SOLUTION OF TRIANGLE

EXERCISE - 01

CHECK YOUR GRASP

10.

4R? sin A+4R2 sin’ B 4R2 sin? C
sin A sinC

nes

sinB

= 4R?(sin A +sin B +sin C)Hsin%

A A
= 16R2HCOSE.HsinE =2R?sinA.sinB.sinC

- 9R? abc _ﬂ_
8R? 4R
1
Azgpl.a=5p2b—
1,1 1
P1 Pz DP3
a+tb-c 2(s—c)
2A 2A
( atb+c=2s)
oA 1-cosA
tan® — = A

atb+c=2s =>s=2a
Applying half angle formulae.

- (s)(s —b) (s)(s—c)
~ \(s—a)(s—c) (s—a)s—b)

cot — . cot—
2 2

S
= =2

s—a

Area of A BAD

=\/§Area of A BCD
1

2 1+cosA

¢ c b
Ty b

c b+c e

= — AD x
2

\/5 1

= — DC
2

Applying m - n theorem

(3 *+ 1) cot ®=cot75 - f3 cot 60

AD /3

= b1

(V3 +1)cot6—%—l
(\/§+1)cot9=\/§_i1

-2 -2
ot0 = (Bl Ta+243 2+f (2 \3)
cot O = cot 105
0 =105 . £ ADB =75

. ZABD = 30

11.

15.

16.

17.

1
Area(AADC) =§b.x , Area(ABCD)=—
C
= A= lX(b +a)
2
b a
2A *
= A } B
- a+b D
A
C
B DE C

According to question.

OD = CE

= 2Rcos Bcos C = R cos A

= 2 cos Bcos C = - cos (B + C)

(= cos A=cos (t-B+CQ)

-cos(B + C)
= 2=————— = tan B. tan C = 3.
cosB.cosC
A abc A
r=— L=
s 4A s—
3
ﬁaz R= a n = (\/—/4 —ﬁa
4’ _ a 4J§a2 a/2 2
3j 2\/§ 4 _ 3a
2 R.2 _ 2 ' 23
V3243

Hence 1, R, r, are in A.P.

A A A
7r= 7r3=

(s—b)

Using 1, =

(s—a) (s—c)

(2s—(a+b))(2s—(b+c)(2s —(c+a))

we get AP

abc _ KR’ 64R® KR’
= A* @cf  (abc) (abe)
hence K = 64



20 a4 - s—a
A? 1
\/Z (s—a)(s—b) \/Z (s—a)(s—b)
1
> 1 A A
= S—a :Z(s—a)xs_ tanE

(v r=1(s - a)tang =(s—b)tan%=(s—c)tan%)

Using m - n theorem

3cotd = 2cotB - cotC ... (i)
3cot(r — 0) = cotB - 2cotC ... (ii)
add () & (ii)

cotB =cotC . (iii)

3coth = cotB  (using (i) & (iii))

= 3tanB = tanf

3coth = cotC  (using (i) & (iii))

= 3tanC = tan0

Draw a perpendicular line from A joning mid point
of BC. It is median as AABC is isosceles

A
—90-2
24. A B 2
= 3coté=tan9 = 9cot2é=tan29
2 2
A
2tan§ 6tan®
04 0 Now tanA = A 2
B ) E e 1_,[anzE tan“0-9
EXERCISE - 02 BRAIN TEASERS
4. Hint: g C
8 =26, =10
P
A 1 x B 16=x
~CcC A B M H B
4 sin E.sm E.smg. c=132

C A-B A+B
= 2 sin E cos 7 — cos 7

A+B A-B C
= 2 cos 5 .CcOS 2 —2$in25

C
(v 1-cos C= ZSinZE)

=cos A+ cos B+cosC-1

Aliter :
A r
Hsm—:—
2 4R
A 1
= Hs1n2—10 [ r:R=2:5]
C
5 COSE__ C
= ((CD)=6= COSE . .
1,13 1
a b 9 A D

In A AHC p? + (16 + x)? = (26)? ..(i)
In A BCH p? + (16 - x)? = (10)? ...(ii)
from (i) & (ii)

= (16 + x)?2 - (16 - x)? = (26)> — (10)?

= (32) (2x) = (36) (16)

= x=09
Draw parellelogram OBDC. N
OE = ED & as 6

OC? = OD? + DC?,

5| 4
AODC is a
right angled A(6,8,10) B C
= Area of AADC 3%

=lx8 x12 =48
2

AEDC =%x3x8 =12

Area AAEC = Area AADC - Area AEDC
=48 - 12 = 36

Area AAEC = 36 = Area AABC = 72

Hint : 2R .cos B. cos C = 2r = OD

A B C

= Rcos B. . cos C=4R . sing,sin E.sing



O(orthocentre)
by I(incentre)
I
r
B D C
2B = 4si in? B r_A
= cos’B = 4sin—. sin (use B = 2 2)
B
11. cosA+cosC=4smE
A+C A-C . 2B
—  cos .cos =2sin” —
2 2 2
:20052(A+C]
2
A-C
- 2 2 cotA cotC 2+1
= ——= == = cot_.cot—=—
A+C 1 2 2 2-1
cos 2

A B C A B
cot?+ COtE + cot— = cot—cot—cot—

coté+cotg = ZCotE
= 2 2 2

Perimeter; .

13. - . =

Perimeter,g

R(sin2A +sin2B +sin 2C)
a+b+c

4sin A.sinB.sinC
2(sinB +sin A +sin C)

:4><8(HsinA/2)(HcosA/2)
2x4(ITcosA /2)

I S & B
"R = smz)

15, (-1 @,-1) (-1

(SIS

_ A’abe (R _ @j
s?.A? 4A
_Aabe R
s? 4A ’
16. ZCAB = ZABE . a
- £/ ACF = 43 129T
/CHB = 86 {exterior aA&23 e S B

angle of A ACH}
Z ETH = 129 F
{exterior angle of ATHB}

@ - b2 - c)? = b2 =

a?-b?-c?=+hbc

a2 -b%2-c?=+bc

EXERCISE - 03 MISCELLANEOUS TYPE QUESTIONS
True/False : oh b2 4+ 2 — a2 ~ +l
1. True 2bc )
a2 /A =60° or 120
Fill in the blank :
1. tan A = K
- tan B = 2K
2. False, R sin 2B < 0 is possible in obtuse angle A. tan C = 3K
2A 2A 2A D tanA =] JtanA
So e R TR T Rt
= 6K=6K = 1=K =K=1
2N 2A 2A
Ty o @einAP AL upl X ol
a sin R sin N sin 0
a, b, c are in H.P.
4. True, a* + b* + ¢* - 2a%? - 2a%b?+ b%c?= 0 = sinA-sinB~sinC=L~i~i

=5 .22 :3



A
J5

R V5 9+c?-4 3+/5¢ .
= = = +
COSs. 2\/5 2 3¢ = \/5 C

3
= 02—5 10c+5=0

= 2¢2-3cv10+10=0

1
= c=\/m, E\/ﬁ

1
k &k, =1& =

_a
tanA—E
b
tan8=g
. c

tan C _E

Now ZtanA = HtanA

Zi _ abc
2f 8fgh

zg _ abc ~ K- l
f 4{gh 4
Match the column :
2A 2A _2A

3
T 1 1 = Ypipepy HM<GM)
P1 P2 Ps

cosA cosB cosC
(B) + +
P1 P2 Ps

acosA + bcosB + ccosC

2A

R(sin2A + sin2B + sin2C)
2A

(.. a= 2R sin A)

R.4.sinA.sinB.sinC 4R abc 1

2A " 2A°8R* R

bZ2 2A ¢ 2A &’ 2A

(@) —_—
c a a b b ¢
oA [a3 + b3+ 03]
- abc
a® +b3+¢8
Now, TZ abc (AM = GM)
a® +b3+¢c8
— >3
abc
:ZA.[aS + b +C3)26A.
abc
s Ya?
(D) Zp,? = AN

Assertion & Reason :

2.

b
Perimeter = 10a sing

O

<4+— Zasinn/5 —»

For n sided polygon, perimeter = (Za sinEJ n
n

Hence statement II is false

1 1 1 1

—+—+— ==

L1, 1 r

AM > HM

L+, g 3 L+, g

>
3 =1 1 1~ r ?
n Iy I3

In A OAD

T T
OD = Rcos—, AD =Rsin—
n n

A = Area of circle (circumscribing polygon)

- Area of polygon

2 05 (Z_N\
A =T7R _ER sanJ

B = Area of polygon - Area of circle (Inscribed)



n 27

n 27 () — ein——
B = —R’ sin(—j - nR? coszk_) A, T 251n n
"2 n n 3. =
B, n [275) , T
1. If n = 6 then 25m n T.cos n
A=nR2—3\/§R2 put © = nO
n 2
20 — sin20
2. If n = 4 then value of t
We 9% G20 - 20cos? 6
) nR? (4T
B = 2R -—— =Rl 0 — sin0.cosO 0 — sin6.cosO
sin0.cos0 — 0.cos?®  cosO(sin® — Ocos0)
EXERCISE - 04[A] CONCEPTUAL SUBJECTIVE EXERCISE
2. LHS = 2R sin A cos B cos C] 6. A b o
{ sin(A + B + C)
a/2
= Ysin A cos B cos C - sin A sin B sin C =0 D
a2
= 2sin A cos B cos C = sin A sin B sin C}
LHS = 2R sin A sin B sin C In AACD
2b
o ||| )oabe 1 1A cos C= —
- 2R)N\2R)\2R) 4 "R"R R
a?+b%?—-c? 2b
B 2 _ A2 — 2
4 LHS _abc [s(s—a) \/s(s—b) \/s(s—c) = 2ab a = a-c=3b
) s bc ac ab
b?+c?-a® 2b
:ab;cﬂz cosA,cosC=—2bc ?
s abc
5. B=3C = sinB = sin3C ~a®=c®+3c? -3a"  2(c? ~a?)
3ac 3ac
DB 3 g2
sin c
8 l+l+l_ s—a+s—b+s—c _i_l
b ) oo I A A r
3—4sin2C=Z A+B+C=n
A=r-4C 11. [ AFHE is a cyclic quadrilateral
b A AH = 2R . cos A
= 3-4(1-cos?C) =~ | =—==-2C
c 2 2 R, =R .cos A
b+ A =
= 4cos?’C = < sin E=COSZC R, =R. cos B
R, =R. cos C
b+c )
= cos C= dc = 2cos’C - 1 Substituting values
2(b +c) 2R, = R(cos A + cos B + cos C)
e
A B C
. _b-c = R|4.sin—sin—.sin—+1|=R +r.
sm;— 7 2 2 2




12. A n—B B
/BDF = /BFD = 5 = ZDFI:E

C
E Similarly ZIFE = Py
r_B
2 2 Lo BFC _m A
a 2 2 2
= rcotB2 F C Similarly
Applying sine rule in A DBF pEE-*_C & LEDF _r_C
r.cotB/2 DF
= B C A
cosB/2 sin B Ar (ADEF) = 2% cos —. cos — . cos—
2 2 2
B
2r cos Py = DF o \/(s)(s - b) \/s(s -c) \/(s)(s — a)
ac ab be
Similarly
C A 2rs A r’s
2r cos 5 EF and 2rcosE—DE T e 9R-
EXERCISE - 04[B] BRAIN STORMING SUBJECTIVE EXERCISE

2 .2 .2 1
1. To prove that — sin"A/2 sin B/2 sin C/2 Now sin C = sin [E + 6] =——(sin O + cos 0)
sin2A ’ sin2B ’ sin2C 4 V2

are in H.P.

V3 +2
sin2A sin2B sin2C using (i), we get sin C =\/—
- 25 + 243
S A/2 sn’B/2 sm’C/2 e AP
Now applying sine law in A ADC we get,
sin2A 2sinA.cos A
Now —; =7 =4 cot A/2 cosA AD DC
sin“A /2 sin®A/2 -
sinC sin45°
put cos A =1 - 2 sin’A/2
sin2A [ A Aj - be - 1 V245 + 243 1
- t— — si . - =
we get Sn’A /2 4| co 2 sin \/11_6\/§ \/§+2 \/5
then,
use half angle formulae to prove terms are in A.P. A5 + 2\/§
= =1
V11 - 64317 + 443
4.
Hence, DC = BD =1 so BC = 2
r 4R sinécosgcosg
5. ot 2 2 2
bc (2R sinB)(2R sin C)
Applying m - n theorem we get 4R sinécosEcosg

2 cot © = cot 30 - cot 45 :4R24_B_C B c
= tan O = J§ +1 ..(3) smgsmzcosgcosz



10.

12.

sir12é in2 A
2

1
ﬁ A B C r

sin —sin —sin —
2 2 2

.2A 2B . C
sin” —+sin” —+sin°. —
no,2 55 _ 2 2 2

bc ca ab r

%(3 —(cosA +cosB +cosC))

r

3 —(1 +4sinésinEsin 9]
2 2 2

2r
2—4sinésingsin9 2—L
L 2 2 2] R|] 1
2r 2r r
R/
A_—"B

¢ =R . sin n/n = AD

n_, 2n
A1 = —R° sin—
2 n

) s

B, = nR" tan —
n

Replacing n by 2n we get
) s
A, = nR" sin —
n

) b
B, = 2nR” tan 2—

n
AB. = n®R%:i 2 UNE

B, = n"R’sin oA
Now,

1 1 1 cosm/n
—+— = +

A, B, nR%.sinnt/n nR%sinm/n

1 2

nR2.tanm/2n - B, -

b
— =71 (r <1) [Given]

c
1 1
Now A = By ap = EbcsinA
be ar 1-1r2) be
=>p=—sinA= P —sinA
a 1-r ar a
ar  (1-b2/¢c*) be
= 1 - 12) b :smA
a.—
c
ar [cz —sz bcsinA ar [cz —sz A
1-r2\ abe a 1-r? ICA
ar [sin2 C — sin? B] A
C1-r sin® A sin
ar
= 1.2 (sin (C - B))
ar
p< 12 [ sin(C - B) < 1]
C
(o7 0%
B+
D B
E
Applying sine law in ABDE
~C
sin— .
2 _ SinA 6 (BD == j
DE ac a+b

a+b
sine law in ACBE
sin(B + C/2) sin A -
CE = ...(id)
= divide (i) & (ii)

e
sino CE a+b

C E ac
sin| B + E

a+b2.[B cj C
. + —].cos—
CE c sin 2 C052

E - sinC

a+b sin(B +C)+sinB

c sinC

a+b sinA +sinB

c sinC
CE (a + b)?
DE ¢t



EXERCISE - 5

PREVIOUS YEAR QUESTIONS

1.

8.(b)

To prove that 16A? < 2s . abc
abc
:>(s—a)(s—b)(s—c)S?
s—a=X = X+y=c
Llet <s—-b=y = y+z=a
s—c=z => z+x=b
Applying AM > GM

x+yz20y i)
yrz>2Jyz L. (ii)

z+x22zx L (iii)
Multiplying (i), (i) & (iii)
x+yy+2zz+x28xya2

abc

?Z(s—a)(s—b)(s—c)A

n 2n
Hint : put I = —.sin| —
no2 n

i
& put O =ntan | —).

n
Applying sine-law in AABC

4 242 !

sin®  sin30° = sin 0 = ﬁ

= 0 =45, 135

C
Zﬁf\
105 30
A
15 30 B
2V2 \ o-135
C
Area of AABC - Area AAC'B
1
=3 22 4 (sin 105 - sin 15)
=4«/§ 2 cos 60 sin 45
1 1
=442 2 = = =4
V2 2 2
A=153
ZACB >90°
P2 =?

1
A =7 10.6.sinC = 15./3

V3

sinC =—
2

C =120

(c)

100 +36 —c”
2.10.6

S_a+b+c_10+6+14_
2 2

r=\/§ = =3
a? +b% =¢?
2ab

15

cosC =

V3 K ax 412+ (x2 1) —@2x+1)°

2 20x2 +x +1)(x% —1)

= x2-3)+x*(2-3) -3 —x(2-3)+(3+1) =0
=

2 —1)2 -V3)x* +2-B)x —(/3+1)]=0

x2+x+1+x%-1>2x+1

Now {x?+x+1+2x+1>x%x*-1 ("

2x+1+x*-1>x" +x+1
two sides is greater than third side)

x = 1443

= x>1 =
Alternate
b4 (s—b)s—a)

tan— =
12 s(s—c)

3x+1

s=x"+

x=~/3+1
2sinP-2sinPcosP _ (1-cosP)
2sinP+2sinPcosP  (1+cosP)

2

A (s=b)s-0)

= tanzg :sz(s—a)z = AZ
s =4
2
203 oy
(U2 2) =(ij
A 4A

sum of




