%/competishun CAPS-15

Power of real gurus

MATHEMATICS Probability

TARGET : JEE- Advanced 2021

ANSWER KEY OF CAPS-15

1. (B) 2. (0 3. (D) 4. (A 5. ()
6. (AB) 7. (AC) 8. (AB) 9. (D) 10. (B)
1. (A) 12. (A 13. (C) 14. (C) 15. (A
16. (C) 17.  (B) 18.  (179) 19. (7) 20. (4)
21. (8) 22.  (9) 23.  (0.79) 24. (D) 25. (A

SCQ (Single Correct Type) :

1. Of all the function that can be defined from the set A : {1, 2, 3, 4} = B(5, 6, 7, 8, 9}, a mapping is
randomly selected. The chance that the selected mapping is strictly monotonic, is
1 2 5 5
A) — B) — C) —— D) ——
*) 125 ®) 125 ) 4096 ©) 2048
Ans. (B)

Sol. n(S)=5%=625
N(A)=2-5C, =10

(either by increasing or decreasing)

2, On a Saturday night 20% of all drivers in U.S.A. are under the influence of alcohol. The probability that
a driver under the influence of alcohol will have an accident is 0.001. The probability that a sober driver
will have an accident is 0.0001. If a car on a saturday night smashed into a tree, the probability that the

driver was under the influence of alcohol, is

(A) 3/7 (B) 4/7 (C*) 5/7 (D) 6/7
Ans. (C)
Sol. A : car met with an accident

B4: driver was alcoholic, P(B4) = 1/5
Bo: driver was sober, P(By) = 4/5
P(A/B4) = 0.001; P(A/By) = 0.0001

P(B4/A) = (.2)(.001)

= = 5/7 Ans.
(.2)(.001) + (.8)(.0001)
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Ans.

Sol.

Ans.

Sol.

Ans.

There are six families each consisting of a husband, a wife and a child. A group of three
consisting of a man, a woman and a child is said to form a trio. If 6 persons are selected, the

probability that there will be two trios in which exactly one trio is of the same family is

125 25 30 60
A) Je47 ®) 7 ©) =07 ®) 7
(D)
6C1><(5C1><5C1><SC1—5) _ 60
"®Cs 1547

There are four seats numbered 1, 2, 3, 4 in a room and four persons having tickets
corresponding to these seats (one person having one ticket). Now the person having the ticket
number 1, enters into the room and sits on any of the seat at random. Then the person having
the ticket number 2, enters in room. If his seat is empty then he sits on his seat otherwise he
sits on any of the empty seat at random. Similarly the other persons sit. Probability that the
person having ticket numbered 4 gets the seat number 4 is

(A) 1/2 (B) 1/4 (C)1/8 (D) 1716

(A)

Way 1: 1 take 1, 2 take 2, 3 take 3, and 4 take 4

p(way 1) = %X1><1><1=%

Way 2: 1 take 2, 2 take 1, 3 take 3, 4 take 4

p(way2)=%x1x1x1:i

3 12

Way 3: 1 take 2, 2 take 3, 3 take 1, 4 take 4
1 1 1 1
3= —x—x—=—
pway 3) = 4*3%3 "2

Way 4: 1 take 3, 2 take 2, 3 take 1, 4 take 4

1 1 1
way 4) = —x1Ix—x1=—
p(way 4) B N

Required probability = %+ % + % + % = %

‘A’ tosses a fair coin. If it shows a tail ' A" is asked to roll a fair die and A' s score is the number
that die shows. If the coin shows a head, ‘A’ is asked to toss five more coins and A' s score is
total number of heads shown (including the first coin). If ' A’ tells you that his score is only 3
then the probability that ‘A’ rolls a die is

23 1 8 7
(A) % (B) 5 (€) >3 (D) v
(C)

PAGE # 2



Sol.

E1 —tossing a coin, E, — die, E — score 3

1 1 1 1\’ 23 1 1
P(E) = €+—X5C2(—j: P(E2):§xE

1. 2
276 32 2) "9
A
. P(E_szz 6_8
E) 23 23
96

MCQ (One or more than one correct) :

6.

Ans.

Sol.

Ans.

Sol.

A fair die is rolled four times. Find the probability that each number is no smaller than the
preceding number.

7 1 1 11
(A) = (B) <3 (©) X (D) =
(AB)
Take any four numbers
For example, 5, 1, 3, 3
They can be arranged only in one way such that each number is not smaller than the
preceding that is, 1, 3, 3, 5

°c, 7

Probability = —24 = —
d 6t 72

If three numbers are chosen randomly from the set { 1,3,32 ,....,3”} without replacement, then

the probability that they form an increasing geometric progression is

(A) ) if n is odd (B) | if n is even
2n 2n
. 31 ey, A
C if nis even D) ——— if nis odd
© 2’ ) ©) 2(n*-1)
(AC)

Number of triplets (3r,3”1,3”2)(0 <r<n)isn-1

Number of triplets (3r,3”2,3”4)(0 <r<n)isn-3

n-1

Number of triplets [3r,3r+ 2 ,3”“‘1] (n odd) is 2

n
and no. of triplets [323 2,3”"} (n even) is 1

. If nis odd, the number of favourable outcomes

n? -1

=(n-N+(N-3)+...+4+2=

And if n is even, the number of favourable outcomes
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Ans.

Sol.

2

n n n
=n-D+(N-3)+...+3+2=—x—=—
(n—"1) +( Y+...+3+ 2><2 2
2
- Probability = = "= D/4 _ 3 4 s odd
(n+1NC; 2n
n’/4 3n ., .
if n is even

T (1C,  2(n2-1)

Let ‘A’ and ‘B’ be independent events such that P(A) > % P(ANB)= 23’—5 and P(ANB)= 8

Then which of the following statements is/are correct ?

(A) (P (A)* + (P(B))” = 1 (B) P(A) satisfies 25x° —20 x + 3=0
(C) P(A) satisfies 5x° =20 X +3=0 (D) (P (A))* + (P(B))2 =2
(AB)
- _ | A
P(A)=x,1-P(B) = E’P(B) =1 T
(- X)M _8
25x 25

(1-x)(25x—3) = 8x

25x% +3-20x=0

20410 _10_16 0 1
2(25) 50 5'5

3/ 4

P(B)=1- =< or P(B)==

(B) 5 B)=2

P(A)?> +P(B)* =1

Comprehension Type Question:

Comprehension # 1

Ans.

Sol.

25°

A bag contains 6 different balls of three colours white, green and red (at least one ball of each

colour.

The probability that the bag contains 2 balls of each colour is

1 1 1
A) — B) — C) — D) —
(A) 3 (B) - (€) 5 (D) 10
(D)
X+y+z=6
X >1

Then the number of possible ways = 10 of which x =2 =y = z is one solution

~P(E) = %
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10. Three balls are picked up at random and found to be one of each colour. The probability that
the bag contained 4 red balls

1 1 1 7
A 75 B © - (D) o

Ans. (B)
Sol. E{ — When three balls are drawn they are found to be of different colours
Eo — The bag contains 4 red balls

P[Ej _P(E,NE,)
E, P(E,)

1 (3.c,+6-°C,-’C,-'C, +°C,-’C,-’C,) 7
P(E1)=E :E

PR PRI R N S
277710 °c, 10 20 50

. R
E,) 50 7 14

11. Three balls are picked up at random and found to be one of each colour. The probability that
the bag contained equal number of white and green balls is

3 3 2 7
A) — B) — C) & D) —
()14 ()10 ()7 ()25

Ans. (A)

1 ('c,-'c,-*c, +%¢,-%¢,-*C,)
10 6
Sol. 1d C; _ 4
7 14
25

Comprehension # 2
A player tosses a coin and scores one point for every head and two points for every tail that
turns up. He plays on until his score reaches 'n ' or passes n. P, denotes the probability of
getting a score of exactly n.

12. The value of P, is equal to
1 1 1
(A) E[Pn_1 + Pn_2] (B) E[ZPn_1 + Pn_2] ©) E[P'” + 2Pn_2] (D) None of these

Ans. (A)

Sol. The scores of ‘n’ can be reached in the following two mutually exclusive events
(i) by throwing head when the score inn — 1
(i) by throwing tail when score isn — 2

1 1
Py =Pt P

PAGE #5



13. Thevalueof P, + %P,H is equal to

1 2 1
A 5 ® 3 (C)1 © 5

Ans. (C)

1 1

SOI. Pn + EPn_.] = Pn_.] + EPn_z

But P, :% and a score of 2 can be obtained by throwing a tail at a single toss or a head at the

first toss as well as second toss

g .

222
1 3 1 1
.'.Pn +§Pn_1 Zz+§><§=1
14. Which of the following is not true?
2 2 2
(A) Py > 5 (B) Pyos < 5 (ClBH P, & = (D) None of these
Ans. (C)
Sol. P, =1 —%P,H
2 i -1 2
d gl =?(Pn—1 -3

2

2 3 "3 32"
2 1 2

Foo =3 %32 " 3
2 1 2

P =3t 300 <
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Comprehension # 3

15.

Ans.

16.

Ans.

17.

Ans.

Sol.

2" (n € N, n > 2) players of equal strength are playing a knock out tournament. They are paired
randomly in all the rounds, and the winner reaches the next round.

The probability P, that exactly one of the two specified players P4 and P, reaches the semifinals is

. 8(2“—4) . 6(2"—4) . 4(2“—4) 5 8(2"—4)
. 2 (2" -1) ® 2 (2" -1) © (2"-2)(2"-1) ) (2"-2)(2"-1)
(A)

If there are 16 players including P4 and P, then the chance that exactly one of either P4 or Py

reaches the semifinals, is

8 3

(A) 35 (B) 10

)2 16
(%) 5 (D) 25
(C)

As n tends to infinity then the value of P,

(A) approaches % :

(B) decreases and tends to approches zero.
(C) equals zero.

(D) first increases upto 0.5 and then decreases to zero value.

(B)

M  an<hP
(2™ — 2)= A other players

ZC _XC
P(exactly one of P4 or P, are among the best 4) = ”:2403
4
2MA-1)(L—-2)-24 _  8(L-2)
¥ B(L+2)(A+ ) A(A-1) B A+2)(A+1)
D8R —4)
n=on. (2" _1)

(i) Ifn=4thenP@)= — <= =2°-2% ¢
16-15 15 5

(iii) If n— oo P, — 0 (very obvious from 1). Ans.
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Numerical based Questions :

18.

Ans.

Sol.

19.

Ans.

Sol.

20.

Ans.

Sol.

During a power blackout, 100 persons are arrested on suspect of looting. Each is given a
polygraph test. From past experience it is known that the polygraph is 90% reliable when
administered to a guilty person and 98% reliable when given to some one who is innocent.
Suppose that of the 100 persons taken into custody, only 12 were actually involved in any
wrong doing. If the probability that a given suspect is innocent given that the polygraph says
he is guilty is a/b where a and b are relatively prime, find the value of (a + b).

179

A: polygraph says person is guility

B, : person is innocent P(B,) = 0.88

B, : person is guility P(B,)=0.12

P(A/B,) = 0.02; P(A/B,) = 0.90

P(B,)-P(A/B,) o 0.88x0.02
P(B,)-P(A/B,)+P(B,)P(A/B,) 0.88x0.02+0.12x0.90

P(B,/A) =

_ 88x2 176 _ 22
88x2+12x90 1256 157

= a+b=179 Ans.

Six faces of a cube are numbered randomly 1, 2, 3, 4, 5, 6. The probability that faces 1 and 6,

6 and 3, 3 and 1 will share an edge is % (in its lowest form). m+ n =

(7)

Total number of ways of numbering 5 x 3! = 30
Total favourable ways 1 x 2 x 3 x 2 = 12 ways
12 W

30 5 n

Som+n=7

There are two dice A and B both having six faces. Die A has three faces marked with 1, two
faces marked with 2 and one face marked with 3. Die B has one face marked with 1, two
faces marked with 2 and three faces marked with 3. Both the dice are thrown randomly once.
If E be the event of getting sum of the numbers appearing on top faces equal to x and if P(E)
be the probability of event E, then find the value of x when P(E) is maximum.

(4)

xcan?2, 3,4,5,6.

The number of ways in which sum of 2, 3, 4, 5, 6 can occur is given by the coefficients of

x2,x3. x* x° x% in (3x+2x2 +x3)(x+2x2 +3x3)=3x2 +8x% +14x* +8x° +3x°

This shows that sum that occurs most often is 4.
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21.

Ans.

Sol.

22.

Ans.

Sol.

23.

Ans.

Sol.

3 coins are thrown at one time and we remove those coins which show tails. Then we throw
the remaining coins at one time and we remove those coins which show tails. This is done
repeatedly until all of coins are removed. If the probability that the trials are ended in the 2™

round is P, then the value of [10P] is

(8)

3 3 3 2 3
Pz(lJ y 1) +3C1(1J X(l} +3C, 1) X(lJZMZﬁ
2) “\2 2) (2 2) \2)7 64 64

Suppose n(> 4) people are seated at a round table. If three people are selected at random,

(where [.] denotes the greatest integer function).

and p, is the probability that atleast two of them are sitting next to each other, then p, =%

(when %is expressed in lowest terms) where a + b =

(9)
_n+ n(n-4)  6(n-3)

P, =
e (n—1)(n-2)
=EE 4
5

Five cards are drawn randomly one by one with replacement from a well shuffled pack of 52

playing cards. The probability that these cards will contain cards of each suit is

15 17 21 19
A) — B) — C) — D) —
()64 ()64 ()64 ()64
(0.79)

13 13 ) 13~ )4 9!
N C,(**c,) 5+("cy) 51

52°

Alternate
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Matrix Match Type :
24, Match the following :

Column-I Column-l|

(A) A and B play a game with a pair of dice each. A has a “good 3
throw” if the sum on A’s dice is 7, while B has a “good throw” (p) 8
if the sum on B’s dice is 4. In each round they throw
simultaneously. If one of them has a “good throw” and the
other does not, the player having a “good throw” is declared
a winner, otherwise they throw again. The probability that A
wins is

(B) Suppose A nad B shoot independently until each hits his " 11
target. They have probabilities % and g respectively of e

hitting the targets at each shot. The probability that B will
requre more tries than A to hit the target is

(C) The probability of a missile being destroyed before hitting the " 11
target is % If the missile is not destroyed, the probability of e

hittingthe target is % Three missiles are fired. The

probability of exactly 2 hitting the target is

(D) The probability of a bomb hitting a bridge is % At least two | (s) 31

direct hits are needed to destroy it. If n is the least number of
bombs required so that the probability of the bridge getting

destroyed is greater than 0.9, then the value of % is

3
M5

(A) A—s; B—s; C—p; D—q (B) A—p; B—s; C—p; D—q
(C) A—t; B—s; C—p; D—q (D) A—r; B—s; C—p; D—q
Ans. (D)

Sol. (A) Probability of A throwing a 7 and B throwing a 4 is %

1 1

Probability that neither A throws a 7 nor B throws a 4 is (1 ——)(1 ——j e 20

6 12) 72

Probability that one of A or B is declared a winner in a given round =1 —% - % =%

Probability that A wins in a given round = 1 X nn

6 12 72
11

Probability that A wins £2 =
2 16

9

PAGE # 10



(B) Suppose A hits the taget at the i shot.
This means that B will not hit the taget till his i shot and at whatever shot he hits the target is

immaterial

0 i1 i 2
Thus required probability Z(gj xgx(gJ =E 1+i+(ij +... =E
=\ 5 5 \7 35 35 (35 31

(C) Target can have exactly 2 hits in the following ways

2
(i) one missile is destroyed and two missiles hit the target = 302 x%x [%x %J =—

3
(ii) none of the missiles are destroyed but only 2 hit their targets =(EJ x°C, (Ej
3

. . 1 1 3
Required probability = —+ —=—
= R~eq p y ) + 5= 8

(D) P(x>2)>0.9=1-P(x<2)>0.9 = P(x <2)<0.1

n n-1

="C, il +"C, 1} 1J<i

2 2 2) 10
=10(n+1)<2"
By trial and error, we setn >8
= Least value of n =8
Hence, e = e = s
n 8 4

25. n whole numbers are randomly chosen and multiplied.

Column- Column-ll
(A) The probability that the last digit is 1,3,7 or 9 is 8" _4n
s —
10
(B) The probability that the last digit 2,4,6 or 8 is 5N _ 4"
(a) A
10
(C) The probability that last digit is 5 is 4"
(e
10
(D) The probability that the last digit is zero is 10" —8" —5" 4+ 4"
(s) .
10
(t) none of these

(A) A—r; B—p; C—q; D—s (B) A—s; B—p; C—q; D—r
(C) A—r; B—q; C—p; D—s (D) A—q; B—p; C—r; D—s
Ans. (A)
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Sol. (A) The required event will occur if last digit in all the chosen numbers is 1, 3, 7 or 9.

Therefore the required probability = (%)

n_ n
(B) P last digit (1,2, 3, 4, 6, 7, 8, 9) — P (last digitis 1, 3, 7, 9) = 810n4
5" 4"
(€) P(1,3,57,9-P(1,379 ==
(0-5)-(s"-4)

(D) P(0,5)-(3) =

10"
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