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MATHEMATICS Indefinite Integration

TARGET : JEE- Advanced 2021

1.
6.
11.
16.

ANSWER KEY OF CAPS-16

(A) 2. (A 3. (A 4. (0 5. (D)
(C) 7. (©) 8. (A 9. (D) 10. (B)
(D) 12. (10 13.  (16) 14. (12 15. (1)
(8) 17. (AR ; B)P : (C)Q 18. (A)R, (B)S, (C)Q

SCQ (Single Correct Type) :

Ans.

Sol.

,€n(x+\/m)

The value of IX : -
1+ X

dx equals:

(A) J1+ % ﬁn(x+v1+x2)_x+o (B)g.ﬂn2 (x+ 1+x2)— X _+C

1+ x°

©3F. m2 (x+ 1 |+—Z— +cC ©) 172 (x+ x|+ x+C

1+ x2
(A)
2
J‘X.ﬂn(x+\/1+x ) dx
1
I=I€n(x+\/1+x2). dx
1+ X2
= 1+ x? ,en(x+\/1+x2)—j\/1_2. 1+ x% dx (using integration by parts)
1+ X
= J1+x% in (x+Vy1+x?) =x+C
Alternate:
Letx + V1+x2 =et then V1+x? —x=e"t
-t
V1+ X2
_ _pet-etdt_1 ¢ 1 4t _ 2 2
1-jxtdt-jT-§t(e reh—- (et -e )+ C=V1+x2 i (x +y1+x2 )—x+C.
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2. The value of 2 jsinx .cosec4x dx is equal to

A) 1 n 1+\/§smx _lm 1+s!nx +C
22 1-2 sinx 4 1-sinx
(B) 1+J§smx +1€n 1+sinx +C

\/_ 1—\/§sinx 4 1-sinx

1—J§sinx 1 1+ sinx

- —(n +C
© 2\/_ 1+\/§sinx 4 1-sinx
(D) none of these
Ans. (A)
Sol. I=2Isinx.cosec4x dx =2 j : sinx dx
45in X COS X COS 2X

= 1I _ ZCOSXdX - Put sinx =t, then cos x dx = dt
(1-sin” x)(1—2sin“ x)
1 dt 1 1 2 ; .
>I==—|—— = — dt+ dt By partial fraction
2 (1-tH)(1-2t3) [L i j1—2t2 } By p ]
PR N 1+4/2t 1 1+y2sinx || _ 1 (1+sinxj .
2 |1 t| 2\/_ 1-2t 2\/_ 1- /2 sinx 4 1-sinx
3. The values of a nad b which satisfyj 2$in22x—cosx dx = alog | sinx—1| +blog | sinx-3|+c, are
4 —cos“ x—4sinx
3 1 3 11 11 11
A 3.5 B) 2.5 © 23 © -2.-3
Ans. (A)
[ o 4 sinx — 1) cos xdx
Sol. j _2§|n2x cos X dx=I(_ )
sin®x—4sinx +3 (sinx —3)(sinx 1)
let sin =t = cos xdx = dt
(4t—1)dt Zj 11 ot — 3 dt
(t=3)(t-1) 2(t—3) 2(t=1)
Izﬂln‘sinx—3]—§In|sinx—1]+c
2 2
-3 11
On comparing, a=—, b=—
paring 5 5
4. Let jg(x ((1+ x)Inx= 5)dx= g(x)5 +c,g=e and g:(0,e) > (0,x). If g'(x) denotes the n™
x(Inx)° (Inx)

derivative of g(x), then the value of g?°'*(1) is

(A) 2011g(1) (B) 2012g(1) (C) 2013g(1) (D) 2014g(1)
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Ans.

Sol.

Ans.

Sol.

Ans.

Sol.

(C)

J‘g(x)((1+x)I:x—5) N —LX)SJrc
x(Inx) (Inx)

L 90)((1+x)Inx=5) _ (xInx)g'(x) ~59(x)

x(In x)6 x(In x)6
= (1 + X) = ! g'(x) = 1 _ _ X
ax)=xg'x) = o) =1+ ~ =Ing(x) = x+Inx = g(x) =kxe
- g@"(X) =ne* + xe*
=d"()=(n+1)e=(n+1)g(1)
3 .
sinx [ xcos® x—sinx | .
Jor (2o fn-
(A) e™ (x+secx)+c (B) e (1+secx)+c
(C) ™™ (1-secx)+c (D) e (x-secx)+c
(D)
3 o
jes"‘x (MJ dx =jes'inx (xcosx —sec xtanx)dx
cos? x
= jesmx ((x cosx +1) - (1+secxtan x))dx
= jesmx (x)—e*™(secx)+c
=e""(x—secx)+c
B
I xdx — %(1-(x))2« +k then which is true

201%/(1 nr )1012 (2 2 )3012 B

(A) oc=503;[3=500,f(\/§)=B_% (B) o =503, = 250,1(12) =

(C) o =503; =500,f(1) = 1
o

N
==

o —

’ —_

(D) a =503;8 = 225,f(y3) =

=

o —

(C)

j X dx

3012
2( 2 4 x2 2012
(122) [HXQJ

2
Let 27X _t then f(x)= —
1+ 2+X

X2

2

1 1
M=3=0p

where o = 503, 3 =500
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Ans.

Sol.

Ans.

Sol.

sec? x— 2010 P(x) T,
If j 2010, = = 10 +C, then value of P(§J is .
(A) 0 B) ©) V3 (D) None of these
V3
(C)
sec?x-2010 2/ . \-2010
——————dx = |sec” (sinx 2010 dx -1 —I
j sin?10 x j ( ) j SInx)zom 1702
Applying, by parts on |4, we get
tanx tanxcosx tanx
L= —% 2010j 50179 = —— 575 +201OI 2010
(sm x) sm ) (sm x) (sm x)
=l —1, = tanx _ P(x)

(Sinx)2010 (Sinx)2010

f(x)
(x—a)(x—b)(x-c)

If g(x)= where f(x) is a polynomial of degree < 3, then

1 a fla)log|x-a [1 @ @
(A) jg(x)dx=1 b f(b)log|x-b|+[1 b b?|+k
1 ¢ fe)log|x-c|| 1 ¢ ¢2

o AEEEE ] 2 B
(B) —gx)-1 b f(b)log(x-b)2|+[1 b b?
1 ¢ f(c)log(x-c)?| 1 ¢ ¢

1 a f(a)log|x—al |2
(C) Ig(x)dx=1 b f(b)log|x-b| =2 b 1+k
1 ¢ f(c)log|x—c| |c2 ¢ 1

(D) None of these

(A)
g(x) = 1 [f(a)(c— b) 8 f(b)(a—c) " f(c)(b- a)}
(a—b)(b—-c)(c-a)| x-a X-b X-C
1 a ﬁ
X—-a 1 a aZ
=1 b ::(b:)+1 b b2
- 1 ¢ c?
1 ¢ ﬁ
X—-C
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Ans.

Sol.

1 9 J@
X-al 1 g a2
. Ig(x)dx=1 b 1Ol p2
x—b 5
£(c) 1 ¢c c
1 ¢
X—C

1 a f@@)njx-a| [1 a a
“1t b fb)injx—b|+[1 b bZ+k
1 ¢ f(c)injx-¢| [1 ¢ c*

x2dx

)S|nx+4xcosx

If y=2cot™ (2j+x thenj

(A) log|cosec2y +coty|+c (B) log|cosec2y —cot2y|+c
(C) log|cosecy +coty|+c (D) log|cosecy —coty|+c
(D)
2 4x 2_4
=2tan'| = +x=tan‘1( j+x:>tan —X)= —X)=
y (XJ e =) x? -4 x*+4
x:_4 XN x2 —4
2
Given integral I X deX X4 X +4 gx
sinX +— COS X =iny
X —
dy 2x1 2 x?
But —=——— +1= = cosecyd
i MR x> +4 Jsiny -[ "B
2
X

Comprehension Type Question:

Comprehension # 1

In calculating a number of integrals we had to use the method of integration by parts several
times in succession. The result could be obtained more rapidly and in a more concise form by
using the so-called generalized formula for integration by parts

j u)V(X) dx = u (X) vi(X) =U (X) Vo(X) + u”(X) V3(X) *....ot (D" UN(X) va(X) —(=1)"
"t v, () dx

where

Vi(X) = J'v(x)dx , Va(X) = jvl(x)dx A E J'vn_l(x)dx

Of course, we assume that all derivatives and integrals appearing in this formula exist. The

use of the generalized formula for integration by parts is especially useful when calculating

an (x)Q(x) dx , where P,(x) is polynomial of degree n and the factor Q(x) is such that it can be

integrated successively n + 1 times.
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10. If J.(x3 —2x? +3x—1)cos2xdx = sin 2x u(x) + €08 2X v(x) + C then
(A) u(x) = x> —4x% + 3x (B) u(x) = 2x® —4x* + 3x
(C) v(x) = 3x* —4x + 3 (D) v(x) = 6x* — 8x
Ans. [B]

Sol. The given integral is equal to (x> — 2x* + 3x — 1) sin22x — (3x* — 4x + 3) (— COZZXJ + (6x — 4)

_sin2x -6 cos2X+C
8 16

= Sinf" [2x° —4x? + 3x] + Cozzx [6x% —8x + 3) + C

M. If [Gx +x-2sin?Gx+dx = —2% sin (6x+2) + XN cos (6x +2) + Lx*+ Lx2—x+C
72 72 2 4

(A) u(x) = 3x* + 6x —13 (B) u(x) = 18x* + 2x —13
(C) V(x) = 3x + 1 (D) V(x) = —(6x + 1)
Ans. [D]

Sol. First write the given integral as
% J'(3x2 +x—2)(1-cos(6x +2)) .Now applying the formula in comprehension, the last integral can

be written as

2
l 3 +X__2X —l
2 2 2

sin (6x +2) N

(6x+1)

. 2 2
cos(6x+2)_6sm(6x+2)]+ C= %{x3+x——2x}— 18x" +6x-13 .

3x%2+x-2
[(X & 36 6+36 72

(6x+2) — 7—12 (6x +1) cos (6x +2) + C

Numerical based Questions :

2 3/2 21
12. If j 7*'4J;)(2dx = (a+x 1)20 '5(X b) + C then a + b equals to :
X X

Ans. 10

e

2
"X dx Put x=2tan 6
X

Sol. I=I

= dx =2sec20de
_ r2sec02sec?0do _ 1 cos®6do
ie] =

2% tan® 0 2% J sinfo
J— i 2
=i4 L .S'sn 0 cos 6 do put sin 6=t
2 sin® 0

= Cc0S 6 do = dt

.2
= (2 [y =L[L_L} sc = [Esn?0-3) ¢
2" It t 16 16 | 15sin®0
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but tane=§So sin g =

X
V4 +x2

5x2 3/ 3/2
-3 2x% —12)(x? + 4 X2 +4) (x*-6
IR vl DR (e Lz MBI Loz e |
16 15x° 16 15x° 120 x°
2 5/2
(x +4)
13 Letg(= [ 1+2008X 4y and g(0) = O then value of 329(EJ is.
(cosx +2) 2
Ans. 16
_ [ 1+2cosx . _ rcosx(cosx +2)+sin? x
Sol. X)= | ——————dx ; X) = dx
9(x) J‘(cosx+2)2 9(x) j (cosx +2)°
sin? x
X) = |cosx. dx
909 j (cosx +2) J‘(cosx+2)2
= ;.sinx—j—Lnx)z.sinxdxﬂ‘Lxdx
(cosx +2) (cosx +2) (cosx +2)
_ sinx
90 = (cosx +2)
g0 =0
=C=0
_ sinx
909 = COSX +2

o 1 oL
Tl-2 : 329 X |=16
g(zj 2 g(zj

14.  Iff(x) = Vx—-1 ; g(x) = eX and j fog(x)dx = Afog(x) + Btan—1 (fog(x)) + C then A3 + B2 equals
Ans. 12

Sol. fog(x) = ve* -1

jfog(x)dx = j e* —1dx put eX — 1 = t2

2
= I el 5 dt =2t—2tan-1t+C= 2yJeX —1-2tan'Je* -1+C

1+t
A3+B2=23+(=2)2=12

2.2sinx
15. Ifjw dx=km [ X€

X (1 2 eZsinx) PRI +Cthenkis equal to:

Ans. 1
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Sol.

16.

Ans.

Sol.

j 1+ XcosXx
X(1 X2eZS|nx)

Put xeSINX =t = (xeSINX, cosx + eSINX) dx = dt eSINX(x cosx + 1) dx = dt

_pdt 1
= e T Jaoas®

1 A B C
Let ——— =—+ +—
t1-t)(1+t) t (1-t) 1+t

1=A(1=t)(1+ 1) + Blt) (1+t) + C(t)(1 — 1)
putt=0 -~  A=1

Putt=1 =~  B=112

Putt=—1 =  C=-1/2

- I= HLL_L}& = (n |t|—len |1—t|—l€n |1+t + C
t 21-t) 2(1+t) 2
_n 1 2 2 'n X2e2$|nx
=/n IX eS! XI_EIOQ |1_X ez XI +C=¢n 1_ x2g2sinx i
Lot o Ml =\/Etan—1( MJ+C |
f(x)+g<x) (X)9(x) - %(X) ng(x)

where m, n € N and 'C' is constant of integration (g(x) > 0). Find the value of (m2 + n2).

8

We have | = j {f'(x)9(x) - g'(x)f(x)}dx
{(X) + 900N I(F(x) g2 (x))

{f'(x)g(x)—g'(x)f(x)}

(9(x))?
(f(xmj )
g(x) g(x)
let 10 _qo2 o FOOG0-G10000 y, oy
a(x) (a(x))

N = 2tdt = L -1 L &= =] _f(X) _1
o I(t2+2)-t \/Etan (\/EJJFC J2 tan { 2000 2}+C

- @an-1{ M}C

29(x)

Hence m=2 ,n=2

m2 + n2 =8 Ans.
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Matrix Match Type :

17.  Let I= je4 +1clx andJ-j O
Then for any arbitrary constant C, match the following
Column- Column-li
1 -1 -1
A I P — tan +C
(A) (P) 5 [ oo J
1 e —\2e* +1
B J+1 Q In C
®) @ 242 (e2X+\/§eX+1J+
1 S e®x=1 —J2e* +1
C J—1 R — i ——In +C
© R) Zﬁ[ [\/EeXJ (e RN e +1JJ

1 [ e -1 e —J2e* +1
Y (“"‘” (fe J '(TJJC

Ans. (A)R ; (B)P ; (C)Q]

Sol. Given |= j dx and J = j _dx
e
_re¥e™ _ re®dx
J_I 1+ e 5 J‘1+e4x
_ re’(1+e®)
1+J= jwdx
put eX=t = eXdx=dt
i L
1+12 t2 12
+ = — —_—
144 = jmdtj+1dt | St
2 t——| +2
tz ( J .
put t—-=y = y=[t+—2jdt_dy
:J. dy :itan_1L= itan_1 t2_1
LN o0 ol i
Jri= Lan[&0 1} +C () = (P
V2 J2e*

. A4+
eX(-1+e%) —1+1? {2 {2 ( 1 j
| J-l=|Z2—"= ‘dx= dt =+ dt =+ | —F —dt|t+-=
iy j 1+ e¥ J‘1+t4 jt2+i -[ 12 i
{2 t+Y -2

_ dy _ 1 yf
J-1 =+
Iyz—2 ZJ_ "2
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1
1 t+Y—\/§ 1

o n ' .(2) = (Q
22 t+1+\/_ 2\/_t2+\/_t+1 2\/562X+\/§ex+1 (2) Q)
t
(1) — (2) gives
1 8% -1 1 2 _2e* +1
2l = —tan™ _ In
2 V2e* 242 e +2e +1
L e 1 -2 +1
| = —|tan ——In = R
2\/5{ V2e* 2 ezx+\/§ex+1} R)
18. Column-l Column-li

A J‘xz(x6 +x° —1)dx
(2x® +3x° +2)?

(BjJ

©) j2x12+5x )dx
x° +x3 +1

x° + x4 + x2 ydx

4x" +5%x® +10x*

(where C is the constant of integration.)

Ans. (A)R, (B)S, (C)Q

x%(x® + x° —1)dx

1

111 3Y)
(P) g(x?erjj +C
Q) %(1 rx2+x 524

R) %1 @2x3 +3x2 + 2x3)1 + C

(% +x-x*)dx

Sol. (A)Let I4= [* “0C +x° ~dx = ]

(2x +3x° +2)

Putting 23 +3x2+2x 3=t = 6(x2 +x—i4jdx =dt =

X

1 ¢dt _ 1 1

x8 (ZXS +3x% + 2

)2 “ o 13 s 2x )

6 5
(X+—’i‘1) dx = Lt
X 6

+C= %1 2x3 + 3x2 + 2x=3)~1 + C Ans.

Hence 141 = — | = +C =
1~ 6l et 6(2X° +3x% +2x°°
x +x4 4 x? )ydx x° + x4 + x2 )ydx x +x° +X )dx
(B) Let |2=j = | ( j
JAX +5x8 +10x* 7 x4x® +5x* +10x% 7 [4x® +5x* +10%2

Putting 4x° + 5x4 + 10x2 =t = 20 (x4 + x3 + x) dx = dt

1 pdt
Hence I = — I—
20 J .\t

1
3 2 2
= X(X—+X—+ij +C Ans.

25 20 10
2x'? +5x° 2x'? +5x°
C) Let | =
©) 37 I(x +x341)° j Y (1+x2+x°)?

_1(2x° +5x7°)dx

= iﬁ+c = i\/4x5+5x4+10x2 +C=1x VA +5x2 +10+C
10 10 10

dx
(1+x2+x7°)®
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Putting 1 + Xx2+x 0=t = (-2 X3 — 5x‘6) dx = dt

. |3=_ﬂzi +C= (1+x +X )_ +C Ans.]

2t
Subjective Type Questions :

19. Evaluate : jcosx-ex -x%dx

Ans. %ex [(x2 = 1) cos X + (x—1)2 . sinx] + C

Sol. 1= jcosx. e*x? dx

I=x2 Icosx. e*dx — ij (Icos x.e"dx) dx

X X
( Icosx.ex dx = e7(cosx +sinx) & Isinx.e"dx = e?(sinx —Cos x)J

X
= x2 {%(cosxusinx)} —jx.ex(cosx+sinx) dx

x2e*

= 5 (Cosx+sinx)—Ixexcosxdx—jxexsinxdx

Xzex X X

. e . e )
= COS X + SIn X) —| Xx—(cosXx + sinx) — | —(cos X + sinx) dx
= ) { ~-(cosx-+sinx) ~ [ ~-(cosx +sinx) j

X

e* § e
— | Xx—(sinx —cosx)— | —(sin x —cos x) dx
{ x | ) j

x2e*

=% (cos x + sin x) — xeX sinx+jexsinx dx

Xzex

X
= > (cos x + sinx) — xeX sin x +e7 (sinx—cosx) + C

X
— e (3203X (X2—1)+

e sinx (2=2x+1)+C

% ((x2 = 1) cosx + (x — 1)2 sinx) + C
20. Evaluate : tan -1 x. n 1+ x2) dx.

2
Ans. xtan-1x ¢n 1+ x2) + (tan -1 x)2 ~2xtan-1x+n 1+ x2) - (fn\h + x2) +C

Sol. J‘tan‘1 X.(n(1+ x%) dx

2 -1
2x“ tan de

=xtan=T x. (1 +x2) - I%én(ﬂxz)dx —j o)
+X + X

tan™ x

= x tan—1x ¢n (1 +x2)—— n2 (1 +x2)—2jtan xdx+2J‘1
+-X

=xtan=1 /n (1 +x2) % x 4 (n2 (\/1+ x2) _2xtan=Tx + in (1 +x2) + (tan—1x)2 + C
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21.

Ans.

Sol.

22,

Ans.

Sol.

23.

Ans.

Sol.

1+nx""-x

Evaluate : jex

2n

(1) 1=

1+ X"

1-x" +C

1+nx"" - x2"
I=|eX| —— =2 | dx =
I [(1—x")\/1—x2"]

n

1+x nx
Let f(x) = fi(x) =
(A= x"W1- x>
n
1=ex. X 4
1-x"
xcosa + 1 f(x)
If dx =
3/2
(x2 + 2XCos o + 1) VI(X)
x;x2+2x0050c+1
x° (x Coia +i3j dx
I=J‘ (xcosa +1). dx =j X X
(x? + 2xcosa +1)*/2 3( i )3/2
x| 1+ —
X X
Put 1 +2003a 1 =t, then 09K +l dx S
X x? X° .
—dt/2 1 X
= I: o = =
'[ 2 {2 X2 +2xcos o +1

comparing :  f(x) = xand, g(x)

dx
j i 2 2 )2 dx
(sin” X + 2cos” x)
3 Bl Y d tanx
tan - +C
82 (2& tanxJ 4(tan® x + 2)
4 2
Let |=j = dx o =j sec x2dx2 _J' 1+tan2x2
(sin® X + 2cos” x) (2 + tan” x) (2 +tan” x)
2
Puttingtan x =t and sec? x dx = dt, we have |= j‘%
t* +4t% + 4
Now, let t2+1=at?+2)+bt2-2)
Comparing the coefficient's we have a =% and b = %
Hence, we have
1 2 -2 3, 1
== ——dt=—1, +—1|
J‘t4+4t2+4 4-[t4+4t2+4 47747

+C

=x2 + 2x cosa + 1

sec? x dx
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Now, we have

: )
T e Pt R

4 2 - -
t+4t" +4 5 +4 t-2)48
t t
du . 2
= uttingt——=u
J.u2+8 [p 9% }

=1 tan! (LJ -1 tan t* -2
8 J8 ) 242 242 t

N TN
and Ip= —dt= dt =
t*+4t% +4 oped] .
A P+ +4 (HZJ
dv : 2
= = uttingt+—=v
c puting v
=1 _t
v 2D

Hence, we have

_ 3 e =7 t 3 _1[dan®x-2 tanx
| = tan G 8 C = tan = > +C.
8v2 242t 4(t° +2) 82 2+/2 tanx 4(tan” x +2)

32 |Bx?sin? X
X —sinx

24, Evaluate j( ) - +3x pdx

Jx X —sinXx

32 | 6x2 sin2 X (x—sinx)% 62 sin? = + 3x2 — 3xsinx
(x—sinx) 6x° sin > >
Sol. I=I - + 3x pdx =I : dx
Ix X —sinx Jx (x —sinx)

[ (o

x? —3x(sinx + xcosx))dx

= 3I\/x2 — xsinx (2x —sinx — xcos x) dx

Let = x® —xsinx = dt =(2x — xcos x — sinx)dx

3
3

:I=3J.\/fdt=3§+c=2(x2 —xsinx)5+c

2
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