METHOD OF DIFFERENTIATION

EXERCISE - 01

CHECK YOUR GRASP

10.

13.

18.

22.

(2-m?4m?-n2+n?—2)
(m—=n)(n—{)({~m)

{+m m+n n+l )
[(mfni(nff)Jr(nff)(ffmi+(f7m)lmfn)/| _

d

d_x(l) =0

1(1 —y° /x%)
cos” km} = loga

Y v| loga
= 2tfan?! (;j =loga = tan’l(;j -8

2
y (log aj
= < tan 2

Now differentiating both sides, we get

dy
X&_yzo dy:y
xZ dx x

F®) = (x = 1)1 (x — 2)299. (x — 3)>%.....(x-=100)100!
Take log & than differentiate we get

f'x) 1.100 2.99 3.98 100.1
Now = + + +...
fx) x-1 x-2 x-3 x—100
a0l 1+2+3 100 = 5050
= + + + =
f(l ) .....
f1ol) 1
f'101) 5050
X x(b+vy)
y = = _
ar X ab+ay +x
b+y
= aby + ay? + xy = xb + xy
dy dy dy b
= abd)<+2aydx - dx ab+2ay

X¥(1+y=yl+x = -y +xk-y)=0
= k-yYyk+y+xy)=0
Now x # y [does not satisfy the given equation]

dy —-(+x)+x 1
dx  (1+x)?  (1+x)7
ax) = flx) = foglx) =x
1
= ax)g'® =1 = gk =
S (ol T
1 1 1+a’
(@) = Sp_
$ T @) fa) e
f ') = glx) and g'®) = —f(x)

23.

28.

29.

33.

= 2f(x)gx) - 2gX)f (x) =0

f ntimes(X) — nl
f '(1) "(1) f Ml n times (1)
Now f(1) T T —
_ n n(n-1) n_' B .
1 F gy e n'—(l—l)—O
1/ 1 g
i VS —Val) 2 Jfx) 2 4alx)
x—4 \/7_2 x—4 1
2%
9 _6
_ N2 - 2 _ 3\/5
y=e* & y = e’sinx
y'=—* (i) & v = -e¥sinx — cosx) ...(ii)
equating (i) & (ii)

e*(1 - sinx + cosx) = 0
e*# 0 = 1 - sinx + cosx =0
X X

X
= 200325 = 2sin5 cosE

X lsinX—cos=|=0 T
= 2COSE 2 2 = x= 5 T
slope can be —e™™/? & -e™.

f(x) = gx) = x = f(gx)
Differentiating both sides,

1
1=flgh) g6 = g0 =Ty )
Now f(x) = 2x + 3
1 1
So g(x) = §M) ~2my+3

2g(x)+3
gof(x) = x = g'fx) fix) = 1
fx)=1 atx=1 &f(1)=5
gMf1)=1 = g1)=1/5



EXERCISE - 02 BRAIN TEASERS

av dy( 1 1 L
2. yepk) = 2y—=pK . i
oo = 22 T T
vy _(dy)'_ J
- 2y7+2(&j—p(><) dy _Jyt+x-yy—x
dx  Jy+x +4y—-x

d’y )
> W T2 gy ) TPW X vy’ -x* g
_ X

3(:12y 2 2 i y+\/y2_X2 * i c*
4 n 1 =92 "
= 7 dx? (P'(x) v (By rationalizing Nr. or Dr.)
d? — i m n
= 4y3ﬁ: ZP(X)ID"(X) _ (p‘(X))Z 14. l = )}ggl‘ X (ﬂn X)
d ( d y\ = lim (fnx) {as x>0 (fﬂ
= —L —) x=0(1 /%)™ 0
1 _n(mx)"'1/x
= _[213'( )p"(x)+2p(x)p"'(x) - 2p'(x)p"(x)] £=lim —— .7 (applying L'Hopital's rule)
x—0 —mXx
d [ d_y\ |||
= Ly J _ hm n(gnx)nfl
dy 1 x=0 _py (1/X)
3. — =0
dx  dx Again differentiating (n - 1) times
dy ) n!
{9tz el
= dx\dx/ dx\dx/dy/ dy\dx/dy/dx (=1)"m <
1w r-0
(dx/dy)2 dy® "dx X
log|sin —
dy dzy 15. lirr(l) logcos x .
Now put the value of i & dxz in log cos X log|sm x|
d?y dy X
dx’ i dX 0 I logcos x I logjsin
_ d*x [dsz — 5 logcosi 0 log|smx|
On solving we get dy? ~ y dy =0 2
X
= t—
11, Jy+x+yy-x =c¢ :lirr(l)taﬂ lirr(]) C02 i tanzx:4
L) 8 -
24Jy +x Ndx 2 dx B 2
EXERCISE - 03 MISCELLANEOUS TYPE QUESTIONS
True and False : 1 1 log(log x)
u(x) (B) f(x) =log . 109(X)=§1 g (log x)= PR —
1. G ~7 = u =T 8
(logx 1 1 log log N
ul) g & q=0so -1 f‘(x)=lL logx x J
v'(x) p—q 2 (logx)?
Match the Column : 1(1—log. (log(x)
2. (A) FR=3+1 = f(x2+1) =36+ 17 +1 - —( o8- 09X ] fe9 = 0
2 x(logx)

fx?+ 1) atx=01is 4



(© = fntan ( +%)

T
4
2(71 x)

dy sec Z+E i 1

1 _
dx 2 tan (E + i) sin (E + xj cosx
4 2 2

= sec X
Hence p = 0

(D) fx) = |x®-x%+x-1] sin x

fx) = |(x®2 + 1) (x = 1)| sin x

=x®+1)(x - 1)sin x when x > 1
=-x2+1)(x - 1) sinx when x < 1
Now 28f(f(n)) = 0
Atx=0
f'x) = —[2x(x-1) sinx + (x* + 1)
sin x + (x2 + 1) (x — 1) cos x|
41'(0) = 4
Assertion and Reason :

1. Hint :
Statement I : It is true
Comprehension # 1 :

Statement I : f(x) is constant function

}

fix +y) - flx) = f(y) - 1 + 2xy
= f(0 + 0) - f(0) = f(0) - 1 + 2(0) (0) = f(0) =1
and f'(0) =1 (given)

‘ . f(x+h)—1f(x) .. f(h)-1 2xh
Also f'(x)= Lli% b =L1L1?) [ m + -
= lim M + 2x = f(0) + 2x
filx) = 1+ 2x

Integrate it

fx) =x2+x +c

fx) =x®+x+1
1. M +x + 1)

2. y =

(f0)=1 = c=1]
—  Domain R

log, ,(x* + x + 1)

Now x2 +x +1 2> —

hence range is (-0, 1]

a(0) +g(0)
k

0 (@s k#2)

a0) = = 2g(0) = kg(0)

= g(0) =

Il
.é'—.:

glx) = Ax + ¢

= glx) = Ax [g(0) = 0]

NowX+x+1=x = x2+(1-1)x+1=0
For concident pt. D = 0
1-A2-4=0

= A=3 -1

Comprehension # 3 :

h
_ lim —f(a —h) +f(a) _ lim f(a —h)—f(a)
h—0 h h—0 _h
f'(a)—f'a—h) f'(a)+f'(h —a)
RHD = lim - = -
Since derivative of even function is odd & vice versa.
lim f(—x)—f(—x =h) ~lim f(—x —h) = f(—x)
h—0 h h—0 _h
=f'(- x) (@)
f(x) —f(x —h)
and M ————— = - f(y ... (i)

from (i) and (i) f'(x) is odd function and hence f(x) is
even function.

EXERCISE - 04 [A]

CONCEPTUAL SUBJECTIVE EXERCISE

5. filx) = elt™ = ¢

(n-1)times (x)

similarly f LX) = e

]—e —(eh1t)

No [

On dlfferentlatmg it completely we get

[f ] = gh1 gl Gloat) eh®

=f{ . f(n_z)x .............. f1(x)

2

1
y=X?+EX x*+1 +nyx +x% +1
2y=x2+X\/x2+1+€n(x+\/X2+1) ..... (i)

2x
1+—
2y' = 2x + ,X2+1 + 2x” 4 2vx% +1
2\/x2+1 x+\/x2+1

2

1
B /x* +1 \/x +1 \/x2+1

2y



11.

12.

=2x+ \/x2+1 + \/x2+1

14.
Yy = (X+\/X2 +1)
Put the value of x + /42 11 in ()
2y=xy + /ny
sm’l[ Y ]
x2+y® = e a4
1 (v )
= 5 2 + y?) = sin! Lmj
17.
[2 iy y(2x+2yy)
1 [2X+2yy'] 1 2%+
= Sl 2z = 2, 2
2\ X" 4y | v X +y
X2+
2 2 1 N
[x? +y? {(x +y7)y'-yx+yy)
+yy' = — 7
= X tyy N \/Xz +y2
= X+ =xy -y
Again on differentiation we get
. _2(x" +y?)
(x —y)’
fx) = x% - 4x - 3 & fx)=9
For x=6,-2
= Xx=6 x> 2)
Now y = fx) = fl{y) =x
= gV =x
= 90 =4y Tox—a 3

90 secO tan® + sin® = tan® /x2 4
d
% = nsec™ 10 . secO . tan® + ncos™ 10 (-sin0)
=n tanf [sec"® + cos"0] = ntan® /y? +4
2
(d_y] =n’ (v° +4)
dx (x* +4)

. (a+bcosx)x —csinx
lim : =1
x—0 X

Now using L’ hospital rule

lim —bxsinx + (a + bcosx) —ccosx

x—0 5x*

For limit to exista + b —c =0 ........ (i)

. —b(sinx + x cosx) —bsinx + csinx
in lim
Again 1M 20 x5

i —b(cosx + cosx —xsinx)—bcosx +ccosx
= lim

x>0 60 x?

~ (=3b+c)cosx + xbsinx
= lim
x>0 60x?

For limit to exist -3b + ¢ =0 ........... (id)
lim xbsinx

= 0 60x%2

= b =60, c =180, a =120

L log| tan2x| (sec2 2x tanx )
im————= 2
x—0

x>0 log| tanx | sec’x tan2x

EXERCISE - 04 [B]

BRAIN STORMING SUBJECTIVE EXERCISE

dy' dz dy d%z
dx dz dx dz dx?
2 2
4y _,sdy | 4dly

dx? "dz dz?
d’f _ ady 4 d%y
Z e By Tt
z= /n(tani]
2
dz 1 dy dy dx dy

2
d’y d[dy . X)d_x

—Z = —| —=si
dz? dx \dx z
dy (. d% dy)
= smx—2+cosx— sinx ... (i)
dz dx dx
v _ e dv o dy
=sin®x sinx cosx ——
dz? dx? dx
d’y d% dy
2 _
cosec”x = +cotx—
dz?  dx? dx
Now put value from given equation
d2
coseczx—g + 4ycose02x =0
dz
d%y
2 +4y=0



f(2x) = f'(x)f"(x)
Let the degree of ‘I’ be n.
Comparing highest power on both sides
n=n-1+n-2=n=3
Let fix) = ax® + ax® + ax + a,
f(2x) = f'(x)f"(x)
(8a0x3 + 4ra1x2 + 28, + a,)
= (3a0x2 +2ax + a2)(6aox + 2a))

Comparing coefficient of x°

_ 2 _ 4
8ay = 18aO = a; = 6
Rest all are zero
4
flx) = —x3
(x) 9%
X sX tX
X4 sX; +5X t, X +tX,

X, sX, +25;X; +Xs, tX,+2X;t; +Xt,

[C, > C, —sCy, C; - Cs —tCy]

X 0 0

Xs, Xt
"X IXs, 425X, Xt, +2t,X,
S1 t;
= X2
Xs, +25,X; Xt, +2t,X;

R, = R, - 2 X;Ry)

$1 ty
Xs, Xt,

st 4

- %2 -3

S, 1y

11.

Now F(a) = 0 (x — o) is root of F(x).
A'(x) B'x) C'(x)
F'x) = |[A(a) B(a) C(a)

Now F'(a) = 0 = x — a is a factor of F'(x). So (x — )
must be repeated at least two times in F(x).

= F(x) is divisible by f(x).

1.2 fim & 1 -2%
flx) = ;_ 0% _ N x(e® —1)
T o0 e 1 4 x(2e2%) (by L-hopital rule)
4e*
= i =1 0) -1
xlir(l) 2e2X+2e2X +492X.X = f( )
1 2
+ 0+h o1 '
£'0%) =lim 2+ e -
h—0 h

e? —1-2h —h(e® -1)

=i h2(e® —1)
2
1+2h+41’1 ...... —1-2h—h(e® -1)
=1 2!
lim
h—0 hZ(eZh _1)

3 2 3
h? + 8 ) hens B 8
3! 21 317

I
w | =

h—0 2
h*(2h + (2;')

+....)

1
Similarly f '(07) = ~3-



EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

3. y=logx v = 8 x = e'*° x>0 — =7
ogy X
1 =]
o1 a1 d
dx 0%V Y vy dx X l:1+d_y 1-x _ dy
X dx X dx
Y 1|dy 1 2
— = | = 10. ) x_1=
g logy + 1) < | dx x(1+logy) (x*)" —2coty x* -1=0
tx=1
4. x=3cosO — 2c0s®@ y = 3sin® - 2sin®0 2coty +4/4cot’y +4 ax=4
= 2 1 =coty +cosecy
d
d_}e( = -3sin® + 6c0s?0  sind - coty + cosecy oy _r
d XX = cot y + cosec y 2
&~ 3c0s0 - 6sin?0 cosd diff. w.r. to x
do q
Y
dy 3cos0—6sin® OcosO x* (1 + logx) = [-cosec?y — cosec y cot y]d—
& X
dx —3sin0+6 cos® Osin O dy
cos0—2sin? Ocos 1 = - cosec y [cosec y + cot y]|—
= > = cotO dx
—sin0+2 cos” Osin 0 dy
6. f(x) = x" 7 _
() = x dx
- O T 11, gl = [f2i) + 2)1
ne2 3! n! g'x) = 2f (2f(x) + 2) f ' (2f(x) + 2) 2f ()
putn =1
) Put x = 0
fx) = x  for series f(1) - B 0 g'(0) = 2f(2f(0) + 2) f '(2f(0) + 2) 2f '(0)
f(1) = 1 put n = 2 = 2f(2(-1) + ) f'(2(-1) + 2) 2f '(0)
f(x) = x2 filx) = 2x  f'(x) = 2 = 2f(0) f ‘( ) f'0)
f(1) =1 (-1) = -4
f'(1 f'a 2 -1
so series = f(1) - b} + d)_ = =0 d dy dy dx
TTY 2 12. —||—= = =
Put x = 3 f(x) = x3 dy dX dy dx dy
f'(x) = 3x? f"(x) = 6x ) s
_ ) _
(1) - 1 (x) = 6 [ ] d?x d_X__(d VJ(C‘_VJ
f'a f'(1 f"(1 “dx? ' d dx? J\ d
series f(1) - % + 2(,) - 3(,) i dy * :
1 6 6 13. vy = sec(tan’! x) =4/1 + x?
= — 3 4+ - - — =
2 6
7. f(x) is a polynomial function d_y _ X d_y _ L
f(x) = ax? + bx + ¢ f(1) = f(-1) dx f1+x2 dxlir A2
atb+c=a-b+c b=20
a+c
a, b, cin AP. b = 9 a=-c
f(x) = ax?+ bx + ¢ (x) = 2ax + b
f'a) = 2a2 + b f'c) = 2ac + b
f'lb) = 2ab + b then f'(a), f'(b), f'(c)
f'lb) = 0 f'(a) = 2a? f'(c) = -2a?
so that | f'a), f'(b),f'(c) arein A.P. |




EXERCISE - 05 [B] JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

2. (b) Let Px) = ax? + bx + ¢ [Q(X) COSX —9(0)]

(b) Lim -
PO)=0 = c=0 x>0 sinx
Pl)=1=a+b=1 _ Limg'(x)cosx—g(x)sinx=0
x>0 COS X
Px) = (1 - a)x? + ax Now f(x) = g(x) sin x
Px)=2(1-ax+a>0 fi(x) = g'(x) sinx + g(x) cosx
_ ~f0) =0
put x =0, a>0 ''(x) = g"(x) sinx + g'(x) cosx — g(x) sinx
x=1, a<?2 + g'(x) cosx
S={l-ax+ax;0<ax2). f0) = 0 :
Given limit = {"(0) & also f'(0) = g(0)
5. (a glx+1) =log(fix + 1)) = log x + log f(x) So S(I) & S(II) both are correct but S(I) is
= gx + 1) =log x + gx) not correct explaination of S(I)
= gk + 1) - gi) = log x 6. fx) = x> + /2, glx) = ! (x)
1 = g'(f(x).f(x) = 1
=gk+1)-dk=— Put f(x) =1 = x* + ev?=1
X = x =0
1 1
=g'&k+1) - g"x) - =g (1).f0) = 1, fi(x) = 3x* + e"/z-g
X
= gd(1) =2
1 1
=g (1 +§] -g" E] =-4 ; Let f(6) . . sin O
. et =sino where o =tan"
\Jcos26
11[24_1] u[l_‘_l] — _i
") T8 T T T
. sin©
................................................... an oL =
[ 1 1 4 = \Vcos20
n N + _] ] ( — _\] -
s 2/ 78 2 (2N -1) sin 0 N T T
By adding = sina= " =tan® |~ 0€ 4
1 1
Hence g" (N + E] -g" [E] = f(6)=tan0
p L (1)
=—4{1+—+.....+ =
g eN_17) d(tan 6)



