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SCQ (Single Correct Type) :

1.

Ans.

Sol.

Ans.

Sol.

2 2 2 2
a‘—ax+Xx° —ya“+ax+Xx
The value of f(0), so that the function f(x) = \/ \/

(@ > 0) becomes

Ja+x—+a-x

continuous for all x, is given by -
(A) ava (B) Va (C) —Va (D)-a+a
(C)
i (@° —ax+x* —a’ —ax—x%) (Va+x ++a=x)
x>0 (@+x—a+x) (Va? —ax+ x2 ++a2 + ax + X2
=Iim_2ax( Jat+x+vJa-x __ala N

x>0 2X | Ja2—ax+ X2 ++/a® +ax + X2 a

Let f(x) = [cos x + sinx], 0 < x < 2%, where [.] denotes G.I.LF. The number of points of discontinuity of
f(x) is-

(A)6 (B)5 (C)4 (D)3

(B)

f(x) = [\/5 sin(x + %ﬂ

discontinuity may arise at the points where

Sin(x-ﬁ-E):i sin(x+£j=—i and sin(x+£) =0
4) 2 4) 2 4

3n 3n 7n
_1X= ]

2 2

o ) .
X= — X= — five points
2 4

n
2 b
- (B)
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Ans.

Sol.

Ans.

Sol.

Ans.

Sol.

. X2 i , X0
The function f(x) = x? , is (where [.] denotes G.L.F.)
0 , x=0
(A) Continuous at x = 1 (B) Continuous at x = — 1
(C) Discontinuous at x =0 (D) Continuous at x =2

(B)

lim xz[iz} lim xz[iz—{iz}j — lim (1—x2{iz}j=1
x—0" X x—0" X X x—>0" X

similarly  lim f(x) = 1

x—>0"
= (C)
If f(x) = [x?] +\/W, where [.] and {.} denote the greatest integer and fractional part functions
respectively, then-
(A) f(x) is continuous at all integral points except 0
(B) f(x) is continuous and differentiable at x = 0
(C) f(x) is discontinuous for all x € T— {1}
(D) f(x) is not differentiable forall x e I..
(A)
e = T =

lim f(x) = lim (0+1)=1 and f(1)=1 = lim f(x) = f(1)

x—>1" x—>1" X—1

continuous at x = 1

similarly we check for another integers

¥ f{\AATS AR RAIUS TATORF T P R st VaRTes ot R$EES M A 440 Ay Degx2-L0 20345 2 o,
then the value of f(\/§) is -
(A) V3 (8)1-V3 (C)2(1-+3 ) (D)2(v3 - 1)
(C)

As f(x) is continuous for all x € R
Thus lim () = f (\/5)
X2 -2x+2+/3-3
X% 3
J3—x

im f0 = fim X =2x+23-3_ i (x-V3)(x+3-2) _, (1)

. X3 X3 \/§—X X—>/3 (\/§—X)
Thus f(+/3)= 2(1-43)

- (C)

since f(x) =
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Ans.

Sol.

Ans.

Sol.

Ans.

Sol.

If g(x) is a polynomial satisfying g(x)g( y) = g(x) + g(y) + g(xy) — 2 for all real x and y and g(2) =
5, then )I(l_rg ax)is .

(A) 9 (B) 25 (C) 10 (D) none of these

(C)

g(x)g(y) =9(x) +g(y) + g(xy) -2

Putting x =2, y = 1, we have

59()=5+g()+5-2 =g(1)=2

Putting y = 1 we have
X

g(X)g(lJ =g(x) + 9(1)
X X

Hence g(x) = x"+1or —x" +1 (by comparing the coefficient of x, X, .....)
If g(x)=x"+1theng(1)=1+1=2 and g(2)=2"+1=5=n=2

So, g(x) = x> +1

and if g(x) = — x" +1, then g(1) = 0, which is not true

Sog(x)=x*+1

)I(l_rg g(x)=10

A differentiable function f: R — R satisfies f (xy) =f (x) + f(y) V x, ye R*. If f(16) = 3, then the
value of f(2) is
3 3 3
A) — B) — C) V3 D) —
) 3 B) (C) 3 (D) 3
(B)

f(xy) =f(x) + f(y)vx,y e R"

Putting x =y = 4, we have
f(16):3=2f(4):>f(4)=%
Putting x =y = 2, we have
3 3
f(4)===2f(2) =f(2)=—
(4) > 2) (2) i

Let f(x), f: R — R be a non-constant continuous function such that f(2x) = (¢*+1) f(x). the value
of (0) is

_ f(h)
A0 e

f(h)
e" -1

f(h)

_h_1

(B) lim (C)lim fh)

M h 1 (D) le

-0e

(B)
Given that f(2x) = (ex + 1)f(x) and f(0) = 0
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f(2x)  f(x)
e -1 e -1

= (ex —1)f(2 X) = (eZX —1)f(x) =

X X
_ f® :f(z)_ f 4) _

et _1 X x x

e2-1 e? —1 e —1
X
f(x) f(z) f(h) _ . fy_ . f(h)-f0)
= =1 =lim = lim =lim =f'(0)
e® -1 nowo X n>0e" -1 noe h n—w h
e2 _
RPTYPRRRTIN (1))
..f(O)—tI1|L1r(1)eh_1
9. If f(x) be positive, continuous and differentiable on the interval (a, b). If lim f(x)=1 and
x—a®

1
lim f(x) =34 also f'(x) > (f(x))® +fi then .

X—b~ (X)
T T _u _a= "
(A)b—a>ﬂ (B)b—a<§ (C)b—a—12 (D) b—a >4
Ans. (B)
sol. 94
f(x)* +1

Integrating both sides with respectto x fromatob

N %[tan-1 ((F60)? )}: > (b-a)

1|In =
35{5—2}>(b—a)
T

=b-a<—
24

10. If f(x) = sgn (sin®x — sin x —1) has exactly four points of discontinuity for xe(0, nm ) ne Nthen n
can be
(A) only 4 (B)4or5 (C)only 5 (D)5or6

Ans. (B)

Sol. g(x) = sgn (f(x)) has discontinuty points, at the points where f(x) = 0
1+ 5
2

1+\/§
2

1-5

2

=sinx =

=sinx =

(not possible)

=sinx =
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MCQ (One or more than one correct) :

1.

Ans.

Sol.

12

Ans.

Sol.

13.

Ans.

Suppose that f(x) is a differentiable invertible function with f'(x) #0and h(x)= I f(t)dx. Given
1

that f(1)=f(1)=1 and g(x) is inverse of f(x). Let G(x) = x°g(x)—-xh(g(x)) ¥x € R. Which of the
following are correct?
A)YG(1)=2 B)G'(1)=3 Cc)Gc1)=2 (D)G’(1) =3
(AD)
h'(x) = f(x) = h"(x) = f'(x)
h(1)=0,f(1) = h'(1) =h"(1) =1=g(1)
fg(x)) =x = f(g(x))g'(x) = 1= f(g(1)) g'(1) =1
=f'(1).9(1)=1=g'(1) =1
G(x) = x* g(x) - xh(g(x))
G'(x) = 2xg(x) + x* g'(x) — h(g(x)) — xh'(g(x)) g'(x)
= 2xg(x) + x> g'(x) — h(g(x)) — x> g'(X)
= 2xg(x) —h(g(x))
G"(x) =2g(x) + 2xg'(x) - h'(g(x)) g'(x)
G'(1)=29(1) -h(g(1)) =2
G"()=2g(M+g'(1=3

[(a+1t-2])dt, x>3
0

consider the function f(x) = . If f(x) is differentiable at x = 3, then .

ax? + bx x<3

83 85 7 b
A)a+b=— B)a+b=— C) ab=—- D) — =84
(A= 2 EARE o 18) sa=—0 >

(BCD)

X2

2 X
(4+|t—2|)dt=j(6—t)dt+j(t+2)dt=7+2x+4
0 2

O ey X

1.,
F(x) = EX +2x+4 x>3

ax’ +bx x<3

By solving, we get a = %,b =—

If £(x) =[x* — 4|x|+3| then .

(A) f(x) is non-differentiable at 5 points
(B) f(x) is non-differentiable at 4 points
(C) f(x) has local maxima at x =0

(D) f(x) has local minima at x =—1
(ACD)
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Sol.

14.

Ans.

Sol.

15.

Ans.

Sol.

16.

Ans.

x2-4x+3=0 =x=13

Now graph of ‘x2—4‘x|+3\ is as shown. From the graph, it is clear that f(x) is non
differentiable at 5 points, local maximum at x = 0 and local minima at x = —1

NaV.VaV,

=23
a+ Sl ] x>0
X
If f(x)= 3, x=0 and f(x) is continuous at x = 0, then
2b+[s'”x3_x} x<0
X
(A)a=2 (Bya=3 (C)b=2 (D)b=3
(BC)
lim f(x)=a as sin’[x]=0 when x — 0"
x—0*
lim f(x)=2b -1 and f(0) = 3
x—0"
a=3andb=2

If f(x)=-1+|x-2/,0<x<4 and g(x) =2 - [x|,-1< x <3 then (fog) (x) is

(A) Discontinuous at x =0 (B) Continuous at x =0
(C) Not differentiable at x = 0 (D) Differentiable at x =0
(BC)

1- <x<2
F(x) = X, X<X

Xx-3, 2<x<4

(x) = 2+x, —1<x<0
i 2-3, 0<x<3

_J1-9g(x), 0=<g(x)=<2
(fog)(x) = {g(x -3), 2<g(x)<4

B -1-x, —-1<x<2
l-1+x, 0<x<2

Suppose f is a function that satisfies the equation f(x+y) = f(x) + f(y) + x?y + xy? for all real
f(x)

numbers x and y. If Iirr?)— =1, Then .

X—> X
(A)f(x)>0forx>0andf(x) <O0forx<0 (B) f (0) =1
(C) °(0) =1 (D)f7(0)=6
(AB)
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Sol. Observe that f(x) =0 and f'(x) = rIllrr?)@ =1
f(x +h)—f(x)

h

2 2
_jim f) £ x?hexh®
h—0 h

(9 = lim

+1

X3
Hence, f(x) = 3 + X

17. Let [x] denote the greatest integer less than or equal to x. If f(x) = [x sin nx], then f(x) is :

(A) continuous at x =0 (B) continuous in (-1, 0)
(C) differentiable at x = 1 (D) differentiable in (-1, 1)
Ans. (ABD)
Sol. f(x) =[x sin 7X]
f0)=0

f(0) = Lim [-h sinx(-h)] = 0; f(0*) = Lim [h sin zh] =0
—0* —0*

Here (0-) = f(0*) = f(0) = 0 e

1
So continuous at x =0 o—

Since graph of f(x) is as shown in the figure v
Now all options can be checked from graph.
Numerical based Questions :
18. A function f:R >R satisfies sinx cosy (f(2x + 2y) — f(2x-2y)) = cos x sin y
i
2

(f(2x+2y) + f(2x—2y)). If £'(0) ==, then the value of 4f"(x)+f(x) is

Ans. (0)
Sol. sin x cos y (f(2x+2y)—f(2x—2y)) = cosx sin y (f(2x + 2y)-f(2x-2y))
N f(2x+2y) _sin(x+y) N fla) _ f(B) _ K

f(2x—2y) sin(x-vy) B
2

.o .
Sin— Sin
2
= f(x) = ksing = 4f"(x) + f(x) = 0

19. Let f(x) be a real valued function not identically zero such that f(x + y%) = f(x) + [f(y)]? V x,y € R
and f'(0) > 0, then find f(10)
Ans. f(10)=10

Sol.  Given f(x + y?) = f(x) + [f(y)]® and f'(0)>0
putting x =y = 0, we get
f(0) = f(0) + (f(0))* = f(0)=0

f(O-+h)=f(0) _ .. f(h)
h

also f'(0) = limit
h—0 h—0
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| (f(h“s))3 )

=13

f(0+(h™)*) ~f(0) _
(h1/3 )3 - IhrD(I) (h1/3 )3

Let L = f/(0) = limit
h—0

or L=1L3 or L=0,1,-1 asf(0)>0 = f(0)=0, 1

F(x+ (0"°)°) - f(x)
= IIhrD(I)t (h1/3 )3

f(x +h) — f(x)

Thus f'(x) = limit
h—0

1/3\\3
fi(x) = limit f(x)+(f((hr:,3 ))3) ity = f(x)=0, 1

Integrating both sides, we get

f(xX)=0 orf(x)=x+c

As f(0) =0 , we have f(x) = 0 or f(x) = x

Now f(x) = 0 is imposible as f(x) is not identically zero

fx)=x and  f(10) = 10

a 2
20. Let f be a continuous function on R such that f i) = (sinex) e  + 2X , then find the value of
4x x°+1
(0).
Ans. 1
Sol. Asfis continuous on R, so f(0) =Iim(i)t f(x)
Thus f(0) =limit f (‘H = limit | (sine")e™ + L - |3 (G
h =
n
Matrix Match Type :
21. Match the following :
Column-1 Column-2
1
(A) f(x) =(log, x)(x —1)s atx =1 (p) continuous
(B) f(x):[cosan]4 {somn%}, where [.] and {.} denote  (q) discontinuous
the greatest integer and the fractional part function,
respectively, at x = 1
2
(©) fx)=,0%%% XU 5 7 (1) differentiable
sinx, xgQ 6
(D) f(x) =min{1,cosx,1-sinx}, -1 <x<z atx=0 (s) non differentiable
(A) A—p; B—r; C—q; D—s (B) A-r; B—p; C—s; D—r
(C) A-p, r; B-p, 1; C—p, s; D-p, s (D) A-r; B-p; C—q; D-r
Ans. (C)
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Sol. (A)

(B)

(©)

]
f(x) — (log x)(x—1)°
Clearly, f(x) is continuous at x = 1

f-(1+):.imw:.im(M]{h;Jzo
h—0 h h—0 h

|
TR UEIE N "m(MJ[_thZO

h—0

Hence, f(x) is differentiable at x =0

f(x) =[cos 2nx] + {sin %X}

X—>1"

I|m f(x)—hm[cosan]+I|m {sm;} 0+1=1

lim f(x) = I|m | [cos 2mx] + lim {sm—} 0+1=1
x—1" x—>1" 2

Also f(1)=1+0=1
.. f(x) is continuous at x = 1

[cos 2n(1+ h)] + \/{sin (“(1;“)}} 1

h

;. [cos2nh)]+ {cos(%hj} —

x—0 h
{cos(ﬂj} —1
2
——sm

"“)
. 2
= lim —=%

x—0
2 cos(nhj

rt)=lm

=lim

x—0

/ﬁ\

2
Similarly, f (17) =
) = {co§2x, X e @
sinx xgQ
f(x) is continuous when cos 2x = sin X,

which has x =g as one of the solutions.
Hence, it is continuous at x =%
If neighbourhood of x =g is rational, then f(x) = -3

and if neighbourhood is irrational, then f'(x) = —

Here, f(%} ;tf'(%) = f(x) is not differentiable at x =%
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f-sinx. Ay

L T TR

.'.
N

\/ h
(D) COsX
From graph of f(x), we can say that f(x) is continuous but not differentiable at x = 0

Subjective Match Type :

22, Discuss the continuity of the function fix) = lim {1SI1X)" +logx
no>e 24 (1+sinx)"

Ans. f(x) is discontinuous at integral multiples of ©

Sol.  f(x)= lim (1+sinx)" +logx
no>e 24 (1+sinx)"

(i) for 0 <sinx <1,
log x
f(X) = lim M =1
N—o cre
(1+sinx)"
(ii) for sin x = 0,
1+ logx
f = s
(x) 3
(iii) for— 1 <sinx <0,
log x
f g
(x) >
logx " _j<sinx<0
2
f(x) = M ) sinx=0
3
1 , O<sinx<1

f(x) is discontinuous at integral multiples of ©

1-a* + xa*. fna

o , x<0
23, Ifg(x) = Xz
(2a)* —x/n2a -1
5 , x>0
X

(where a > 0) , then find ‘a’ and g(0) so that g(x) is continuous at x = 0.

1 1
Ans. — —((n2)?
V2 g ("2
X X
Sol. im 1-a* +x.a"/lna

X—0" x2a*

PAGE # 10



24,

Ans.

Sol.

—-a*/na+ (na(@* + xa* fna) _ a*(tna)®  ((na)’

= lim 5 lim =
x>0 x“a*/na+2x.a* x>0 (xa*/na+2a*) 2
. (2a) = x/n2a-1 . (2a)*/n2a-/n2a
lim 5 = lim
Xx—0" X x—0" 2X

- iim (2a)*(tn2a)? =(€n2a)2
x—0" 2 2

for g(x) to be continuous (/na)? = ({n2a)?

= (fna+ (n2a)=0
V2

9(0) = % (fn 2)2

If f: R = (=, ©) be a derivable function such that f(x) + f(y) = f(;‘ *XU xy < 1.

IFf(1)= = and lim 1) g e (x).
2 x>0 X
2tan-'x
o0+ fy) = f( x+yj S f=f (Hyj ((1—xy>—<—y>2<x+y)]
1—xy 1-xy (1—xy)
f’(x)=f’(x+y]( 1“’2}
1-xy )L (1-xy)
putx =0
f'(0) = f(y) (1+y?)
O =1y)
+y
Integrating both sides
f'(0) tan'y = f(y) + C ..... (1)
Nowputx=O&y=0inf(x)+f(y)=f(X+yJ
1—=xy
we get 2f(0) = f(0)
S f0)=0 o, (2) and o lim @= 2
— lim M: 2
x—0 X
= f (x) =2 f(0)=2 3)

from (2) & (3) & (1)
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2tan'y = f(y) + ¢
now puty =1, we get
2tan" =f(1) + ¢

+c = c=0

N a
N

o f(x) = 2tan'x

2[x]

25, Given f(x) = cos™ (sgn (3)( I

D where sgn () denotes the signum function and [ . | denotes the

greatest integer function. Discuss the continuity and differentiability of f (x) at x = + 1.

Ans. fis continuous & derivable at x = —1 but f is neither continuous nor derivable at x = 1

Sol. - f(1)=0

RHL.= lim f(1+h)= lim cos™" |sgn e = lim cos™ | sgn 2 =0
h—0* h—0* 3+3h-1 h—0* 2+3h

LHL = lim f(1-h)= lim cos™ (sgn(3 —03hD =cos™' (0) =

h—0" h—0"

N[ A

f(-1)=0

f(x) is discontinuous hence non-derivable at x = 1

f(-14)= =0

and f(-1)= =
= f(—1%) =f(-1)

0

f(x) is derivable at x = — 1
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