jcompetishun CAPS-2
MATHEMATICS Quadratic Equation

TARGET : JEE- Advanced 2021

ANSWERKEY (CAPS-2)
1. ®© 2. (A 3. (A 4 (B 5 (A 6 (A 7. (B
. (ABD)9. (AC) 10. (AC) 11. (C) 12. (B) 13. (2.00) 14. (0.00)
15. () 16. (1) 17. (1) 18. (9 19. [1,2) 20. (x2) 21. (0)
22.  (A)—>q, (B) > (pr.s), (C) = (), (D)—>(s)

SCQ (Single Correct Type) :

1. If o, B be the roots of x*+ x +2 =0 andy, & be the roots of x*>+ 3x +4 =0,
then (o + y)(a + 3)(B + y)(B + 9) is equal to
(A) - 18 (B) 18 (C) 24 (D) 44
Ans. (D)

Sol. Wehave a+B=-1,aB=2, y+6=-3,70=4
Now (o +y)(a + 8)(B +7)(B + 8) = (a” — 3o + 4)(B* — 3B + 4)....(1)
But a?>+a+2=0 andp’+B+2=0
(@+y)(a+d)P+7P+8)=(-a—-2-3a+4)(-B-2-3B+4)=(2-40)(2-4p)
=480+ B) + 1603 =4 + 8 + 32 = 44 Ans.

2. The number of value of k for which (x* = (k — 2) x — 2k) (X* + kx + 2k —4) is a
perfect square is
(A) 1 (B) 2 (C)2 (D) O
Ans. (A)
Sol. Let the expression is of the form (x—o )(x— )(x—y )(x=5 )
It can be a perfect square if either both expression are simultaneously perfect squares of both

roots common, i.e., (k—2)*+8k =0and k-4 (2k —4) =0 or % = % Solving we get k
can take only value

3. The value of ‘a’ for which the quadratic expression ax® + |2a —3| x —6 is positive for exactly
three integral values of x is

3 1 3 B cf |

A |——=——= B)|-—,——= C)|-——=,—= D) None of these
()(52} ()[52} (){56} (D)

Ans. (A)

Sol. Since expression is positive only three integral values of x, therefore parabola
y = ax? + |2a — 3| x — 6 will open downward
= a<Oandy=ax’+(3-2a)x—-6
or y=(ax+3)(x—-2)

1

= 5<—§£6 = —§<as——
a 5 2
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Ans.

Sol.

Ans.

Sol.

Ans.

Consider the quadratic equation ax? -bx + ¢ = 0, a, b, ceN. If the given equation has two
distinct real roots belonging to (1,2) then

(A)1<a<5b (Bya=5 (C)a=4 (D)a=3
(B)

b c
a+pB=—,aBf=—,a,pe(12)

a a

= a-1,pB-1,2-0a,2-B<(0,1)

Apply AM > GM

(0L—1)+(2—0L)>
2

And w > J(B-1)(2-B)

(a-1N(2-a)

= (a—1)(2—oc)<%and(B—1)(2—B)<

PPN

(@=1)(B=1)2-0) 2=P) < %

(@=1),2-a), (B-1),(2-p)>0
= 0<(oc—1)(2—oc)(l3—1)(2—l3)<%
= 0<(E—E+1J(4—&+EJ<i

a a a a) 16

(a-b+c)(4a-2b+c)>1 (- abceN)

a2
From (1), —>1 =azx=5
16

The set of values of 'a ' for which in-equation (a— 1)x*— (a + 1) x + (a— 1) = 0 is true for all
X>2is

7 7
(A) (E,OOJ (B) (1, 5} (C) (=, 1) (D) (-3,-2)
(A)
(a-1)x*—(a+ ) x+(a—1)=0
aC—x+1)—-(x®+x+1)=0
a>X2+X+1—1+—2X =15 = :ae(lgj

- 2 7 2 =
X —X+1 X —X+1 T
X

Let an, (m=1, 2, 3, ...p) be the possible integral values of 'a' for which the graphs of
f(x) = ax? + 2bx + b and g(x) = 5x* — 3bx — a meets at some point for all real values of b.

p n
Let T, =] [(r-a,) and S, =) T,(neN)
m=1 r=1

sum of all the possible values of 'n' for which T, vanishes, is
(A) 10 (B) 15 )21 (D) 20
(A)
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Sol. ax*+2bx+b=5x"-3bx-a
= (a-5)x*+5bx+b+a=0
Since, this equation has real solutions YbeR
Hence,a-5#0=>a=%5
D>0 VbeR
25b°’ -4(a-5)(b+a)>0 VbeR
25b°-4(a-5)b-4a(a-5)>0 VbeR
Its discriminant < 0
16 (a - 5)° + 4(25) x4a(a-5)<0
16(a -5)[a -5 + 25a] <0
(a-5)(26a-5)<0

Uy ls
o

=
-
5
= ae[—,SJ (-a=5)
25
So, integral values of a are 1, 2, 3, 4.
P
Now, T. =T (r-a,)
m=1
= T,=r=1)(r-=2)(r=3)(r—4)

S -

n

n Tr

r=1

S, = z (r—1)(r— 2)(r— 3)(r— 4)
r=1

Clearly S, vanishes forn =1, 2, 3, 4
Hence, required sum =1+ 2 + 3 + 4 =10

7. If p, g, 1, s € R, then equaton (x* + px + 3q) (—x* + rx + q) (-x*> + sx — 2q) = 0 has
(A) 6 real roots (B) at least two real roots
(C) 2 real and 4 imaginary roots (D) 4 real and 2 imaginary roots
Ans. (B)

Sol. Dis.of X*+px+3q is p?’—12q=D;
Dis. of x*+rx+q is rF+4q =D,
Dis. of -x* +sx—2q is s°-8q =D;

Case1: Ifq <0, then D, >0, Ds; >0 and D, may or may not be positive
Case 2. If >0, then D,>0andD,, D, may or may not be positive
Case 3: Ifg=0, then D,20,D,>0and D, > 0
from Case 1, Case 2 and Case 3 we can say that the given equation has at least two real
roots.
MCQ (One or more than one correct) :
8. If ]ax*+ bx + 1| < 1 for all x in [0, 1] then
(A)|a] <8 (B) |b] > 8 (C) b>0 (D) |a] + |b] <16
Ans. (ABD)

Sol. Puttingx=1, and %
—2<a+b<0and-8<a+2b<0
—-4<2a+2b<0and0<-a-2b<8
By solving we get
—4<a<8and-8 <b<2
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Ans.

Sol.

10.

Ans.

Sol.

The set 'S' of all real 'x' for which (x> — x + 1) < 1 contains
(A) (=5, 1) B) (-1, 1) (C) (-1,0) (D) (=3, 1)
(AC)

) 1% 3
X —X+1=|x—=| +—>0 ¥xeR
2 4

(¥ —x+1)7 <1 =(x=1)logh¢~x+1)<0
Case 1: xe(0, 1)
Case 2: x—-1<0 = log(x*-x+1)>0
Xe(—w, 1) N X (-, 0) U (1, )
Xe (-, 0)

Let A% be the discriminant and a, B be the roots of the equation ax* + bx + ¢ = 0. Then,
2aa + A and 2a 3 — A can be the roots of the equation

(A)X*+2bx+b?=0 (B) *—2bx +b®=0
(C)x* +2bx—3b%+16ac =0 (D) x* = 2bx — 3b% + 16ac = 0
(AC)
Since o, B = S A = b” — 4ac
2a
either 2aa+A=-b and 2aB-A=-b

or 2ac0+A=-b+2A and 2af-A=-b-2A

Sum of roots of required equation = - 2b

And product of roots = b? or b?-4A% =—3b%+ 16ac
o Required equation is
either x* +2bx +b*=0 or x> + 2bx — 3b” + 16ac =0

Comprehension Type Question:
Comprehension # 1

1.

Ans.

If o, B, v be the roots of the equation ax® + bx® + cx + d = 0. To obtain the equation whose
roots are f(a), f(B), f(y), where f is a function, we put y = f(or) and simplify it to obtain o = g(y)
(some function of y). Now o is a root of the equation ax® + cx + d = 0, then we obtain the
desired equation which is a{g(y)}® + b{g(y)}* + c{g(y)} +d =0

For example, if o, B, y are the roots of ax® + bx? + cx + d = 0. To find equation whose roots are
111 1 1

——,—Wweputy=—=a=—

By o Y
Asaisarootofax’ + bx?+cx+d=0
we get %+%+E+d=0 =dy’+cy’+by+a=0
y- oy y

This is desired equation.

On the basis of above information, answer the following questions :

If o, B are the roots of the equation ax® + bx + ¢ = 0, then the roots of the equation
a@x+ 1> +b@x+ 1) (x—1)+c(x—1)?>=0 are-

A) 20c+1’ 2B+1 (B) 20(—1’ 2p-1 () oc+1’ E (D)
a-1 " p-1 a+l  B+1 a-2 p-2 a-1

200+3 2B+3
k) B_l

(C)
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2
Sol. a (ZXH) +b (ZXHJ +¢c=0

x-1 X—
2x+1
Let o a
x—1
= Xoo—o =2x + 1
1
~ x(@-2=1+a =  x=—2
o-2
Similarly other root can be find out.
12. If o, B are the roots of the equation 2x? + 4x — 5 = 0, the equation whose roots are the
reciprocals of 2o —3 and 23 — 3 is -
(A)x*+10x—-11=0 (B) 11x*+10x+1=0
(C)x*+10x+11=0 (D) 11x*=10x+1=0
Ans. (B)
1 1 1
Sol. =x —24-3=- :>oc=l(—+3j
20-3 X 2 §%
2
o 9 (1+3xj ‘4 (1-1—3)() _5=0
2% 2x
= 11X +10x+1=0.
Numerical based Questions :
13. If X2—2PsX +s =0, s =1, 2, 3 are three equations of which each pair has exactly one root

common and no root is common to all three equations, then the number of solutions of the
triplet (p+, p2, P3) is
Ans. (2.00)
Sol. a+B=2p;;aB=1
B+y=2py;Py=2
y+o=2p;;you=3
From here we get two sets of o, B, v
i.e. (Pq, Py, Ps)

14. If o and B are the roots of the equation x* —a(x + 1) — b = 0, where a,beR—{0} and (a + b) = 0,
1 1
s +

then the value of 3 =
a“—ao B°—-ap a+b

is equal to

Ans. (0.00)
Sol. Aso’—aa—-a-b=0
1 1 1
=

oc2—aoc=a+b282—a[3

15.  Find product of all real values of x satisfying (5+2v6) 2 +(5-2J6)“2=10
Ans. (8)
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Sol.

16.

Ans.

Sol.

17.

Ans.

Sol.

18.

Ans.

(5+2£)X2‘3+;23=1o ~  t+1=10 =  £-10t+1=0
(5+2\/§)X_ t

t= 1OJ—“/%=5¢2\/6 —  (5+26)°% = (5+26) or — _

2 5+2.6
= x*—3=1 or x> —3=—1
= x=2or-2 or —J2 or2

Product 8

If a, b are the roots of x* + px + 1 = 0 and ¢, d are the roots of x> + qx + 1 = 0. Then find the
value of (a —c) (b —c) (a + d) (b + d)/(q® — p°).
(1)

XX +px+1=0

a C

a+b=-p,ab=1 ;X*+gqx+1=0 ctd=-q,cd=1

b
atb=-p, ab=1=c+d=—q,cd=1
RHS=(a—-c)(b—c)(a+d)(b+d) =(ab—ac—bc+c? (ab+ad + bd + d?)
=(1-ac—bc+c® (1+ad+bd+d
=1+ ad + bd + d° — ac — a’cd — abcd — acd® — bc — abed — bcd

— bed? + ¢? + adc? + bdc? + ¢?d?
=1+ad+bd+d’°-ac—-a’-1-ad-bc—1-b*-bd+c?+ac+bc+1 [ ab=cd=1]
=c?+d’-a’-b’=(c+d)’-2cd-(a+b)’+2ab=qg°-2-p°’+2=q°—p° = LHS.
Proved.
Aliter :
RHS = (ab—c(a + b) + ¢®) (ab + d(ab + d(a + b) + d*) = (c* + pc + 1) (1 — pd + d?) ...(1)
Since ¢ & d are the roots of the equation x* + gqx + 1 =0
. ?+gc+1=0=>c’+1=-qc &d*+qd+1=0=d°+1=—qd.
~. (i) Becomes = (pc — qc) (—pd — qd) = c(p — q) (-d) (p + q) = —cd (p* - 9*)
=cd (9° - p?) = 9° — p? = LHS. Proved.

\d

If o, B, v, & are the roots of the equation x* — Kx* + Kx* + Lx + M = 0, where K, L & M are real
numbers, then the minimum value of o + % + y + 8% is — n. Find the value of n.

(1)

/0-

4 3 2 = O—. — = =
x* — Kx® + Kx +Lx+M—0\\Syﬁ = Zoc—K, ZOCB—K, Zaﬁy-—l—
afyd =M => 0c2+[32+y2+82=(0c+B+y+8)2—220([3

KP—2K=(K-1)*-1= (o + B2 + 9% + %) i = — 1

where x is real , then the range of expression y? + y — 2 is [a, b].

Considery = 2X 7
1+ x

Find b — 4a.
(9)
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Sol. y= = Xy -2x+y=0 V xeR

>y

D>0
4-4y*>0 = yel-1,1]
Now f(y)=y?+y-2

= f(y)e—g,o :>a=—9,b=0:>b—4a=0—4 _—9=9.Ans.
4 4 4

19. Find the values of a, for which the quadratic expression ax2 + (a — 2) x — 2 is negative for
exactly two integral values of x.

Ans. [1,2)
Sol. Let f(x)=ax2+(@a—2)x-2
f(0) = —2
and f(-1)=0

Nt o1 /

e

Since the quadratic expression is negative for exactly two integral values

= f(1) <0 and f(2)=0
= ata-2-2<0 and 4a+2a-4-2>0
= a<?2 and a=>1

aclt1,2

20.  If o, B are roots of the equation x* — 34x + 1 = 0, evaluate Yo — 4B
Ans. (*2)
Sol. - a, B are the roots of x> —34x +1=0

= a+B3=34 and a3 =1

1 12
(oc“—B“] =Joa+B -2@p)™ - af =1
1 1Y
{oﬁ—w] = Jo+Bp-2 ... (1)
(Vo +B) =+ B+ 2 ap . a+B=34andap =1
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(J& + \/6)2 =36 we consider the principal value

Joo + B =6 putin (1), we get.

1 1 1 1

2
(oﬁ—BZJ =4 a* —B* =+2 Ans.

3
21. Find the number of real roots of (x + 1} + (x + —J =0
X

Ans. (0)

Sol. (1J(1J =0
S (SR
= (el dea)c

= No real value of x.
Number of real roots =0

Matrix Match Type :
22. Consider the equation x*> + 2(a — 1)x + a + 5 = 0, where 'a' is parameter. Match of the real
values of 'a' so that the given equation has

Column-l Column-ll
A | imaginary roots p 8
&
B | one root smaller than 3 and other root | q (-1, 4)

greater than 3
C | exactly one root in the interval (1, 3) & | r ( 4 8}

1 and 3 are not be root of the equation 3’ 7

D | one root smaller than 1 and other root | s 4
—00, — —

greater than 3 25

Ans. (A)— q, (B) = (p,r;s), (C) — (r), (D)—(s)
Sol. X*+2@-1)x+a+5=0
D=4(a—1)?-4(a+5)
=(@®>-3a-4)=4(a—-4)(a+1)
(A) D<0 —aec(-1,4)

A
(B) = f(3) <0

=>7a+8<0 > ae(—oo,—g)
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(®) —=f(1).f(3) <0

(3a+4) (7a+8) <0 ae(_%,_ﬁj

7
S 1 3{
(D) =>f(1)<0&f(3)<0
_g _g — ae (—oo,—iJ
3

Subjective Type Questions :

23. Let a4, a2 and (34, B2 be the roots of ax? + bx + ¢ =0 and px2 + gx + r = 0 respectively. If the
system of equations a4y + a,z = 0 and B4y + B,z = 0 has non-trivial solution, prove that

b®> ac
==
q pr
Sol. Given a4, a; are the roots of the equation ax’+bx+c=0
b c
Oy + 0, =——,0L,0l, =— ....(1
1 2 a T2 a ( )

Also, B, B. are the roots of px* + gx + r = 0, then

-
B1+B2=—§,B1B2 - 2
The equation a1y + a,z = 0 will have non-zero solution if
oy Oy
=0=af, —a,B =0
B B, i

o, o o+ o fococ
N OGN B 2 _ (940
B By By + B, BiB,

3

- % U L
q - ga Var
N

P’ _pc_b* ac
0 e A G 'L v

24, The equation ax? + bx + ¢ = 0 and cx? + bx + a = 0 have a common root and the difference of

their other roots is one. Then show that |ac| = |a? — ¢?|. Hence or otherwise find the maximum
a
c

and minimum value of

Sol. Roots of both the equations are recipocal of each other and they have a common root, which
can be 1 or—1.
= |b| =|a +¢]
Let + 1, B be roots of the equation ax? + bx + ¢ =0
and + 1, B’ be the roots of the equation cx® + bx + a =0
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25.

Sol.

26.

Sol.

£ 1+p=-2
c
SB—B'=b(§J :‘b(a_c)=1:>|ac|=|a2—cz|
ac ac
2
= 323_2_1
c| |c
2 2 2 2
Now, [&—1>|2 |1 P I P ]
c c c c cl |c ©
Solving, we get
a —1+\/§ 1+\/§
= —e , .
c 2 2
Hence minimum value = — J;\/g
And maximum value = 1+2\/§.

If the roots of the equation ax? — 2bx + ¢ = 0 are imaginary, find the number of real roots of
4e* + (a + c)? (X + x) = 4b*x.

f(x) = 4e* + (a + ¢)? (X* + x) = 4b*x

f'(x) = 4e* + (a + c)? — 4b* + 3x* (a + ¢)®

Given ax? — 2bx + ¢ = 0 has imaginary roots

= Basec 0 = —4b® + 4ac >0
=  -4b’+(a-cj’+4ac>0 =  —4b’+(a+c)’>0
So, f(x)>0

= f(x) is an monotonically increasing function.

Also f(0)=4and lim f(x)=-x.

Hence f(x) has one and only one real root.

Prove that roots of a®? + (b? + a> — c®) x + b>=0 are not real, ifa+b >cand |a-b|<c.
(where a, b, ¢ are positive real numbers)

ax’+ (p?+a’-c)x+b*=0 ... (1)
akallh >cF = aft [DIc 108 ds & B o = (2)

and |a-b|j<c = a—-b-c<0 ... 3)
and a-b+c>0 ... 4)

Discriminant of equation (1)

i.e. D= (b +a’-c?* —4a’’

= (b? + a® — ¢® — 2ab) (b? + a® — ¢? + 2ab)
={(a-b)’—c’}{(a+b)*-c?%
=(a-b+c)(a—-b-c)y(a+tb+c)(@a+b-c)<0 (using (2), (3), (4)
D<0 roots are not real.

PAGE # 10



