MONOTONOCITY

EXERCISE - 01

CHECK YOUR GRASP

4. f(x)=x3+6x2+ (9+2kx + 1 11. /I +x-x<0
filx) = 3x2 + 12x + (9 + 2K) Let f(x) = fn (1 + x) - x, {Domain is (-1, o)}
= 3x+12x+9+2k>0VxeR =D<O0 1 -x L+ _
— f' = —1 = T
= 1212-12(9+2k <0 W=7 ol 0
3_-9%<0 = kzi. =S ix)<I0)Vxe(-10=1fx)<0Vx e (-1 o).
2 13. f(x) = 3tanx + x* - 2, f(x) = 3 (sec? x + x%) > 0
6. fx) = sin x - cos x —ax + b = f(x) is increasing in V x € (0, n/4)
flx) =cosx+sinx-a<0VxeR .
= a>cos x +sinx VxeR f(0)<0&f[zj>0
= ax fo T
= f(x) =0 has exactly one root in [O,Z] .
2 -x)2+x) 0<x<d 15. f(-2)=1f3) =0
9 x) 2 _\/; ) ’ f(x) is continuous in [-2, 3] & derivable in (-2, 3) so
4 ’ x=4 Rolle's theorem is applicable.
16 —3x , 4<x<6 so 3 c €(-2,3) such that f'(c) = 0
2¢ —5¢% +4c-1
2+\/;, O<x<4 N - _ ~ c=1/2
= f(x) = 14 , x=4 (c-1)
16-3x, 4<x<6 18. Using LMVT in [2, 4]
Flo) - f(4)-1(2) f(4)+4
T a2 2
f(4)+4
fx}>26 = (; 26 = f4)>8
22. f Dix - 2 —
So f(x) is continuous only - f) = et - 1ix - 2) 1 2
f(x) is increasing in (o0, -2) & (-2, -1) & (2, )
EXERCISE - 02 BRAIN TEASERS
2(x—2)+3 " filc,) = 0 for atleast one c, € (0, 1)
2. y=T similarly, - f(1) = f(2)
3 . f(c,) = 0 for atleast one c, € (1, 2)
y=2+ x—2) = fic,) = flc,)
= f'(c) = 0 for atleast one ¢ € (c, c,)
d_y _ -3 <0 4. f(x) is continuous in [0, 1] & derivable in (0, 1)
dx  (x-2)° 1
y decreases V x € R Consider the interval [O,;} where n € I'
2y — 1 1
Now, x = y-2 f(0) = f[;]
Xy —2x =2y -1 (01]
yx - 2)=2x - 1 = f'(c) = O for atleast one c € o
_2x-1 i Al R- (1) we can have such infinite number of points.
- x—2 ) [Also, y € R - ] 5. Ox) = £ (x) - 3f2 (x) + 4f(x) + 5x + 3sin x + 4 cos x
3 o 1 2' ¢'(x)= (3f2(x)-6f(x)+4)f'(x) + 5 + 3cos x — 4sin x ..(i)

- f(0) = f(1) & 'f' is continuous in [0, 1] &
derivable in (0, 1)

3cos x —4sinx > -5
5+B8cosx-4sinx)=>0



11.

13.

also 3f*x) - 6f(x) +4 >0
o'x) > 0 Vv f(x) >0
Now let f'(x) = - 11

0'(x) = -11(3f%(x) — 6f(x) + 4) + 5 + 3cos x — 4sin x
Now 3ff(x) - 6f(x) + 4 > 1

= - 11 (3f? (x) - 6f(x) + 4) < - 11
3cos x — 4sin x < 5

= 5 + (3cos x — 4sin x) < 10
(ii)+(iii)

= -11(3f3(x)-6f(x)+4)+5+(3cosx-4sinx)<-1
= d'x) < -1

dx -2t dy
dt L+t dt

dy 1+3t2 dy
— = = —>0Vt>0

D<O

— (i)

— (iii)

—(1+3t?%)
t2(1 +t?)?

dx 23 dx
1

Now, x = W

t>0=>xe(0,1)
—_—
124
Applying LMVT in [1, 2]
f(2)-f(1)
o1 fic) Ve, el 2
fQ-2<2{f'x<2}=>12) <4 .. (1)
Similarly applying LMVT in [2, 4]
f4)-f2)
a9 =f(c)Vec,el24
8 —1(2)

5 <212 >4 ... (2)
from (1) & (2) f(2) = 4
3x% - 2x3 =1 X+l >0
x* - 2x° = log, <) X
flx) = 3x% - 2x°
f'(x) = 6x— 6%2
_ .+ _
- 6x.11 - 5
f(x) < f(1)
fx) <1
= [LHS<1&RHS>1
LHS=RHS =1 forx=1
". equation has exactly one solution
(n a) hix) = fna{a‘x‘sgnx} + Kna[amsgnx]
(¢n a) h(x) = ({a‘x‘ sgn X} +[a‘x‘ sgn x])éna a>1
(¢n a) h(x) = (@ sgn x) (n a)
= h(x) = a*! sgn (x)
O<a<l1

Ifa>1 = 'h'is odd & increasing
0 <a<1 = 'h'is odd but neither increasing nor

decreasing.

14.

15.

16.

x2erxl-1=0

e?x?
fy = —-1 Vx20
e
2xe* —x%e*} e?.x(2-x) + -
f'(x) = € 5 = ‘(')_'_
e e* 2

= { increases in (0, 2), f decreases in (2, o0)
Also f(0) < 0 & {(2) > 0 = Exactly one root in (0, 2)
Lim f(x) < 0

= exactly one root in (2, o)

= exactly 2 roots in (0, o)

= equation has exactly 4 roots

-+ f(x) is even function.
1

= 1y

Domain of 'f' is (-0, —=1) U (-1, )

f'(x) = —S(ﬁﬁ-lj + cos X.

= f'(x) < 0 = f is decreasing

- 3x + sin x

Lim f() — oo

x—>-17

Lim f(x) — —oo

Lim fx) — —oo Lim f(x) — oo

(1/ +4 \
f(x)=(1p_p _1J x> -3x+ /b5

( p+4 \
f'(x)=L1_p —1J 5% -3<0VxeR
- \/p+4_1<0

1-p B

If -4 <p<1then
= Jp+4 <1l-p = p+4< 1-2p+p?
= p’-3p-32>0

3-421  3+421
p = or <p

2 2

€ {—4 S_M:l

2

= P

Ifp>1then p+4 21-p

= Always true for p > 1

3_;/5} U (1, o)

=>pe {—4,



EXERCISE - 03

MISCELLANEOUS TYPE QUESTIONS

Match the Column :

1.

(A) xlogx=3-x ) S
y = x log x ;/jc
y' =1+ log x Le v=3-x
o : 3,0
-+ /e (1,0
0O 1e
lim logx _ lim 1/x _
x—0" % x>0 -1 /X2

Lim xlogx — o

X—>00

There is exactly one root of the equation
in (1, 3).

(B) Let g(x) = [(@ax® + 3bx? + 2cx + d) dx
= gx)=ax?+bx®+cx?+dx+K
= g(0)=g8) =K
{v 27a+9b + 3c +d =0}
.. By Rolle's Theorem g'(x) = 0 has atleast

one root in (0, 3).

(C) Let the required inteval be (a, b).

By LMVT
f(b)—fla)
b_a = f'(c)
b+l—a—l
= b a=-1-=
b-a c
1 L—1 — b=3
= 1T 37T
f(b) —f(a)
(D) Tboa f'(c)
—a

2(b—a)—(b%*—a?
b-a
=2-b+ta=1=>b+a=1

=1

Assertion and Reason :

1.

Statement-II :
f(x) is continuous, derivable & (1) = f(2) = 0
= f'(x) = 0 has atleast one root in (1, 2).
= e™*2x-3)+10e™x*-3x+2)=0
has atleast one root in (1, 2).
= 10x% -28x+17 = 0 has at least one root in (1, 2).

Statement-I is true & statement-Il explains statement-I.

Consider f(x) = x/*

1-/nx

X2

+ _
OI:e

f'(x)=x1/x( ] vV x>0

. at x = e, f(x) has absolute maximum value.

313 s 414 = QL2

Hence both statements are true & statement-II

explains statements I.

Comprehension # 1 :

f(x) = tan"'(/n x)
- tan"!(x) & /n x are increasing functions.

= f(x) is also increasing function.

T
lim tan'(fn x) - - 7

x—0"

. n _
)l(lirolc tan™ (/n x) — 5 = range of 'f' is (_n Ej .
2 b

a
/2
1 v=g(x)
X X X3 o
0 i (1,0) v
—14--
—7'5/2
From graph, g(x) is discontinuous at x = x,, x,, X,
tan”(/n x)) = -1; tan”(¢n x,) = 0; tan™'(/n x,) = 1
1 tanl
— = . — an
= Xl tanl XZ 1 ’ XS e
— tanl
X Hx, Tx = e +etan1+1>3’

Comprehension # 2 :

fx) = 3x* - 4x3 - 12x* + 5

fiix) = 12x® - 12x? - 24x
=12x (x-2) (x + 1)
a,=-1,a,=0%&a,=2

-+ - +
1 0 2
\1 \ 2
RANDY
D C

on the basis of above graph, the given questions
can be solved.



EXERCISE - 04 [A]

CONCEPTUAL SUBJECTIVE EXERCISE

1 (b) fx)=— {Domain of 'f'is R - {0}}
X
. 7x.e"—e"7 e*(x—-1) - - +
(x)= Z ol 1'
. X eX
11rro1+_ —> o lim——> oo
X X X0 ¥
lim — — - lim — =
x—=0" X X—-0 ¥

2. 1 - fx) - £Bx) > f(1 - 5x)
= fx=-1-3%<0=>
Now f(f(x)) > f(1 - 5x)
= f(x) <1 -5x

1-x-x3<1-5x

f is decreasing

{ . fis decreasing }

8. Fora=1
fx) = 2x + 1 = f is monotonic increasing
Ifaz1l
fx)=@-1x2+2@-1)x+2
f(x) >0 (- 'f' is monotonic increasing.)

=>D<0 & a?-1>0
da-12-8a-1)@+1)<0
@-1D{a-1-2a-2}<0=>@-1(-a-3)<0
=@-1N@+3)>20 = ae (oo -3]uU]ll, o).
9. f(x) = sin2x — 8@ + 1) sin x + (4a® + 8a - 14)x
f'(x) = 2 cos2x - 8a + 1) cos x + (4a® + 8a — 14)
f'(x) = 2(2cos® x — 1) -8(a + 1) cos x + 4a? + 8a-14
= 4{cos’x — 2(a + 1) cos x} + 4a® + 8a -16
=4{cosx-(@a+1)}*-20>0

={cosx-(@a+1)}2-(/52>0

fi(x) = {cosx — @@+ 1) -5 } {cos x - @+ 1) +/5 }>0

2cosx>a+1+\/g orcosx<(a+1)—\/g
VxeR

a+1+J5<-1 o @+1) -5 >1
a<-2-45 or a> .5
ae (-0 -2-+5)U (5, 0

11.

15.

20.

X-1>2xMmx>4x-1)-2/Mmx,x>1
(@) Consider f(x) = x> - 1 - 2x /n x

fx)=2{x-1- /nx}

1
mm-z%——}
X

f'x)>0Vx>1
f'(x) is increasing V x > 1
fx) > (1) = fxk>0Vx>1
f(x) is increasing V x > 1
fx) > (1) = fxx>0Vx>1
(b) Consider,
gx) =2x nx +2mx -4 (x - 1)

U

dx)=201+/mx)+ — -4
, 2 2
gk = 3
2(x-1)
g"(x) = 2 >0 Vx>1
X

g'(x) is increasing V x > 1
g >dl) =dk>0Vvx>1

=
=
= g(x) is increasing V x > 1
= gk >gl)Vx>1
= gx)>0Vx>1
fx) = x - a" (x - bn
'f' is continuous & derivable in [a, b].
&  fa) = f(b)
according to Rolle's theorem,
there must be atleast one root of the equation
f'x) = 0 in (a, b)
consider f'(x) = 0

mE-a"lx-br+nx-b)lx-am=0

x-a™x-b!'{mx-mb+nx-na}=0
mb + na
= x= € (a, b).
m +n
fa) f(b) f(x)
Consider g(x) = [§(a) ¢(b)  (x)

Apply LMVT in g(x) in [a, b]



25. () n=2m (even) (i) n=2m-1 (odd)

fx) = x*™™ + px + q fx) = 21 + px + q
f(x) = 2mx*™ "'+ p =0 f(x) = 2m-1)x*-2 + p
If p>0 = no real root of f'(x)

= f{'(x) can have exactly one point

of local minima or maxima. p<0 = 2 real roots of f(x)

1 . ..
=  f(x) can not have more than two real = f'(x) can have one maxima & one minima.

= f{(x) cannot have more than 3 real roots.

roots.
EXERCISE - 04 [B] BRAIN STORMING SUBJECTIVE EXERCISE
1. at+tb=4 Also 'g' is derivable in [a, b].

b-a=t(say) . g'(x) = 0 for atleast one x € (a, b) {Rolle's theorm}.
4+t 4t e | f(x) + ae™f(x) = 0
b=T ,a=7 = f'(x) + af(x) = 0
a+b
4-t % 4. By LMVT in {3,7}

0 a+b
f[ 2 )—f(a) ( a+bj
= 1 € a, (l)

—— =f'(c)c, e |[BH 5] .....
i~ L _4“]_ (4*) a+h ! 2
h(t)=§ {9( 2 g 2 2 —a
Now a < 2
a+b
4_t By LMVT in {T b}
= — <2 =1t>0
2
b
4+t 4t f _f[a+]
(29 (59 2w -3y
2 2 T aib =f () c, € o 00 (ii)
b_

(. g is an increasing function.)

= h increases as t (i.e. b — a) increases.
@+ @ = fc)+flc)=2

2. f(x) = 8ax - a sin 6x — 7x — sin 5x
7. Let x € [-2, 4]

f'(x) = 8a — 6a cos 6x — 7 - bcos 5x > 0 V x € R
consider the interval [-2, x]

7 +5cos 5x By LMVT

=a> 8 —6cos 6x VxeR
f(x) —1(-2)
= RHS assumes maximum value for x = 0. x——(—2) =1(c), c € (-2, 4)
. 7+5 s 6
= a = a
8-6 f(x)-1
=-5< 2 <5 {+ |f'x)] <5}
3. Consider g(x) = e*{(x) X+
Now g(a) = g(b) = 0. So-bx - 10 <flx) -1 <bx + 10

-bx - 9 < f(x) < bx + 11.



EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

3.

Check the option one by one
third option f(x) = 3x?- 2x + 1
fx)=6x-22>20 x > 1/3 it is incorrect
f(x) = tan"!(sinx + cosx)

1 X (cosx —sin x)

f'(x) = >0

1+(sinx +cos x)?

cosx — sinx > 0 cosx > sinx

sinx < cosx tanx < 1
<E X € Lz
Ty 2’4
1

f(x)=—
(x) e’ +2e”"

1
Y=m Let e =1t € (0, )
_ ! __t >ty -t+2y=0
y t+g y 210 y Y

D>0
1-8y2>0

1 1
2 - 5
=84 -1<0 2ye|:2\/5 2/—2:|

buty > 0

e [0, ﬁ}

(c € R)

So Statement-1 is true, Statement-2 is true ;
Statement-2 is a correct explanation for
Statement-1.

EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

4.

fx) =4x> - 3x - p

GRS
5 P

“p e -1, 1]

1
f(x) = O has atleast one root in [571}

flx) =3 2x - 1) (2x + 1)

1
= x>0 Vx>§

1
= f(x) = 0 has exactly one root in [571}

Let the root be x = cos 0
4 cos®0 — 3 cos O =p

cos 30 =p

2
(a) cosx - 1> —X? (given) ........ (i)

consider f(x) = sin(tanx) - x
f' (x) = cos(tanx) (1 + tan®x) - 1

= (tan®x)cos(tanx) + cos(tanx) — 1

tan? x

cos(tanx) - 1 > — from (i)

(tan?x)cos(tanx) + cos(tanx) — 1

1
5

> tan?x {cos(tanx) -
1
= f' (x) > tan® {cos(tanx) — 5}

0<tanx <1 {*0<x<

1
= cos(tanx) > 5

= f®>0 = =20 = fx=0



(b) (ii) Consider g(x) = _([f(t)dt C')_]'._E
g(1) - g(0)
= gl0), ae (0, 1) {by LMVT in [0,1]}.......0)
a2) - g(1)

=g'(B), Be (1, 2) {by LMVT in [1,2]}....... (if)

@+ @ = g -g0) =g+ gP

4

= [fndt =2faf(a

0

°)+ BE(E*)}

Let g(x) Ip )dx + K

102 5 2

+ 1035x + K

92 _46x'"! —45%% +2070x
+K

2

X" - 425)(x 46) .

g(4_51/100) = g(46)

= g'(x) = 0 has exactly one root in (451, 46)

3x? +3x
Let f(x) = sinx + 2x & gx) =——
6x+3
f'x) =cosx+2 g'(x
T
f n —_ 3 n — 9
(x) = - sin x g(X)_n

T
= 'f' is increasing & concave down in [0,5}

T
and 'g' is increasing & concave up in [0,—}

wi(5)4)

71:./2

from the graph f(x) > g(x) V x € [Qg}

11.

20.

Consider g(x) = x% - {(x)

'g" is continuous-derivable
. By Rolle's theorem
g(l) = a2 = g (c) =

0 for atleast one c, € (1, 2)

= 0 for atleast one c, € (2, 3)

c.).

= g"(c) = 0 for atleast one ce (e, c,

= 2-f()=0

= f'c) =2

= (nx+J‘\/1+sintdt
0
f‘(x):l+\/1+sinx
X
X @
cos| ———
2 4
X T
cos| ———
2 4

. f '(xX) is non-derivable but continuous.

x)= 2442
X

is non-derivable

hence option (A) is incorrect & option (B) is correct.
For option C

f(x) = (/nx) + j( 1+smx)dx
0

since f(x) is positive increasing function for

all x > 1
= [f(x)| =
Let f(x) =

fix) & [f'(x)]= f'(x)

f'(x) - f(x)=l—€nx+\/1 +sinx —I\/l +sint dt
X 0

dt

f'(x) —f(x) =l—€nx+\/1 +sinx —\/EI
X

Jr(3-3)
cos| ———
d 2 4

l—fnx<o ; when a > e
X

OS\/1+sinxSx/§~
j- (t nj
cos| ———
S 2 4

3
= f'x) - f(x) <0V a>7n> 1

dt>x/§Va>%




21.

Hence option (C) is correct.

For option (D) |[f(x)] + |[f'(xX)] — o
when x — .

Therefore option (D) is incorrect.

Alternate

f(x) = fnx +I«/1+sintdt
0

fi(x) = l+\/1+sinx

X

for x > 1

l+\/1+sinx <1+«/§
X

but /nx +J‘\/1 +sintdt will always be more than
0

1++/2 for some o > 1
jxfl +sint >0 & /nx is increasing in (1, o)
0

= fx)>fx)Va>1

(C) is correct

1 CcOSX
f'(x) =——+

x* 2+/1 +sinx

= f' is not derivable on (0, =)

(B) is also correct

f(x) is unbounded near x = 0 in (0, 1) hence |f(x)|
can never be made less than a finite number hence

[f(x)|+]f'(x)| can never be less than f.

Ans. (A)
f:0,1) >R
b-x
f(X)—l_bX b € (0,1)
v b? -1
= f(X)_(bX—1)2

= f'x)<0Vxe(0,1)
hence f(x) is decreasing function
hence its range (-1, b)

= co-domain # range

=  f(x) is non-invertible function

22.

23.

Ans. 2
Let f(x) = x* - 4x> + 12x* + x - 1
flx) = 4x* - 12x" + 24x
f(x) = 12x* - 24x + 24
=12(x* - 2x +2)> 0
= f'(x) is strictly increasing function
f'(x) is cubic polynomial
hence number of roots of f'(x) = 0 is 1
= Number of maximum roots of f(x) = 0 are 2
Now f(0) = -1, f(1) = 9, f(-1) = 15
=  f(x) has exactly 2 distinct real roots.
flx) = (1 - x)? sin’x + x?
P: flx) +2x = 2(1 + x?
= (1 -x)?sin’x +x%+2x =2+ 2x%
=1-xPsin’x-x2+2x-2=0
(1 - xfcos®™x+1=0
which is not possible.
- P is false.
Q:2fx)+1=2x(1+x)
2x2 + 2(1 —x)%in%xk + 1 = 2x% + 2x
2(1 - xP?sin’x - 2x +1 = 0.
Let h(x) = 2(1 - x)%sin?’x - 2x + 1,
clearly h(1) = -1
and h(x) = 2(x®> - 2x + 1)sin’x - 2x + 1

=x’ [2(1 —E+L2J.sin2x—g+%}
X X X X

.o h(x) > w0 as x — oo,

.. By intermediate value theorem

h(x) = 0 has a root which is greater than 1.
Hence Q is true.

g(x)= I{% - ﬂntjf(t)dt

1

g‘(x) = (Z(X—_l)—fnxjf(x)

x+1

fx) >0 V xeR



25.

Suppose. 26.

x+1

4 +€nxj
x+1

4 1

(x+1)? x

h(x) —2—(

hi(x) = -1

B x(x +1)2

h'(x) < 0 27.

So h(x) is decreasing

so h(x) < h(1). Vx>1
h(x) < 0 vVx>1
So g'(x) = h(x) f(x)

gdx) <0 Vx>1

g(x) is decreasing in (1, o0).

flx) = Je (t=2)(t=3)dt

+ no\ — +
& :
2 3
= f'x) =e (x-2)(x-3)
2 = f13) =0

= f"(c) =0 for same ¢ € (2,3) (by Rolle's theorem)

(x) = x® - x sinx — cosx

'(x) = 2x — xcosx — sinx + sinx

I~ =

X (2 - cosx)
— -
0

.. graph of f(x) will be

o f(x)is zero for 2 values of x

U (o]

f'x) = sinmtx + mx cosw x = 0
tan x = -7X

y = tanx® & y = -mx

0 12 ﬁ 32 /2 572

intersection point lies in
l,l U 3,2 U 2,3
2 2 2

1
option (B) is correct for (n +§!“J

as well (n, (n + 1)) because root lies in

(0.1)u(1.2)u(2.3)

7/2



