TRIGONOMETRIC EQUATION

EXERCISE - 01

CHECK YOUR GRASP

3. tan’x — sec!%x +1 =0 12. 1 + sin®*x = cos®3x
= sec>™®x - 1-sec™x+1=0 LHS. >1and RHS. <1
= sec’k (1 - sec®s) =0 So equality holds only if LHS = RHS
= sec’x =1 = cosx = =1 sin®x = 0, cos?3x =1
= x=m, 21, 3n x =nm, cos3x =1 or cos3x = -1
4. (cos® + co0s20)® = cos®0 + cos320 3x=2nm+0 or 3x=2nw+x
= 3cos0 cos20 (cosO + cos20) = 0
2nm 2 b
X = ,X = —nnEt—
0 3 3 3
= 6c0s0 cos20 cos— cos— =0
2 2 so greatest positive solution is 27w
P TC 13 251n2X+4.2c052x=6
= 0=@2n+1)—,06=0C2m+ 1)—,
2 4 Let Zsinzx =t
i 8
6=(2p+1)§,9=(2q+1)n t+T=62(t—4)(t—2)=0
N . P 25in2x =4 & 25inzx :2
least positive value is —
4 = sinx = *./9 (reject) and sinx = *1
8. tan (@ + B) = 3,0 <a + B <90
fan (o - B) = 2,0 < o - <90 in (-27%, 27n) there are 4 solutions.
an oc. p o a-P 14. |sinx| = cosx, cosx > 0
sin2a) = sin [(o + B) +a - P) = sin&x =cos?x = cos2x =0
= sinfa + B) cos (o — B) + cos (a + B) sin(a — B) i
= 2 + —
_ i L . 1 2 _ L = X nmw 4
NI NI V2 20. |4sinx - 1| < 5 = _/5<4sinx-1<+5
11. sinx + 3sin2x + sin3x = cosx + 3cos2x + cos3x \/—_1 \/g+1
= 2sin2xcosx + 3sin2x = 2cos2xcosx + 3cos2x = 4 <sinx < 4
=  sin2x [2cosx + 3] = cos2x [2cosx t+ 3]
= tan2x =1 = —sin - < sinx < cos
10 5
= 2><=mt+£:>x=ﬂ+E 3
4 2 8 — sin -l <sinx <sin 2=
10 10
n brn 13n 9=
X = _7 _> _> o 37‘[
8 8 8 8 c T or
= [ 10° 10}
EXERCISE - 02 BRAIN TEASERS
1. cos?x + cos?2x + cos?3x = 1

= cos? - sin? 2x + cos?3x = 0
= cosx cos3x + cos?3x = 0
= cos3x (cosx + cos3x) = 0 3.
= cos3x cos2x cosx = 0 I
sn _E L
n - 6
= x=2p+ l)g 6
..
x =(2q )4, 1 lin
T © 6
x=(2r+1)5,nel 2

= x=nm* also satisfy the equation.

T
6

X+—
X

log( 1](25in(x—1)S0

x+l>2
X
so 2sino-1<1 & 2sino-1>0
= 2sina £ 2 & sina >5

= sina<1



sin (0 + a) = k sin20 0 = 2mm + £7 omm
sin® cosot + cosO sinat = 2k sin® cosB 2
12. 2(sinx - cos2x) - sin2x (1 + 2sinx) + 2cosx = 0
Change the equation in tanE form and let =  2sinx - sinZ2x - 2cos2x — 2sinx sin2x
+ 2cosx = 0
0 =  2sinx-sin2x— 2co0s2x — (cosx — cos3x)
tan— = t, then obtained equation is
2 + 2cosx = 0
sinat* — (2cosa + 4k)t® + t(4k — 2cosa) - sino = 0 = 2sinx (1 - cosx) + 4cos®x — 3cosx + cosx
2cosa + 4k - 2(2cos’ = 1) = 0
S1 S T ane S,=0 = 2sinx(l-cosx) + 4cos’k — 4cos?x — 2cosx + 2 = 0
= 2sinx(1 - cosx) —4cos?k (1 - cosx)
S - 4k —2cosa s - 1 +2(1 - cosx) = 0
3 sina T = (1 - cosx) {2sinx - 4(1 - sin%x) + 2} =0
(6, +6, +6, +6,) S, -S, = cosx =1 orsink - 2(1 - sin’)) + 1 =0
tan 2 = 1-S,+8S, s> = x =2nn (2sinx - 1)(sinx + 1) = 0
w = (2n + 1)% sinx = % or sinx = -1

= 0,+0,+60,+0,=(2n+ 1, n € integer

3 - 2cosO - 4sinf - cos20+ sin20 = 0

sin20 — 2cos® + 3 — 4sin® — (1 - 2sin?0) = 0 13.
2c0s0 (sin@ - 1) + 2sin®0 — 4sinO + 2 = 0

T T
x=2nn,x=nn+(—1)“g orx=2nn—§

2c0s330 + 3cos30 + 4 = 3sin?30

cosO(sin® — 1) + (sin® — 12 =0
(sin® — 1)(cosO + sin® — 1) = 0

) 1 (9 n) 1
sin® = 1 or cos 1) - \/5

= (cos39+%j(2 cos® 39+2c0539+2) =0

1 27

30=—— 30=2ntt+t—

=  Ccos 5 = 3
2nmt  2m
0=—o+—
= 39

EXERCISE - 03

MISCELLANEOUS TYPE QUESTIONS

True/False :

s .
1. ..sin (E_Sm 6] > sin (cosH)
T sind> cosd, © {o E}
o ~sind>cosh, B e |07

Fill in the blanks :

2 + _3
: COSs X Ccos y 2
v (Zr) -2
—> COS X Cos 3 = 2
1

= cos X — —COSX + —sinx =
2 2

cosx ++/3sinx

2

= No solution sin(x +§J =3

N | w

Match the column :

m m m
1. (A) |tanx| = —= tanx = — & tan x = - —
n n

n
In [0, 27] it has 4 solutions
(B) cos x + cos2x + cos3x + cosdx + cosbx = 5
= cosx=cos2x=cos3x=cosdx=cosbx = 1
= x=2n1n, X = n,m,

_ T _nuTw A
x—2r13§,x— o L X = T
271 = x =0, 21 are common solutions.
k+y=-"7)
1
(C) 217\cosx\ :4
1, 1
1-] cosx| = | cosx| 2

N | =

1
= |cosx| 25 = cosX = £

In (-m, w) there are 4 solutions



(D) tanb + tan20 + tan360 = tan® tan20 tan30
= 0+20+30=nm = O=nn/6

27

i
= 0= 33 satisfy equation only.

= sin6=0 or sin(20 - b) =asin b
= sin0=0= 0=nn, neZ
and sin(20 - b) = a sin b.
= sin (20 - b) = sin(sin”!(a sin b))
= 20-b=nn+ (-1 sint (@asinb)n e Z

Comprehension # 1 1. S, =nm n e Z
(1 +a) cos O cos (20 - b) = (1 +a cos20) cos(0 - b) S 1 1 . b+ b 7
= = + (=1)" sin” i +
= cosO cos (20 — b) + a cos 0 cos(20 - b) 22 (o + (1" sin(a sin b) )nez
=cos(® - b) +acos 20 cos (0 —b) 2. la sin b|] <1 — For S, non empty.
= 2cosO cos(20 - b) + 2a cos® cos(20 - b) 3. It a=0
=2 cos(® - b) + 2a cos 20 cos (6 - b) sin(20 - b) = 0
= cos(30 - b)+cos(® - b)ta(cos(30 - b)+cos(® - b)) 20 -b=nt neZ
= 2 cos( - b) + alcos (30 — b) + cos( + b)) for 'S, a subset of (0,m)
= ¢cos(30 - b)+a cos(0 - b) = cos(0 — b) + acos(0+b) nm+b
= cos(30 ~b) - cos(6-b) = a(cos(® + b) - cos(B - b)) O<——<m nezZ
= 2sin (20 - b) sin@ = 2a sinO sinb <b<2
= - - nm.
= sin 0 (sin (20 - b}~ a sin b) = 0 nr o
be(-nm 28 -nn),n € Z
EXERCISE - 04[A] CONCEPTUAL SUBJECTIVE EXERCISE
1. sinA = sinB & cosA = cosB 6=nnor9=nn—g,nel
A = nm + (-1)B, A'z 2'r17t +B 13. sin3a = 4sina sin(x + a) sin (x — o)
Common solution is A = 2nt + B = sin3a = 2sino {cos2a — cos2x}
= sin3a = sin3a - sino, — 2sina cos2x
3. —sinx —cosx = cos? X = sina (2cos2x + 1) = 0
1
oL # nm cos2x = ——
3 2
= Z(l —cos®x) = (cos?x + cosx)? 9% = onm + 23_1t7 % = nm + g
=  3(1 - cos*) — 4cos’k (1 + cosx)? = 0 14. sin3x < sinx
= (1 + cosx) [ 3 - 3cosx — 4cos’x — 4cos®’x] =0 = sin3x - sinx < 0
= (1 + cosx)[-4 cos®k — 4cos’k — 3cosx + 3] =0 = 3sinx - 4sin’ - sinx < 0
, = 4sin®k - 2sinx > 0
= (1 + cosx)(cosx — 5)(4coszx + 6cosx + 6) =0 = 2sinx (/2 sinx - 1) ({/2 sinx + 1) > 0
1 —, + — ,+
= cosx = -1, cosx = > 4cos’k + b6cosx + 6 = 0 -1/2 0 1/°2
_ _ T 5m = _L< sinx < 0 or sinx > 1
X—TC;X—g;?;D<O \/5 \/5
L 2 £<<0+22+<<2+_n
But 3 does not satisfy the equation =y S X T, €N TS X S LN Ty
T d 2nm + r <x < 3_7'c + 2
< = o + 3 and 2nm + - < x 1 nw
or x=2nm*m n el 16. Gi N )
10. (1 - tanO)1 + sin20) = 1 + tand - oiven Ty ()

2tan0
1+tan?0
(1 - tanO)(tan® + 1)> - (1 + tanO)(1 + tan?0) = 0
(1 +tan®) {1 - tan?0 - 1 - tan?0} = 0
(1 + tan®) tan®0 = 0

(1 - tanB)(1 + ) = (1 + tan0)

cot x + coty =2 ....(ii)
From(ii), sin(x + y) = Z2sin x. siny

= cos(x — y)- cos(x + y)

= Ccos r_ cos(x + )
4



T 1
= sin(x +y) + cos(x +y) = coszzﬁ

—=sin(x +y) + Lcos(x +y) = L
- 2 V2 2

s s
— cos(x+y _Z) =cos—

= x+y—£=2nni

wla

... (iii)

T
Xx+y=2nnt—+—
= Y 372

17.

sin x + cos(k + x) + coskk - x) = 2

2 cos k. cos x + sin x X =2

This equation is of the form a cos x + b sin x = ¢

Here a =2 cosk,b=1and c = 2
Since for real solutions, | ¢ |<+/a% +b?

| 2|<V1+4cos’k = 2<+1+4cos’k

sink <

N

= coszkzg =

1 1
= sinzk—%so — [sink+§][sink—§jgo

fromn=0,x+y-= Z—Z(since x,y > 0) ...(iv)
1 . 1 b4 T
From (i) and (iv), X=f—;,y=£ = —Eﬁsmkﬁg = nn—gﬁkﬁnn+g
Hence least positive values of x and y are
N S
12 an 6 respectively.
EXERCISE - 04[B] BRAIN STORMING SUBJECTIVE EXERCISE

2. \/16COS4X—8C052X+1+\/16cos4x—24coszx+9

=2

\/(4C052X_1)2 + \/(llcoszx—?))2 =2

|4cos®x — 1| + |4cos?x — 3| = 2

Case-l If cos’x < —

4

then 1 - 4cos’x + 3 — 4cos’x = 2

= 8cos’x = 2

1
cos?x = 1 (reject)
Case-l : If l < cos?x < 3 th
aselll : If 7~ < cos™ < 7 then
dcos®x — 1 + 3 — dcos?’x = 2
2 = 2 (identity)
{—ﬁ 1} ¥ {1 J3 }
e _7__ _7_
cosx 5 5 2 2

[mt+E mc-i—ﬁ} [nrr+2—7c nn+5—n}n el
- X € 61 3 ) 35 6

3
If cos?x > 1 then

4cos’x — 1 + 4cos?’x — 3 =2

Case III :

2y = — ( H )
X rej.
COs e]

4.

P
2sin(3x + Z) = J1 +8sin2x cos? 2x

n
= ZSin(SXJrZ] = J1+4sindxcos2x

T
= 4sin? [3X +Z) =1 + 4sindx cos2x

I

= 2 - 2cos (6X+ 2) =1 + 2sinbx + 2sin2x

= x= S

2sm2x=§ 5 12,nel
o 5_71', 137 17=
X712 120 120 12
b n 17xn
- si 3+—)20 = —,—— satisfi
sm( X 1 so n 12° 12 satisfies

| solution is x — 207 + -~ 2nm + L&
SO general solution 1s X nm 12, n7m 12

sin®x + cos?x + sin2x +a = 0

1
=1- Esin22x +sin2x +a =0

1
Now a = Esin22x - sin2x - 1

or sin2x = 1 £ /o513

= 2a + 3 = (sin2x - 1)? or sin2x =1 - /25 +3

=0 <(2a+3)<4



or 2x = nm + (-1 sin (1 - f2o5+3) 3

or cosx siny = — (using first equation)
4

U
|
N | W
IA
)
IA
N | =

Now we have

1
= — _1\ngin-1 _ } 1
or x 2 o+ (=1)sin”(1 2a+3) sinx cosy = Z ........ (i)
Let n3* = 0
cos® - 2cos?0 + 2cos40 — cos70 & cosx sin y = % ________ (i)

= sin@ + 2sin?0 —2sin 40 + 2s5in30 - sin70

By adding & subtracting () & (i t
= 25ind0 sin30 + 2c0s40 — 2 Y adding & subtracting () & (i) we ge

= -2 sin30 cos40 - 2sin40 + 2sin30 sin (x +y) = 1 & sin(x — y) = _l
2

= sin30(sin40 + cos40 - 1) +(cos40 + sindd — 1)

T
=0 x+y= @K+ 1)
= (sin30 + 1)(sin40 + cos46 - 1) = 0
e 5n
= sin40 + cos40 = 1 or sin30 = -1 x—y=2mn—g,2mn—?
(n 46) LY . N id
PR = — = - — nsi
COSs 4 \/E TC 2 OW consiaes
Y@K+ 1)s & = 2mm - —
=40 - — = onr+ — X+y 2 XoyTemr - g
4 4
' T
gmr ™ o nm 2kt = x =@kl gy
AR 3 6
T '
gomr.m o oom . 2%kn R A T
T 2 '8 " 2 " 3 6
Now consider
ERE JC n S
x—log38 2 ,x—log32 X~ 3 7% X+y=(4K+1)§ &x—y=2m1‘t—?

meNuU {0}, neN KeN . 51
= x=4K+1)—+mn——
4 12

Second equation reduce to

Y 5m
3sinx cosy - siny cosx = 0 & y=(4K +1)Z—m7t+§



EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

4.

5.

0<x<m and cosx + sinx = 1/2
2(cosx + sinx) = 1

= 4cos®x + sin’x + 2sinxcosx] = 1
= 4[1 + tan®x + 2tanx] = sec?x

= 41 + tan’x + 2tanx] = 1 + tan®
= 4 + 4tan®x + 8tanx = 1 + tan®x

= 3tan?x + 8tanx + 3 = 0

-8+64-4.3.3 -8+247 -4x\7

2.3 2.3 3

tanx =

3
cos(B—y)+cos(y—oc)+cos(a—[3)=—E

2cos(B - y) + 2cos (y - o) + 2cos (o0 - B) = -3
1+1+1+ 2(cos B cos y + sin B sin y)

+ 2(cos y cos a + sin ¥ sin )

+ 2(cos o cos B+ sin asin B) =0

(sin?0. + cos?a) + (sin?P + cos?P) + (sin?y + cos?y)
+ 2cos a cos B + 2cos B cos Y + 2cos ycos a

+ 2 sina sinf + 2sin B sin y + 2sin y sin o = 0
(sin® o +sin’* B +sin’y + 2sinasin B+ 2sinB siny
+ 2siny sin a) + (cos? o + cos?P + cos?y

+ 2cosa cosP + cosP cos y + cosy cos a) = 0
(sina, + sinf + siny)2 + (cosa + cosP + cosy)? = 0
Only Possible when

sino. + sinf} + siny = 0

cosa + cosP} + cosy = 0

6.

sin® + sin40 + sin70 = 0

25in(e+27e]cos(792_ej + sind0 = 0

= sin40[2c0s30 + 1] = 0

= sind06 =0 = 40 =0, &, 2xn, 3m, 4xn
T 3n

T2a

but 0 and © are not included.

= 0=0

, T

N a

and 2c0s30 + 1 =0 = cos30 =7

30 = 2F 4= 8x 10z
= VT3 333
_2n 4n 8n 107
= 9°9°9 9
but 207 & (0. m
9
n w3t 27 4n 8%
SO, S S S R S R



EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

5. sin20 = cos40
sin20 = 1 - 2sin°20
25in°20 + sin20 - 1 = 0

1
= sin20 = -1, E

g% ®™ 5=
T4 120 12

Now tanf = cot50 (Given)

7.

All three obtained values of 0 satisy the given

equation.

Hence, number of values of 0 are 3.

1 1 N 1
6. . 2n . 3n
sin— sin— sin—
n n n
- 1 B 1 1
. m 3n 2%
sin— sin— sin—
n n n
. 3n . m
sin— —sin—
= n n _ 1
. m . 3¢ . 2n
sin —sin — sin —
n n n
2
2cos—7tsir1E 1
n n _
= T % 3t on
sin —sin — s
n n n
2n . 2% . 3n
= 2cos—sin— =sin—
n n n
= sir14r—7t=sinﬂ:>4—7T=K7H-(—1)K
n n n
If K=2m = —=2mn
1 111
n=—- = =, — ...
= om " 24’6
If K=2m + 1 = —=0Zm+

= n :2m+1

Possible value of n is 7

tan(2mw - 0) > 0

= 21 — 0 lies in I on Il quadrant

= - lies in II or IV Quadrant ...

V3

-1 < sinf < —
2

OEES—R
= 3° 3

By (i) and (i) : 0 e (3_“ 5_“j
2’3

Also, given 2cos0(1 —sin¢)
=sin”0 tan9+ cotg cosp—1
2 2

sin® Ocos ¢ 3

= 2cosB—-2cosBOsin¢ = 1

sin—cos—
2 2
=  2cosO - 2cosOsing = 2sin® cosp - 1

1+2cos0

= sin(0+¢) = 2

= %<sin(9+¢)<1

= —<6+¢<5—1t orlng 0+¢ 17m
pe[3E 2T L 13T g,y 2T
2 3 6 6
o 4n
= 35073



