DIFFERENTIABILITY

EXERCISE - 01

CHECK YOUR GRASP

. o 1/h _ 1/h o
N -1/h /h |

80 -2=2@ (@0 -b = b=2adacecR

4
—, differentiable at —

Hence f(x) is continuous at 5 3

& discontinuous at 2.

I e +e! 11
2. f(0) = [m T =-1 Also f(x) is continuous in TR0
( ol/h _ e—l/h\ 13. Since [x] is not continuous at integers so x[x] is also
h 1/h . _-1/h not continuous at finite number of points in
. e +e
f'(0") = LILT(I) D =1 [- 1, 3] & hence not continuous.
since f'(07) = f'(0%) 2(sinx —sin3x) + (sinx — sin® X) T
so f(x) is not differentiable. 14. fx) = 2(sin x — sin®x) — (sinx —sin3x) | * " Y
. h+h—[h]+hsin(h —[h]) (v sin x > sin® x in (0, )
5. (0 = lim
h—0 h T
=3 ; X = E
. 2h +hsinh
= lim ——=2 T
h—0 h Now f(x) = 3 ; X # 7
£(0) = lim —h —h —[-h]-hsin(~h —[-h]) .
h—0 —h =3 ; X = —
2
. —2h+1-hsin(—h+1) T
= }lllm Hence f(x) is continuous & differentiable at x = —
-0 -h 2
= lim~2+ - —sin(1 ~h) 16. m 1o+ b - ] < 6+ b - P
h—0 h
llm — < 2
= LHD does not exist = 5 [+ by =6l < Thi
hence function is non differentiable and I f(x +h) —f(x) ,
= [m 1 <0=fx) =0
discontinuous at x = 0. Similarly for x = 2.
) = f(x) is constant function = f(1)=0
o5 271 (x +1)2x 1), x<-1
7. fx) = | — 1N1-2 -1<x<
W= -1 . ox=1 19. f(x)= (x +1){1 - 2x), x <0
3 x+1, 0<x<l1
) 9 x+1)2x-1), x=>1
filx) = (2x —5)2 = f(1)= 5
4x+1, x<-1
8x-2 ; —<x<0 £ —4x-1, -1<x<0
1 — X) =
10. &) 1, 0<x<1
1
2ax —b ; 0SX<§ 4x+1, x2>1
Now at x = 0 Function is not differentiable at x = -1, 0 and 1.
EXERCISE - 02 BRAIN TEASERS
g 1 6.  Since sin"! d fi &
_ o <y < . ince sin”" x and cos — are continuous
5 f(x) 1 \/5 s 1<x<2 X
' differentiable in x € [- 1, 1] - {0}
) 1 Now at x = 0
= == : <x<
2 5 ;0 2<x<3




(sirl_1 h)2 cos (;j -0
fi(07) = lim =0

h—0 h

Hence LHD = RHD

so f(x) is continuous & differentiable every where
in-1<x<1

) g(O+h)cos[ 1 ]—f(O)
10. f(0) = lim O+h
h
i g(h)cos[i)
= lim =0
h
) g(0 —h)cos[ ] —1£(0)
£(07) = LILT(I] = 0-h
-h
) g(—h)cos(_j
= Llil’(l) h/ =9

11.

12.

COSX ; OSXS%
H(x) = . .
——x; —<x<3
2 2
(n_\
H'L?J =-sinx = -

Hence H(x) is continuous and derivable in [0, 3] &
has maximum value 1 in [0, 3]
flx) = 3(2x + 3} + 2x + 3

4

-3

Now 2x + 3 # 0 :>x¢7

Hence f'(x) is continuous but not differentiable at
x=-3/2

Also f(x) is differentiable & continuous at x = 0

EXERCISE - 03

MISCELLANEOUS TYPE QUESTIONS

Match the Column :

_ tan x + cotx _|tanx—cotx|

1 A) fx)
(A) 2 | 2 |
cotx , tanx =cotx
flx)=
tanx , tanx <cotx
-n/2 e b ‘rr/2~ RN T 3n/é R 2

AN

There are 4 points where the function is

continuous but not differentiable in (0, 2n)

derivable

oD} _

€ f=Kx+47

f'x) = %(X + 4

Not derivable at x = -4

Zm(X2)4 2 0exs?
(D) flx)= "
T —X, —<xX<—
_ZL O<x<g
flx)=q %
3n
-1 —<X<—
2
(n ('
P ==
2)77 %)
b
function differentiable at x = 5
1-1=0; 1<x<2
@ - o0 *T
% 1-x ; 0<x<l
—sinmx ; -1<x<0
at x = 0, f(x) is not continuous & not

differentiable
at x = 1, f(x) is continuous & not differentiable
at x = 2 and - 1, f(x) is continuous &
differentiable



(©) fx) = —— . not defined at x = - 1
X +

f(h)-1(0)
1 () = lim
) f(x) = f(x) MM 0
g(x) = f(X)+2 fI(X)
g(x) is not defined at f(x) = - 2 = f(x) =-1 = .[ f(x) dx =-x+c
-2
=92 —Sx=— = /Iflx)=-x+c
x+1 3 3
Also x = 0 is not in the domain of f(x) fx) = Le™
So, at 3 points g(x) is not differentiable. atx =0, 4 =1
Comprehension # 2 : sofx) = e
1. Range of f(x) is R*
) = T 2. Range of f(|x]) is (0, 1]
Butx=0 = f0)=1 = f(0)=1 3. f(x) is decreasing function
fpg = lim TR, TRITRZH) g ) = - e = - £
h—0 h h—0 h
EXERCISE - 04 [A] CONCEPTUAL SUBJECTIVE EXERCISE
I = limpm-1 (1j
ax?-b ; -1<x<1 = fmhmtsin |
i . 51 = m - 1> 0 for derivable
6. f(x) = X ’ X = = m e (0, 1], f(x) is continuous but not
1 derivable
 oxsT £0 +h) - £(0) f(h)
- 10. f(0) = lim — :1_}112%?
Now f(x) is differentiable at x = 1
1 (3)
= 2ax=X—2 at x =1 - lim M:l lim _\2 =l
x—>0 X x—>0 X 2
1 %2
= a= — 2
2 .
_ _ and similarly so on.
Also f(x) is continuous at x = 1 On substituting value we get required result.
3 >
 Alf-b--1 > b-> 12. Fort=0
2 x=2t-t=t
1 1 y=t+ 2= 2
9. (a) f(0) = Llir(l] 0+ hm sm(;) = h™ sin (H] Fort <0
= m > 0 for continuous x=3ty=0
so f(x) is discontinuous if me(- oo, 0] Also when
1 0<x<1= 0<t<l1 [ x=1
(0 +h)™ sin (hj -0 1
(b) f£(07) = lim - -1<x<0 :?suo [ x=3
f is continuous and differentiable
at x = 0
EXERCISE - 04 [B] BRAIN STORMING SUBJECTIVE EXERCISE
3. f(X + y") = f(X) + (f(y))“ . | f(o) - f(O +(h1/n)n)_f(o)
et =f = nyn
fO + 0) = f(0) + (fO)» = f(0)=0 h=0 (h'/™)

1/nyn ( l/n\
= —— - = - lim m = lim f((hl ) = L hl
h—0 h h>0  h W0 (h /nn h /n J



=I1=Torl=0,1,-1
since f'(0) > 0 & f(x) is not identically zero
sol=1 S f0)=1 .. (3)

f(x) + (f(h*/ ™)™ —f(x)

= LILI'(I) (hl/n)n

) (f(hl/n)\\n
= lim | =5 | - o
=k =1 (using (i))
Integrating both side
fx) =x +c
flx) = x [f(0) = 0]
f(10) =10

fx) = fim -

f[3x+3h] _f[3x+O]
= lim 3 3

h

m f(3x) + f(3h) + £(0) — {(3x) — £(0) — £(0)
h—0 3h

f(3h) —£(0)
h—0 3h
". f(x) is differentiable for all x in R.

- 1(”( 2[1 - h] )\ n
f(1)—L1i1(1)cos g —3 i h]J 2

=f(0) = fx) =xf0) + c.

[ 2[1 +h] ]\
f(1) =lim cos™ (Sg 3l+h-[L+h))

. N sgn(g]\
= LILI’(I) cos L 5 J =0
Hence f(x) is not continuous & not derivable at
x =1

Now at x = -1

2[-1—h] )\

. ( (
f(-17) =L1§}) cos™ LSQH 3(—1—h)—[—1—h]J

. ( \
= lim cpgt LSQH 312 J= cos'l1 =0

h—0

2[-1 +h] ]\

( [
1+ :l'm -1
Also f(-17) hsg 08 Lsgn 3(-1+h)—[-1+h]

li 1( ( ]\ 1
= M cos LSQH 341 J= cost1=0

Hence {(x) is continuous & differentiable at x = -1

f(x +h) —f(x)

lim
h—0 h

\%

R

[\

En(x_h]+x—h—x
lim X

h—0

IA

IA

Zn(l—hJ 1
im N X/ 1<% 41 (i)
X

h—0 _h

from (i) and (ii)

= fi(x) = +1

o)) ki)

=1+2+3+ ... 100) + 100 = 5150

1
X

= m - 1> 0 for derivable

1 1
fx) =mx™ 'sin | ~|-x""2%2cos |
X X

f'(x) to be discontinuous at x = 0, m € (1, 2]

(b) Clearly for f(x) to be derivable, & its derivative
continuous at x = 0, m € (2, )



EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

=f5 f'0)=2 3=6
4, Apply L Hospital rule

f'1 +h)

}11310 1 =5
=f'1)=5
5. [f(x) - f(y)| < |x - y|?
16 =)
[ x—yl
= lim —f(x)_f(y)‘g lim | x —y|
X—y X—y X—y

>I'X<0=>1'x) =0
= {(x) is continuous function

o (1) = 0 = £(0)
6 f(x) = . is differentiable
1+ x|
X ,x<0
-x
0 , x=0
f(x) = < L.H.D. = lim ©
’ x>0 h—0
1+x
~h
LHD-+fh
_h
f(0+h)—-£(0
R.I—I.D=(+)()=1+h _ 1
h h

so differentiable at (-o0, o)

2

. ) S
7 gof(x)—{smx ; x>0

—sinx2 ;X <0

gof(x) is continuous (LHL = RHL = 0) = {(0)

| 2xcosx? x>0
gof'(x) =
—2xcosx? ; x<0

LHD =0 RHD =0

gof(x) is differentiable

N 100 2[cosx2 — xsinx?. 2x] 3 x>0
ow of"(x) =

g —2[cosx? — xsinx%.2x] 5 x<0
LHD = - 2,RHD = 2

Not differentiable.

y x? fla) —a® f(x)
m-————————--

X—a X —a

{2 form}
0

Use L'Hospital rule

_ . 2xfla)—a’ f(x)

= 11m _—
Xx—a 1

= 2af(a) - a%f'(a)

fx) =[x -2] + |x-5] ;x e€eR

f(x) is continuous in [2, 5] and differentiable is
(2, 5) and {(2) = f(5) = 3.

By Rolle's theorem f'(x) = 0 for at least one

x € (2, 5).
L
X -2 x -5

f(4) =0 but f'(x) =0 V x € (2, 5)



EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

Let us first prove that

(I) g is continuous at o and
f x) - flo) = gx) (x-a), ¥ x € R
= f(x) is differentiable at a.
Since g is continuous at X =

f(x)—f(a)
X—o

and g(x) =

We should have, [im g(x) = g(a)

X—>o

f(x) —f(an)
= lim ——— =gl = fix =gl

x—0 X—a
= f'(o) exists and is equal to g(a).
Conversely now we prove.
(I) f(x) is differentiable at x = a

—> g is continuous at

x =a and f(x) - flo) = gx) (x - o) ¥ x € R.

f(x) is differentiable at x = a

f(x)—f
fim o gy
x>0 X—a

exists and is finite.

f(x)—f(a) S
Let us define, g (x) = X—o T
f'(a), X=a

Then, f(x) - flo) = (x - o) g(x), ¥ x # &
Now for continuity of g(x) at x = o
f(x)—f(a) ‘
lim g®) = lim — —— — =1 (o) = gla)
X—>0 X—>0 X—a
g is continuous at x = o.
Given that f ; R = R such that

f(1l)=3and f (1) =6

1/x 1
f(1 +x) lim = [log f(1+x)—log f(1)]
lim | ———— = o*0x
The“x%O[ i) }
1 1
. f(1+x)f (1+x)
=0 1 [Using L' Hospital rule]
1)
= M) = eb/3 = g2
Given that
i 0 x +a if x <0
() ={|"+i‘| ff Xi()}: 1-xif 0<x<1
x hx= x—-1lifx>1
d g (x+1) ifx <0
an X) =
s (x-1%+b ifx >0

where a, b > 0

= glfx)] =

Then (gof) (x) = g [f(x)]

f(x)+1 iff(x) <0
TR —12 +b  if(f) (x) =0

(Using definition of g(x))

Now, f(x) <O whenx +a<0ie x<-a
fix) =0 whenx =-a or x=1
fx) > 0 when —a<x<1 orx>1

f(x)+1 if x<—a

—1]2+b fx=—aorx=1

glfx) = {fx)-1F +b if —a<x<0

[f(x)-1F+b if0<x<1

—12+b ifx>1

[Keeping in mind that x = 0 and 1 are also the
breaking pt's because of definition of f(x)]

x+a+lif x<-a

(x+a-1)%+b if —a<x <0
Soglf)] = {(1-x)-1)2+bif 0<x <1

x-1-1%+b x>1

(Substituting the value of f(x) under different
conditions)

x+a+lif x<-a

(x+a—1)°+b if —a<x <0 =F(x)(say)
x*+bif 0<x<1
(x-2°+b if x>1

Now given that gof(x) = F(x) is continuous for all

real numbers, therefore it will be continuous at - a.
= LHL. = RH.L. = {(-a)

= M Fa-h=mF(-a+h)=F-a

h—0
Now,  lim F(-a-h)
=lm a_h+a+r1=
lim F(— a + h)

=lima+h+a-12+b=1+b

Fl-a=1+b

Thus we should have 1 =1 +b = b =0
Again for continuity at x = 0

L.H.L. = (0)

= lim f0 - h) = f(0)

= lim h+a-12+b=b



= (@-1=0=>a=1

For a =1 and b = 0, gof becomes

X+2, x<-1 10.
gof (x) = xz, -1<x<1
(x-2)  x>1
Now to check differentiability of gof(x) at x = 0
We see  gof (x) = x% = F(x)
= F'(x) = 2x which exists clearly at x = 0
Hence gof is differentiable at x = 0.
Given that f : [- 2a, 2a] > R
f is an odd function.
Lf'at x =ais 0.
__ fla—h)—f(a) 11.
=y <O
. f(a —h) —f(a)
= [im - =0 (1)
To find Lf' at x = — a which is given by
lim f(-a —h) —f(-a) 1 —f(a +h) + f(a)
h—0 ~h h—0 h
[ fl= %) = - {(x)]
_ lim f(a+h)—1(a)
h—0 h
Again for x € [a, 23]
f(x) = f(2a - x)
. fa+h) =f2a-a-h)=1fa-h)
substituting this values in last expression we get 12.
. fla—h)—f
Lf (- a) = }P_}n}) M =0
h
[Using eq” (1)]
Hence Lf' (- a) =0
p=-1 Now
(x-1)" (x-1)"
Lim—————=Lim
w1 logcos™(x —1) o1 log[cosm (x-1)-1+ 1]
(x-1)"
= Lim———
-1 cos™(x—1) -1
L n(x— l)m1
=Lim
x>1" mcos™* (x —1)sin(x —1)
-n (x-1) 1 o
= —Lim x(x-1) ?

m =1 sin(x —1) . cos™(x—-1)

= —Lim(x-1)"" = -1 (Given)
m x—l1
= n=2andm-=2
flx+y)=fx+ fy
f0)=0
f I(X) Z}!ll_)rno f(X+}:_f(X)
_ fix) + flh) = f(x)
= lim
h—0 h
o ) A0 +h) - 0)
= lim~——=lim*¥—"———
h—>0 h h—0 h

f'®) = f'(0) = k (k is constant)
= f(x) = kx, hence f(x) is continuous and f'(x)
is constant V x € R

-1 X SE
2
F1(x) sin X —£<XSO
X) =
1 0<x<1
l x>1
X
£(0) =0, f(0) = *. not differentiable at x = 0

.. differentiable at x = 1

3
f '(x) = sinx which is differentiable at x =—§

At x = 0
04h— (0 h? cosE -0
RH.D = fim OO )
h—0 h h—0 h
) T
= lllgloh COSE =0xcos(®) =0 finite = 0
LHD : - lim fl0—h)—-£0)
h—0 —h
h? cos(l}—o
= lim —————— = lim—hcos(EJ
h—0 —-h h—0 h
=0

LHD = RHD at x = 0
= f(x) is differentiable at x = 0

At x = 2



RHD = lim
-0 h
(2 +h)%.cos -0
. +h
= lim
h—0 h

h—0 —h
(2 —h)z —cos T
. 2-h
= lim
h—0 —h
4| sin i j i
. 2-hN\@-hy?
= lim
h—0 -1

LHD # RHD at x = 2
Not differentiable at x

= 2.



