|competishun CAPS-20
MATHEMATICS VECTOR

TARGET : JEE- Advanced 2021

ANSWER KEY OF CAPS-20

1. (D) 2. (A 3. (B 4. () 5. (A
6. (A 7. (D) 8. (O 9. (D) 10.  (ABCD)
11. (BD) 12. (CD) 13.  (BCD) 14. (1) 15.  (5)

16. (3) 17. (2 18. (5 19.  (6) 20. (18)

21. (36) 22. (D) 23. = %

SCQ (Single Correct Type) :

1. The vector i+ xj+3k is rotated through an angle of cos- 11—: and doubled in magnitude, then it

becomes 4i +(4x - 2)j+2k. The value of 'x'is:

2 2 1
A)-= B) = OnF D) 2
(A) e ( )3 ( )3 (D)
Ans. (D)
Sol. |AC|? = | 2AB?
= | 4i+(4x-2)j+2k[> =4 | (i +xj+3Kk) ] C
= 16+ (@x—-22+4=4(1+x+9)
= 20+ 162+ 4 —16x =4 + 4x2 + 36
= 12x2 - 16x—-16=0 9
A B
= 3x2—4x—-4=0
2 .
B0 4
= X g (i)
angle between AB and AC is
_ AB.AC _ AB.AC
cosf= ——— = =
|AB| |AC| 2| ABJ?
- 1 _((+x+3K). (4i+(4x-2)j+2K) _ 4+x(4x-2)+6

14 2(1+ X% +9) 2x2 420
= 11 x2+ 110 =70 + 28 x2 — 14x
= 17x2—14x-40=0

x=2-2 (ii)

from (i) and (ii)
X=2

PAGE #1




Ans.

Sol.

Ans.

Sol.

Ans.

Sol.

If the acute angle that the vector, «i+Bj+yk makes with the plane of the two vectors

2i+3j-kand i-j+2k iscot'y2 then:

(A)a(B+y)=By B)Brta)=va
C)y(a+p)=ap (D)ap+By+ya=0
(A)
1r vector to plane

i j Kk
A=(2 3 -1

1 1 2
A =5i-5)-5k

cos (90 — 6) = Ehatiens  G-i-f

. _ o—PB-y 5 = _ : .1
sin 0 = O N — ol — g
\/§\loc2+B2+y2 V3
1 _ oa—B-y

= === = o (B + YIS

NERNCIN
If p,q rare three mutually perpendicular vectors of the same magnitude and if a vector x
satisfies the equation px[(X-q)xp|+qx[(x-T)xq]+Xx[(X-p)xT =0, then vector x is equal

to

) 2(p+a-2) B S(p+a+7)  (©) 3(F+d+T) (D) 5(2F+a-T)
(B)

Without loss of generality, we can assume that

p=pli a<pl] TPk

The equation becomes 3|p > X—|p|? (p+q+N-|p[> X=0

p+q+Tr

PP (2% (p+0+T))=0= X = >

Let aand b be two vectors of equal magnitude of 5 units each. Let p and p be g be vectors

1

suchthat p=a+b and g=a-b. If [pxq| =2{x—(5—5)2}2,then value of A is

(A) 25 (B) 125 (C) 625 (D) None of these
(C)

pxq=(a+b)x(a-b)=2(bxa)

_  _ — _ — _\2
=Ipxal={|BPIaF -(5-3) |
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Ans.

Sol.

Ans.

Sol.

2I5x6|2=4{625—(5.5)2}

1

~1p-al-2le2s-(a-5) [

= A =625

|al=|b|=|c|=|a+b|=1ac=0and 5=%+%, where 3,k and b are linearly dependent
vectors. If for some E,‘Bxa‘ =[ax¢c| and € =pi+qj+rk, then 16(p4 +q* +r4) is

(A) 8 (B) 21 ©) % (D) 4

(A)

b=(b- a)a+(b k)k_—%5+§k

Now, [bx€|=[axE|=C Lb and ¢ 1a(3-c=0)

b
(éxB)-(BxE)+(5x6)-(6x5)+(6x5)-(5x5) =, then the maximum value of % is
(A)O (B) 1 (C) V3 (D)2

(o]
X

(bxc)-(cxa
(Exé) (5)(5
Given that ‘a

(a+b+c) (

nax =0 onlywhen a-b=b-c=a-c=0

and ¢ be three unit vectors such that ‘5+ 5+5|=\/§.

If
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Ans.

Sol.

Ans.

Sol.

Ans.

Sol.

Let T be the position vector of a variable point in the Cartesian OXY plane such that

7-(10j-8i ~7) =40 and P, = max{‘?+2i—3]|2}, P, =min{‘?+2i—3]‘2}. P2 is equal to

(A) 9 (B) 242 -1 (C) 62 +1 (D) 9-42
(D)

F=xi+yj

x*+y?+8x-10y +40=0

C=(-4,5),r=1

P, =max{(x+2)" +(y -3}
P, = min{(x +2)2 +(y —3)2}

. P=(=2,3)
CP=2\2

Then P, = (242 1), P, =(2v2 +1)’

Let T be the position vector of a variable point in the Cartesian OXY plane such that
F-(1o]—8i-F) =40 and P, =max{‘?+2i—3]‘2}, P, = min{‘?+2i—3]’2}. P,+P?isequalto .
(A) 2 (B) 10 (C) 18 (D) 5

(C)

T=xi+ y]

x> +y? +8x-10y+40=0
C=(4>5)r=1

P, :max{(x+2)2 +(y—3)2}
P, =min|(x+2)° + (y - 3)’|

- P=(=23)
CP =22

Then P, =(242 1), P, =(2v2 +1)’
P, +P, =18
Given |a|=|b|=1 and |&+b|=3. If ¢-is a vector such that ¢-&-2b=3(axb), then (¢-b)is
equal to
1 1 3 5
A -3 ®) 5 ©) 3 0 5
(D)
F+Q=J§

:>1+1+2(é-5)=3
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- 1
.b)=—
=(a:6) =
Given, 6—5-26:3(@6)-
Taking dot products with b we get
¢-a-a-b-2=0
1 5

=C¢-b=2+—==
2 2

MCQ (One or more than one correct) :

10.

Ans.

Sol.

1.

Ans.

Sol.

12.

Ans.

If a=xi+yj+zk, b=yi+zj+xk and ¢=zi+xj+Yyk, then ax(bxc) is
(A) parallelto (y—2z) i +(z—-X) j +(x—y) k (B) orthogonal to i+ j+k
(C) orthogonalto (y+z) i +(z+x) j+ (x+y) k (D) orthogonalto xi +y j +zk
(ABCD)
ax(bxc) = (a.6)b —(a.b)c = (xy +yz + zx) {(y-2)i+(z-x)j+(x-y)k}
all the option are correct

The value(s) of « e [0, 2n] for which vector & =i+ 3]+ (sin2a)k makes an obtuse angle with the

z-axis and the vectors b = (tana)i—j+2 /sin%k and ¢=(tana) i+ (tanco) j — 3 /cosec%k

are orthogonal, is/are:

(A)tan— 3 (B)yrn-tan—2 (C)n+tan"3 (D)2n-tan—" 2
(BD)

Since a makes obtuse angle with z-axis

sin2a

I U ie. sin2a<0
V149 +5sin? 2a
eitherg<oc<nor37n<oc<2n ...... Q)

since b and ¢ are orthogonal
tanza —tan a—6=0 ie. tana =3,-2 ... (ii)
from (i) and (i), we get
tana=-2
La=n—tan' 2 ora = 2r —tan—'2

Let a and ¢ be unit vectors such that axb =2axc, where |b|=4. The angle between a and

C is cos™ GJ If b—2c =ka, then k is equal to .

O ®) (©) -4 ©)3

(CD)
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Sol. a-c=al|c|cos cos' |7 g (1)
4 4

Taking dot product by 3, b, ¢ on b -2¢ =ka, we have
a-b-2(a-c)=k(a-a)

—a-b-tok =ab=k+o )
2 2
. = _ k? k — _ _
Similarly b-c:8—?—z ..... (3) and b-c-2=k(a-c) ...(4)

k> k k
From (2), (3) and (4) we get 8—?———2 =k| —
=>k=3-4
13. If (éxb)x(éxa)-(éxa) =0, then which of the following may be true?
(A) 3,b,¢ and d are necessarily coplanar (B) a lies in the plane of ¢ and d

(C) b lies in the plane of ¢ and d (D) ¢ lies in the plane of a and d
Ans. (BCD)

Sol. (axB)x(axa).ﬁ*xa)w

Numerical based Questions :

14. If d is a unit vector and 3 b ¢ are three non-coplanar vectors, then the value of
(3-9)(bxc)+(b-d)(c xa)+(c-d)(axb)
| B |

Ans. (1)

Sol. Let d=x(bxc)+y(cxa)+z(axb)

is equal to

(o3

Taking dot product with a, b, ¢ one by one

5.a=x[555]+0+0:x=[?sq]

anc

Similarly y = P? z=[_658]
anc abc
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15.

Ans.

Sol.

16.

Ans.

Sol.

17.

Ans.

Sol.

Let (f)xa)xf)+(f)'a)a=(xz+y2)a+(14—4x—6y)f), where p and g are two non-collinear

vectors (and p is a unit vector) and x, y are scalars. Find the value of (x+y).

(BxB)a—(a-p)p+(p-a)q=(x"+y*)q+(14—4x—-6y)p
Since p and q are non-zero non-collinear,
(B-p+p-a)a=(x*+y*)a .. (1)
-(9-p)p=(14-4x-6y)p ... 2)
Slepg=xt+y:t (3)
and p-q=4x+6y-14 .. 4)

From (3) and (4) we get x*> +y? —4x -6y +13=0
(x-2)° +(y-3?=0=>x=2 and y =3

Let r = (éxE)sinx+(Bx6)cosy+(6x§), where &b and ¢ are non-zero non-coplanar vectors.

If T is orthogonal to 3a+5b+2c , then the value of sec®y +cosec®x +secycosecx is
(3)

F-(35+55+2€) 0> 5-(5x6)[23inx+3003y +5]=0

= 2sinx+3cosy=-5 ('.'5-(5x6)¢0)

= sinx=-1cosy =1
= cosecx=-1secy=-1

Given four non zero vectors 3, b, ¢ and d . The vectors a, b and ¢ are coplanar but not

collinear pair by pair and vector d is not coplanar with vectors & b and ¢ and

VAN AN AN A
(3@ b)= (b ¢) = % ,(d @) =aand (d b) =p ,if (d"¢)=cos'(mcosp+ncosa)

thenm—-nis:
2

Angle between vector a & b remains same even if we presume them as unit vector. Here for

sake of convinience let a,b,¢,d are unit vectors.

éb=cw§=§ ............. 1 bE =2 2)
ad=cosa. . (3) ; b.d=COSp  ........... (4)
also b =2 (3+d)

Since b is presumed as unit vector a

AE+6)[=1 =)2(&+62+245) =1 /3,3 b
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18.

Ans.

Sol.

19.

Ans.

Sol.

20.

Ans.

Sol.

or MA+1-)=1 = r=1

~b=(@+é =c=b-a

again d.c =‘ d Hé |cos® = d(b-a) = cos0 =cosp—cosa = 0= cos(cosp — Cosa)

Given f(x) + g2(x) + hz(x) < 9 and U(x) = 3f(x) + 4g(x) + 10h(x), where f(x), g(x) and h(x) are
continuous vxeR. If maximum value of U(x) is+/N . Then the value of cube root of (N-1000)
is:

5

max {U(x)} = max. {(3i + 4]+ 10k) - (f(x)i +g(x)j +h(x)|2)}

= max. {J@ R0 + a(x)? + F(x)? -cose} = 1125

= N=1125= N-1000= 125

¢ IPA +|PB? +|PC?

In an equilateral AABC find the value o where P is any arbitrary point

R2
lying on its circumcircle, is
6
Let O (0) be the circumcentre of AABC
) AG@) |
. I 3 ¢ - P
Given B)<|b-6|=R = 0=2%2*C _ 3.6.6=0 P
|PAP +|PBP +|PCP _, _ |P-al’+|P-b[’ +|P-cf A (D)
R? R2 B

(b)
3|P|+|al? +|b]? +|c? -2P.(a+b+c) . 6R? e
R2 ' R

If represents the position vector of point R in which the line AB cuts the plane CDE, where

position vectors of points A, B, C, D, E are respectively a=i+2j+k, b=2i+]j+2k,

C=-4j+4k, d=2i-2j+2k and é =4i+j+2k, then r? is :

18
Equation of line ABis r=a+iMb-8) = r=(i+2j+K)+A(i—j+k) ... (1)
CD=2i+2j-2k; CE=4i+5)-2k; n=CDxCE = 6i—4j+2k

So equation of plane CDE is 3x — 2y + z = 12. Solve with line 7 = (i +2j+Kk)+A(i - j + k)
3(141)=22-1)+ 1+ 1 =12
=>A=2

Hence R is 3i+ 3k
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21.  Line L, is parallel to vector a = -3i+2j+4k and passes through a point A(7, 6, 2) and line L, is
parallel to a vector p = 2i + j+ 3k and passes through a point B(5, 3, 4). Now a line L, parallel to

a vector T =2i-2]j-kintersects the lines L, and L, at points C and D respectively, then | 4CD |

is equal to :
Ans. 36

Sol. Equation of line L, is 7i+6j+2k + i (=3i+2]+4k)
Equation of line L, is 5?+3]+4I2 +u (2? +]+3R)
CD = 2i+3]-2k+ A (-3i+2]+4K) . u(2i+j+3k) .since it is parallel to 2i —2j —k

2-3A-2u _3+2h-p _ —2+4A-3u

2 2 1 et Wl
CD = -6i+6]+3k 4CD|= 36
Matrix Match Type :
22, Match the following.
Column -1 Column -1l

(A) If D, E and F are the mid points of the sides BC, CA and AB | (p) 0

respectively of a triangle ABC and A is a scalar such that

ﬁ+§ﬁ+%@—kﬁ, then A is equal to

(B) If A, B and Care vectors such that |B|=|C|, then the value of @

((A+B)(A+C))x(BxC))-(B+C) is

(C) In a AABC, points D, E and F are taken on the sides BC, CA and 1

AB respectively such that % =§=% =2. If area(ADEF) =\ :
area(AABC) , then X is equal to
(D) The corner P of the square OPQR is folded up so that the plane (s) 3
OPQ is perpendicular to the plane OQR. If 6 is angle between OP 5
and QR, then |cos6| is equal to

® 3
(A) A—p; B-r; C—q; D—s (B) A-r; B—p; C—s; D—r
(C) A—s; B—q; C—p; D—r (D) A—r; B—p; C—q; D-r

Ans. (D)
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Sol. (A) Consider the point O as origin,

B(b) D(d) C(c)

Here, AD + %ﬁJr 1cF

(B) Let R,=A+B, R,=B+C and R; =C+A
LHS = (R_1><R—2)><(§><6))-R_3

- ((Re-(BxC))Rz - Rz (B <C))R1) s

(©)

A 2 F 1 B
Take A as the origin and let the position vectors of the points B and C be b and ¢

respectively.
The position vectors of D, E and F are

£+5§§
R QWY

respectively

e AU | - e

Now area (AABC) - %‘BX E‘

1

27 (2b-c)x(25-b)

and the area of AABC = %’ﬁxﬁ‘ =

_ 3 1
.. area of AABC = ar area (AABC) = §(area(AAE;C))
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After folding OPQ, PS L SR
Here SQ L SR, SQ L PS

== ar a - a -
Let SR=—=k, SQ=—1i, SP=—
2 2 2’
OF - 808P 2 212 (4]
2 2 2
—_— a ~ ~
R:E(k-i_l)
OP =3, ‘@‘za
Cosine of angle between OP and QR = %
cose:—1 .~.e=2—“
2 3

Subjective based Questions :

23.

Ans.

Sol.

Let ABC be a triangle.Points M, N and P are taken on the sides AB, BC and CA respectively

such that %= BN _ C—z = ). . Prove that the vectors AN , BP and CM form a triangle. Also

find A for which the area of the triangle formed by these vectors is the least.

A=

N~

Let 3, b, ¢ be the position vectors of A, B, C respectively.
OM =2b +(1-2)a, ON = A¢+(1-A)b, OP = xa+(1-1)¢

AN=2C+(1-A)b-2a

BP=%3a+(1-1)¢-b and CM=Ab+(1-1)a—¢
Clearly AN+BP+CM = 0

AN, BP, CM form a triangle

Area of triangle formed by the vectors AN, BP, CM is

N| =

(A +(1-A)b—-8)x (Aa+(1-1) S —b)|

% D2=2+1| (AABC)
is least if |22 — 2 + 1] is least

Which is when 2 =%
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24.

Sol.

25.

Ans.

Sol.

Let P be an interior point of a triangle ABC and AP, BP, CP meet the sides BC, CA, AB is D,
E, F respectively. Show that

AP _AF | AE

PD FB EC

Since A, B, C, P are co-planar, there exists 4 scalars x, y, z, w not all zero simultaneously
such that

xa+yb+zé+wp =0 A(@)

wherex+y+z+w=0

AN
Also, X8+ wp _yb+zc '«
X+W y+z . _

B(b) D ¢(c)
Henceﬁ = _ﬂ_
PD X
Also xa+yb _ zc+wp :£= y
X+Yy Z+W FB x
Similarly 2E _Z2
EC x
Thus to showthat - ¥ —1 =Y+ 2 x+y+z+w=0 which is true.
X X X

Hence proved.
Let PM be the perpendicular from the point P(1, 2, 3) to the x-y plane. If OP makes an angle 0
with the positive direction of the z-axis and OM makes an angle ¢ with the positive direction of

the x-axis, where O is the origin, then find 6 and ¢

1
0 = cos™ and ¢ = cos' —
¢ NG
OP = 14
3=0Pcos 6
3 3
cosh= — = 6 =cos' —
J14 V14
OM=0Psin6= 5

1=0OMcos ¢ = /5 cos ¢

cos ¢ = = ¢ =Ccos' —

i =
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