 2h + 9}

Let the radius of circle be 'r'

So equation of circle is
2
(x = h)? + (y_yJ = 2

x2+y2—2hx—-y(2h+9)+2h2+ 9h —r2 + % =0 - given circle cuts orthogonally to xZ + y2 = 4

s0 2h2 + 9Oh + 64_5—rZ=o or 2h2+9h—r2=—64—5

s0 equation of required circle can be written as x2+ y2 —2hx -y (2h+9)+4 =0
(x2+y2-9y+4)+h(-2y-2x)=0

s0 this circle always passes through points of intersectionof x2+y2—-9y+4=0andx+y=0

so fixed points are (-4, 4) and (—% %J
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23.

Ans.

Sol.

24.

Sol.

The lines 5x + 12y - 10 = 0 and 5x - 12y - 40 = O touch a circle C, of diameter 6 unit. If the
centre of C, lies in the first quadrant, find the equation of the circle C, which is concentric with
C, and cuts of intercepts of length 8 on these lines.

X>+y?-10x-4y+4=0

Centre of C, lies over angle bisector of 7, & ¢,

Equations of angle bisectors are

5x+12y-10 -4 5x-12y-40
13 a 13

5
=> x=50ry=-—
J 4

Since centre lies in first quadrant 4
v
so it should be on x = 5.
C,
So let centre be (5, o)
:3=W = oc=2,—g From the figurer= 16 +9 =5

Butai—g so o =2,

So equation of cirlce C, is

(x=52+(y-2)2=5

x2+y2—10x—-4y+4=0.

Prove that the two circles which pass through the points (0, a) , (0, — a) and touch the straight
line y=mx + c will cut orthogonaly if ¢2 = a2 (2 + m2).

Let the equation of the circles be x2 + y2 + 2gx + 2fy +d=0 ... (@)

these circles pass through (0, a) and (0, —a)

a+2fa+d=0 . (i)
ancdiEEERZfa + O-— (" . e (iii)
solving (ii) and (iii), we getf =0, d = — a2

put these value of f and d in (i), we get

x2+y2+2gx—a¢2=0 (iv)
-y = mx + ¢ touch these circles = ’ —mg+c =,/g% +a°

m- +1
= g?+(2cmyg+at(1+m3-¢c2=0 . (v)

equation (v) is quadratic in'g'
Let g, and g, are its two roots
g9.9,=az(1+m? —c?

the two circles represented by (iv) are orthogonal
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29,0,+0=—-a?-2a?

= 9.9, = —a?
= a?(1+m?)—c2=—-a?
c2=az(2+m?) Hence proved

25, Show that if one of the circle x? + y2 + 2gx + ¢ = 0 and x? + y2 + 2g,x + ¢ = 0 lies within the

other, then gg, and c are both positive.

Sol. -+ One circle lies within the other circle = C,C, <|r, —r1,|

= Jo-a) <|Jie'-0)- e -c|

squaring both sides, we get

_2991<—2\/927—C\/g127—0 —-2c
= g9, >CHyg’-c .Jg’-c

= G N . g (i)

= gg,-¢c>0 = gg9,>¢

again squaring both sides of (i), we get
—2¢g9; > —c(g* +9,) = c(@-g,? >0
= ¢ > 0 and from (i), we can say that

gg, will also be >0
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