TANGENT & NORMAL

EXERCISE - 01

CHECK YOUR GRASP

dy
c -y =
1. Let any point on the curve is (—,Ctz) 14. Length of subnormal =y dx
t
d
_i dy _ E_ 2¢’ y? = 8ax :>2y—y=8a
YT X X T dx
dy d_y = 4a
d_X = - 2’[3 Y dx
Equation of tangent is dx| _|dy
17
, . ( C) dt| |dt
y—ctc=-2t° | X : dy )
For x intercept d_x >
_ 42 _ _ 03 a_Ej < _ ¢ d d 9
0-ct 2t ( : 32t a ¢ 3y2_y=27: _y:—2
3. dx dx v
" 3% ° 2
5 > <
For y intercept y’ = v 0
_ — 3
b—ct2=—2t3(0—£j = 3<y<3 = 27 < y® < 27
t = -27<27x<27 = -1<x<1
=b-c?=2% = b=3ct d
S b () nn o,
Now a%b = gi 3ct? = 27¢” o A e
4 t* 4 dy -1 =
8.  Let the line has equation y = ¢ For I curve (d_sz = Zeza =m,
Now given curve is y = \/; my my = - 1
2 e aen(®
dx_z\/; (b) 2y dx1_4a’ 2x = 4a ax/,
2a
Nowc = - — X
\/; M~ Vi Mg = 2a
dy _ 1 vZ = dax, ..()  xZ = day; ......i)
dx 2c mim, * -1
T |m,—m 2
sincetan 7 =7 _:m m2 (c) y = a : x2 - y2 = b2
1°°°2 X
1 a X
:122—0 - L=+1:>C=+l m;=-"72; 2%, -2yymy =0 = m, = 1
1+0 2c -2 a2 _2
1 m1m2=xy T -
But c is positive = vy 3 d e
Y
dy 3 (d) m1*&=a ; 2x+2ym2—0
10. 2y =x° —=—x2=0
dx 2 X
m, = —
2
dy dy Y
y2=32x = 2y— =32 = — 5 © ax
dx dx m;m e
Angle between the curves is n/2 z y ax
2(-cosec’t
dy 22. (ji_)t(:—( : )
y&: [d_y)ZZd_y TchOt
v dx dx att = —, _X = _4
12. dy 4 dt
dx dy

2
— =sec?t—cosec’t

dt



o
at t = 1 E =0
dy
I = 0 for tangent & hence it is parallel to x—axis
& its normal is parallel to y axis
23. f !
- P =3

'(0) — o tangent is vertical at x = 0

Equation of tangent at (0, 0) is x = 0
Equation of normal is y = 0

f(x) = F(x)

|

EXERCISE - 02

BRAIN TEASERS

dy «
1. d_X:K2ek y=mx+2—%
2
d_y = K2 = tanb Put it in the parabolas mx + 2 — z_x + 2
dx|,_, 2 2
(where 0 is angle made by x-axis) _2 ¥ mx - m _ 0
Let ¢ be the angle made by y-axis since D = 0 :2> 2 4 m E 0
3n m=0, -1
tan0 = tan ?_(I) = cot Two tangents are there (i) y = 2
(m—¢)
COtd):KZ (ii)y=—x+2+§
¢ = cot! (K?) | 8 5
= _ + —
o a1 ) e
= = sin
L 1+ K“)
A () A
. y " y < a+tx v i
d_&’: -a’ +1= -1 (for equal intercepts) The line y = 2 is tangent but y = -x + 5 is secant
dx %2 for the curve
2 1 2 — "
ol e 12, (0 - 00
2 2 = Wr=w
8. y=x" = y=mx! y' y"
1 = I—dx = I—dx = fIny =/{ny' + c
equation of normal (y - a") =ﬁ(x —a) Y Y
na f0) =1, f'(0) =1 = ¢ =0
2-n y =y
b = +a" v
n
—dx=|1dx = /lny=x+c
=
L Lo | :
imbTy =0T f)=1 = ¢, =0
1 Sy =et
10. Equation of tangent is y - 2 = m (X_E) v'>0 VxeR
EXERCISE - 03 MISCELLANEOUS TYPE QUESTIONS
Match the Column : (B) Slope of normal = -1
d d
2. (A) 4yd—i=2ax = —4d—)y(=2a Slope of tangent = 1 = d_i
dy -a dy
—_—=— = - = 18y — = 3x?
= w2 1 = a=2 Y ik X
2y?2 = ax? + b 18b = 3a?
2=a+hb a’
b=0 b = 5 (i)
a-b=2-0=2 9b% = a® .. (ii)



9.i=a3:a=4~b=E =§
36 ’ 6 3
~ 8 4
a—b—4—§—§
(1, 2) satisfies y = ax® + bx + Y
-3
= 2=a+b+§ = a+b=7
dy
— =2ax +b=2a+b
dx

d
for 11" curve < 2x + 6 =2
dx

Slope of normal = 5
a 2
Solve for a & b
Put, (1, 1) l+a+b=0.... (i)
dy
— =2
dx

y+xy' +a+by =0
1+2+a+2b=0

a+2b=-3 .. (i)
get the values of a & b

Assertion and Reason :

3.

d
T 7xe + 24x2 + 2
dx

which is always positive

Comprehension # 1

f(x) = x%(1) - xf'(2) + {'"(3)
f(0)=2 = f'(3) = 2
f(x) = x%(1) - xf'(2) + 2

f'(x) = 2xf(1) - '(2)

f'(2) = 4f(1) - f'(2) ...... (i)
f''(x) = 2f(1)

"(3) = 2f(1)

2 = 2{(1) = f(1)=1
f'(2) = 4(1) - £'(2)  (from (i))
f'(2) = 2

fx) = x2-2x + 2

f'lx) = 2x - 2

= f(1)=0

fx)=2x-2 = f'(3) = 4
equation of tangent at (3, 5) is
y-5=4(x - 3)

y=4x -7

202 = x2 - 2x + 2

interseting at (0, 2)

DENCR
dx /), ’ dx J,

m; —m,
angle of intersection = 1+m,m,
6 6

tan® = ‘_7‘ = 0 =tan! (7]

EXERCISE - 04 [A]

CONCEPTUAL SUBJECTIVE EXERCISE

32
1. 20y —6x2 -4y =0 = y' = =
(y, =2)
Also slope = 2=
so slope = 1, )
(X17y1)
1.2
. 3x? B v, =2)
Equating both terms (y,—-2)  (x=1)
= 3xMx, -1 =@ -2F
= 3 -3x?=y?-4dy +4
= 3x7-37=(x’-8 +4
= x?-3x*+4=0
= K *F1)Kx-4x +4)=0
= Kt -2¢=

get the equation of tangent at x, = -1, X =2

1

5.

Sl = l
ope 5

dy
= =-sinlx +y) (1 +)
dx

|
= —2——51n(x y) ( —2)
= sin(x +y) =1
= cos(x +y) =0 = y=0
cosx = 0

_m 3t n 3

T o220 T2
inx = 115 possible for x = = or -2
sinx is possible for x 2 or — 2

IR
Equation are y—O——2 5

_ 1(X+3_ﬂ

and y—O——2 2



8. At t = 0 the point is origin

dx lim2t+tzsin1/t—0 _9
dt t—0 t
Zsint?
d—y:lim =1
dt t—0 t
dy _1
dx 2

equation of tangent is y — 0 = E(X -0)

equation of normal is y - 0 = -2(x - 0)

9. Points of intersection of curve x% = xy are
0, 1), 1 l)
b b b 2

The equation of tangent at (0, 1)
2xy + X%y = -y
y' =0

equationisy-1=0=y=1

1
equation of tangent at (1, E) is  2xy + x%yr= -y

1
L+yr=-yr =y =-5
1 1
y-5 =5 k-1
1
Puty = §=——+—
% =

Point of intersection of tangent is (0, 1)
11. Let the point is (x,, v,)
Slope of line joining (0, 0) & (x,, y,) is

N
I'l’ll—x1
vy
el
(2X+299): x xZ
(x* +y?)

2

v
1+—]

(12

Cly'x; —vy)
(x +y7)

2(x, +v19')

(x} +v7)
2x, + 2yyr = Cxy' - Cy,
2x, + Cy, = y'(Cx, - 2y))

- (2%, +Cyy) _
YT (Cxy -2yy) C
m; —m,
Calculate tanf = 1+m,m,

16. A+B+C=n=>dA+dB=0=dA=-dB
c
sinC

a = 2RsinA = da = 2RcosAdA .......... (i)
db = 2RcosBdB ....... (ii)

= 2R = constant

similarly
Divide (i) by (i)

da _ cosA(dA) da cosA
db cosB(dB) = db  cosB

18.
4.5
1.5
6
—
v X
45 1.5
x+y N = 3&kx=xt+ty=>2x=y
2dx _dy
dt — dt
dy dx
_:4 . . _:2
at is given then a0t
d dx dy
(a) (x+y)=—+—" =4+ 2 = 6 km/hr.

dt T dt | dt

dx
(b)  Shadow lengthening = T 2 km/hr.

EXERCISE - 04 [B]

BRAIN STORMING SUBJECTIVE EXERCISE

dvik 2dr7k
2. E—? = 47‘51‘5—7
4ny3dr = kdt
art =kt + ¢
at t=0;r=1 = c=T

4= (E+1j
s

put r=2&t=15 =
t=t+1

r=(t+ 1)74

at t = 0 volume (vq) = gn
at time t volume (vy) = gn(t + 1)3/4
V2 = 27V1

4 1 3/4 27 4
pu— + = pu—
= 3 m(t ) ( )3 e

Solve for t



t, + ty t§+t§] 10.

Mid point of AB i [ )
id point o is 2 2

Equation of tangent at point A is
y +t,2 = 2xt, ()

Equation of tangent at point B is
y + 1,2 = 2xt, ... (i)

(i) - (ii) =t -tZ=2x(t; - ty)

Any point on curve y = x? is P(t, t?)
d

S ox

dx

equation of normal at (t, t?) is

y—t2=—l (x -1
2t

Solving with v = x we get

B (t; +t2) 1 1
xT 2 xz—t2=§(x—t) = (x—t)(x+t+zj:0
y o+ tZ =yt +ty) 1
vy - tltz =4 X = —t—a
Point C i ((H +t3) . j So normal cuts the curve again at

oin is | ——— tity

2
Q| -t 1 t 1 i
£2 + {2 TN U
Length of median is 2 tite
3
1
= PQ* =4t* | 1+—
IECE 2o P ( +4t2j
2
dz 1
t) 2 Now -=0 = t=i$,0
1
Area of AABC =—| t, t2
2 dz . . iy
t, +ty - n changes sign from negative to positive about
1tz
1 1
R, > R, -R; & R; > R; - R4 t—ﬁ aswellast—_ﬁ

1 ty t? 1 (No chord is formed for t = 0)
= —|(t,-t;) (5 -t} O 1

2 (t, — t;) z is minimum at t = iﬁ & minimum value of

ty(to —t;) O
2 g =14 2= PQ - 3

( ? ty tf 1 ( o (omy? Shortest normal chord has length \/g & its
=ty e -ty m
9 1 (tp+ty) 0= 4 -4 equation is x ++/2y—+/2 =0

1
2 ! 0 or x-— \/Ey +42=0
EXERCISE - 05 [A] JEE-[MAIN] : PREVIOUS YEAR QUESTIONS
1. x = a(l + cosb), y = asind 2. X = afcos B + 0 sin B) & y = a(sin 6 — 6 cos 0)
dx
dx y — = a(-sin O + sin 6 + O cos 0)
—~ =-asin@ ; —~ = acosO de )
d9 asin de
d

dy cos0 dx sin® - a(cos O — cos O + 0O sin 0)

S|l slope of normal =—| — |=—— de

dx sin© dy ) cos©

dy sin©
in 0 =2
y — asin® = zlonse (x - a — acosB) dx cos6
cos0
ycosO - asinfcosb = x(sinB) — asinB(1 + cos0) slope of normal = - sin = - cot 0

xsin® - ycosO = asinB(1 + cos® - cos0)

clearly passes through (a, 0)

with the x-axis

T
it makes angle (5 +0



cos0

eqof normaly —asin © +a 6 cos 6 =-

sin©

(x —acos O - a0 sin 0)
= xcos O +ysin 0O =a.

Hence it is at a constant distance 'a' from the origin.

v
3. Angle betweeen the tangents E =2x-5
9. @
e 1 o =1 = Angle =
dx 2.0) dx/ 5, g
4
4. vy =X+
X
dy 1 %
dx X
Equation of tangent is parallel to x-axis
dy
— =0
dx

5130 5 -8=x-2
X

4
At,x=2,y=2+z=32y1=3

. point is (2, 3)
equation of tangent is :

v-y, =0kx-x)

y =3
5. y=jlt|dt
T 0
2 d
Foix|=2 = x=z£2
dx
2
I ox =2 y=[tdt=2
0
-2
f x--2, y=[-tdt=-2

Tangents are (y — 2) = 2(x — 2) or
(y+2)=2x+2

X intercepts = + 1.

EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

1. Slope of normal At y=-2
= ! =tan3—n: d—y—l 8 3xf = - 24
dy / dx 4 dx x? = negative
f(3) =1 Not possible
2. 3y2y' + 6x = 12y' 4. Put x;=x+h &x, =x
2% = (4 - ) [T + ) = To) < b
o pm, (R < i
GRS
For vertical tangent y = +2 If(x)[ <0
Aty = 2 Possible only if f'(x) =0
4 fx) = c
8 +3x*=24 =3x*=16 = x = iﬁ at point (1, 2) f(x) = 2
y =2



