¥ /competishun CAPS-10
MATHEMATICS Limit

TARGET : JEE- Advanced 2021

ANSWER KEY OF CAPS-10
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34. (A->S; BoR; Co>P; D—Q) 35. (A->Q:B>P:C5R,S; D-5S;

SCQ (Single Correct Type) :

2
1. If [x] is the greatest integer less than or equal to x, then Iim{ - 2 }:
x=0| sinx tanx
(A) -1 (B) 2 €)0 (D) 1
Ans. (C)
2 2
Sol. _ 2 z X (using expansion)
sinxtanx x° X3
X—— || X+—
6 3
3 1
TR \
6

2
, X
= lim| — =0
x=>0| sinxtanx

2. If ”me‘f(x);exfgt)zz and f(O):l, then find the value of f '(0).
B (t-x)(f(x)) 2
(A) 4 (B) 2 €0 (D) 1
Ans. (C)
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Sol. Using L’'Hospital’s rule, we have

m e'f(x) — e~ fgt) _
5 (- X)(f(x)

e*f(x) —e* f'(x) _

(F(x))?

= i[ e J=2
dx | f(x)

=2X+cC
f(x)
eX
=f(x) =
e 2X+¢C
:>f(0):1—1 =c=2
c 2
eX
=f(x)=
(x) 20+ %)
1 1
(1+3x+2x2)x —(1+3x—2x2)x
3. The value of lim is
x—0 X
(A) —° (B) 3¢? (C) %e‘z (D) 4¢&®
Ans. (D)
1 1
1+ 3x +2x2 )X —(1+3x — 2x? |
Sol. L= Iim( ) ( ) (QJ
X—> X 0
1 1
(1+3x+2x2)x—e3 (1+3x—2x2)x—e3
lim —lim
x—0 X x—0 X
=L, -L,
, iy , In(1+3x+2x?)
1+3x+2x° )X —e X _ a3
L1=Iim( ) —lim & =Y.
x—0 X x—0 X 2
similarly, L, :Ee3
2
. L=4¢e®
1
4. If f(x)= tanx then Iirr(m)([f(x)] + xz){f(X)} = (where [.] denotes the greatest integer function and {.}
X X—>

denotes fractional part)
(A) 3 (B) log3 (C) e’ (D) Does not exist
Ans. (C)
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Sol.

Ans.

Sol.

Ans.

Sol.

Ans.

Sol.

Ans.

As x — 0, [f(x)]=1and {f(x)} =0

so the given limit is in the form 17

. . 3n . sinx—tanx
Let f(x)=|cos™ (sinx)|—|sin”"(cosx) and =——<x<2n lim —— "=
’ ( )‘ ‘ ( )‘ 2 X—27 [f(X)]3

-1 1 -1 1
A) — B) — C) — D) —
()16 ()32 ()8 ()16
(D)
. sinx—tanx . tanx-sinx 1
im ——— = lm—o- =

X—27 (47[ —2X)3 X—0 (2X)3 16

; p q :
The value of /im | —— — : p, g e N equals
X—1 (1_xp 1_XC|J pq q
P+q Pq P—q9 P
A B) — Cc) — D) [—
(A) > (B) 5 (©) > ( )\E
(C)
_ p_ q =1, g-1
fim PZ9 X 7 PX (9 formj = (im 1pqx . PaX 3 (9 form}
-1 1-xP —x9+xP*9 0 x>1 _pxP! _gx¥ 1+ (p+q)xP ' (0
_ . pa(p — 1)x"* —pa(q - )x** _P-q
=1 —p(p—X** —q(a=Dx** +(p+a)(p+q-1x*T* 2
2 2 2 2
sim “n+2 3(n—1g + 33 (n—-2) + s +4n° . 1 K o
n— o T +2°+3 + ... +n
1 2 1 1
A)— B) — C) — D) —
( )3 (B) 3 (C) 5 (D) 6
(A)
oA (n-r+1)
fim = —
n—o r3
r=1
3 2 % 3
S -Yr (9 MO+DE@ Y
= /I B ST 8 4 L it = R ub- L
n—o Z 3 n—>o n (n+1)
r=1 4
=£ -1 =i_1=1
1/4 3
. -1 / 2
The value of "™ cos_(2x 11_X ) equals
2 x— 1
J2
(A) 24/2 (B) —2/2 (C)0 (D) does not exist

(D)
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Sol.

Ans.

Sol.

10.

Ans.

Sol.

. 1 i
Letq=sin™" x . as X o> — ¢
| 2
o o ~ cos™ COS(E—ZQJ
(im cos”(2sinfcosB) _/im cos (sin20) _ /im 2
"~ sinE)—i e—% sinE)—i " sine—i
J2 J2 V2
-1 T
. cos (COS(E - ZGD T _2 0 )
Left hand limit = f”}? = fim —2 (6 form)= fim — 5= -2.2
T4 sind——— 0>7  sind——— 0T COS
J2 ) V2 ‘
cos™ [cos (g - 26)] cos [003(29 - gD 20T
Right hand limit = fim : = (im 1 = (im 2
0>~ sin6— —— 0>~ sind——— 07 sinf———
‘ J2 J2 ‘ J2
= /im 2 - 22 = LHL = RHL Limit does not exist
g% COSO
4
2
The value of lim 1 1/ 4c0s” x -2 |is
x>n (X —T7)| V24 CoSX
(A)O (B) 2 (C)-2 (D) does not exist
(A)
2
Let f(x) = ‘/m = fm)=2
2+ cosx
2
. (i {1/ 408" X —2J= I ) — LG
x> X — 1| V2 +COSX x> X—T
Now f(x)= 4 (2+cosx)(—2cosxsmx)2—cos X(—sinx)
o /4cos2x (2+cosx)
2+ cosx
f(p)=0
Forn e N, let x, be defined as (1 + Hj = ¢, then Lim x,, equals
1 1
(A)1 (B) 5 © - (D)0
e
(B)
1 n+X,
We have (1+—J =e (1)
n
Taking log on both sides of equation (1), we get
= (n+xn)ln(1+1j=1:> n+x = L )
n
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Let — =u = nu=n-+1 = n=

n u-1
Lim x. =Lim B (U-N-lnu (0 form
N—>oo =1 lnu u-1 =1 (u="1Inu 0

1
1—1 7 1
= Lim U _ =Lim—-Y _ =_ Ans.]
u>1 U—1 u>1 1 1 2
—+| 5t
u u- u

MCQ (One or more than one correct) :

1. If Iim1(2 —x+a[x-1]+b[1+x]) exists, then a and b can take the values , (Where [ ]
X—>

denotes the greatest integer function).

(A)a=%,b=1 By a=1 b=-1 (C)a=9 b=-9 (D)a:9,b=§
Ans. (B,C)
Sol. Since the greatest integer function [x] is discontinuous (sensitive) at integral values of x, then

for a given limit to exist both left and right hand limits must be equal.

LHL = lim (2-x+a[x 1]+ b[1+x]) =2-1+a(-1) +b(1) =1-a+b

X—>1

RHL = lim (2-x+a[x—1]+b[1+x])=2-1+2a(0) +b(2) =1+ 2b

X—>1"

On comparing we have —a = b

. _1 .
12, If A=lim M and B = lim =1 [Ix I] . where [] represents GIF, then
x-0 cos ™' (cosx)
(A)A=1 (B) A does not exist (C)B=0 (D)B=1
Ans. (B,C)
. _1 .
Sol.  A-lim sin”'(sinx)

x>0 cos ™' (COSX)

. _1 .
sSin (SINX . X
# = lim —

= =-1
x>0~ COS '(COSX) x>0 —X
P
sin”'(sinx = X :
__1( ) _ lim = =1 = A does not exist
x->0" COS™ (COSX) x-0' X

B:Iim[lz—l]zo as [|x|]=0 whenx — 0

x—0

13. lim {mx sin 1} is equal to (where [.] denotes the greatest integer function and m el
X—0 X
(A)mifm<0 BYym-1ifm=>0 (C)m-1ifm<0 (D)mifm>0
Ans. (AB)
1
sin—
Sol. lim—X=1
X
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14.

Ans.

Sol.

If f: R — R be a differentiable function and f(0) = 0 and f'(0) = 1, then

o35G

fing , where n € N, equals
X—> X
1 1 1
A) O B)1+ — + — + ...+ —
(A) (B) > %3 -
"C "C "C
(C)"Cy— —2+ 2 . +H=1)" = (D) does not exist
2 3 n
(BC)
FOo)+F| S| f| X o f
. 3 k 0
fim — form
x—0 X 0
;
= (im f’(x)+1f’ 5J+lf’ 5J+...+1f’ 5} =1+1+1+....+1=j (A+x+x%+...+x"") dx
x—0 2 \2) 3 (3 |l | [ 2 3 LR
1 n 1 n n n n
=j1_x dx=judx="01—&+&— ........ + (-1 L —Co
1-x O X 2 3 n

Comprehension Type Question:

Comprehension # 1

15.

Ans.

16.

Ans.

17.

Ans.

Sol.

sin” (1-{x})x cos™" (1-{x})

J2{x} x (1-{x})

L = Lim f(x) is equal to
x —> 0"

Let f(x)= where {x} denotes the fractional part of x.

A 3 ®) © (D) V2r
(A)

R= Lirgff(x) is equal to

(A) 3 (B) ﬁ (©) ﬁ (D) v2n

(B)
Which of the following is not true ?

(A)cos L <cosR (B)tan 2L)>tan R (C)sin L >sin R (D) None of these
(B)
(15to 17)
sin”' (1-{x}) x cos™" (1—{x})
V20 (1= 1)

sin'(1-{0+h})cos™'(1- {0 +h})

J2{0 +h}(1-{0 +hy)

We have f(x)=

- Limf(x) = |r_ll_)n(‘)l f(O+h) = Iﬁl_)rg

x—0*
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. sin"'(1-h)cos™(1-h) . sin'(1=h) . _cos™'(1-h)
= Lim = Lim Lim
h—0 /2h(1 —h) h->0 (1-h) h-0 J2h

In second limit put 1 —h =cos 6

in-10q -1 so—Tra
_ Limsm (1-h) . cos (cosb) _ . sin"(1-h) . 0

im
h>0  (1—-h) -0 /2(1-cos0) h>0 (1—h) -0 2sin(6/2)

=sin! 1x 1=7/2 and Lim f(x) Lim f(0 - h)

(- 0> 0)

0 sin'(1-{0-h}) cos'(1-{0-h}) _ Lim sin"'(1-h—1)cos"'(1+h—1)

R J200-hy (1-{0—h}) >0 2(Cht1) (1+h-1)

sin'h . cos'h /2 =
h>0 h h-0 /2(1—h) J2 242

Comprehension # 2

n
Let f(x) = lim (cos \EJ , 9(X) = lim (1 —X+ x'l/g)n. Now, consider the function y = h(x), where
n—o n n—>o

h(x) = tan™ (g‘1f‘1(x))

In((x))

18. limy in(g00) is equal to
1 1
A3 (B) - (€)0 (D) 1
Ans. (B)
ol
sol i A

19. Domain of the function y = h(x) is
(A) (0,0) (B)R (€) (O, 1) (D) [0, 1]
Ans. (C)
Sol. Domain h(x) is (0,1)
20. Range of the functiony =h(x)is

T T T T
(A) (O'EJ (B) (_E’Oj C)R (D) (—E,EJ
Ans. (D)
Sol. h(x)=tan™ (In(lz—f}jx <x<1
1<%<oo:>0<lnxi2<oo .'.—oo<ln(ln(xi2D<oo

. Range of f (x) is (—

T
2

IE]
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Comprehension # 3

21.

Ans.

Sol.

22.

Ans.

Sol.

23.

Ans.

Sol.

Column-I Column-II
2
1) If Iim(); +11—ax—b]=0, then ()a=2 (P)beR
X—>0 —+
2
(1D |irrg)(1+ax+bx2)¥ =¢°, then (ii) a:% Qb=2
(110 Iin‘(l)(ae ‘b}z (ii)a=1 (R) b=-1
X—> X
(V) Iir[l{ (xz—x+1)—ax—b}:0 (v)a=-1 (S) b=%

Which of the following is correct?
(A) (1) = (i) = (R) (B) (1) = (iv) - (R) (C) () = () - (Q) (D) (1) — (i) = (S)
(C)

X
Iim(ae ‘b}z
z—0 X
X

:Iim(wJ:Z —a=b and Iim(ae ~
X x—0 X

x—0

a

]=2 =>a=2=b

Which of the following is correct?
(A) (1) = (i) — (P) (B) (I = (ii) = (R) (C) (1) = (iii) - (Q) (D) (1) = (iv) = (S)
(A)

2

Limit L = Iirr(m)(1 rax+ bx2)? P

le(1+ax+bx2—1)§

=e =e’ =lm(2a+2bx)=3 = a =% and b can be anything

x—0

Which of the following is correct?
(A) () = (ii) — (R) (B) () — (iii) — (R) (C) (1) — (ii)) = (S) (D) (1) = (iv) - (P)
(B)

x? +1— (x+ 1)(ax+b) P
X+1

Limit L = lim
x—0
Means power of x in denominator is greater than that in the numerator Or coefficient of x* and

X in the numerator will be zero

=1-a=0 =a=1and a+b=0 =>b=-1=-1
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