DIFFERENTIAL EQUATION

EXERCISE - 01

CHECK YOUR GRASP

7.

12.

13.

14.

y = e™ then D(y) = me™, D¥y) = mZe™

DS(y) - m3 emx

then given

D%y - 3D?% - 4Dy + 12y = 0

2 e
©y=xtan?! (fn —)
X

16. (1+y) g *+x= el ly

tan~! Y

= m?® e™ - 3m2e™ - 4dme™ + 12 e™ = ( dx X e
= _ e
= m?-3m2-4m + 12 = 0 (* e™ % 0) dy © 1+4y® T 1442
=(m-2(m-3)(m+2=0 LF. = e= v
=> m = 2, 3, -2 (etanfly)Z
-1
Hence number of values of meN will be 2. xetn ¥ = 1442 dy
dy
&=100—y 2xetan7y=%e2tanily+c
dy - _
= 100y ~ldéx = - m (100 -y =x+c 19. ydx +xdy=-x%dy
since y(0) = 50 = - fn 50 = ¢ 2Mz_ldy
o = /n(100 - y) = x - /n 50 X7y J
1
L8080 = A gy
= {n 100y =X = 100 -y =e X%y y
jty(t)dt:xzy(x) - x_y =-/ny +c=> - g + /ny = ¢
0
5 dy
Differentiating, we get 20. yxty-x dx 0
dy dy dy v
- 2 =2 2 =7 _ = _ 2 _ .5
Xy = 2xy + x dx:> xdx+xy 0 :>dx < 1%
dy 1 gy 1 1
x — +ty=0 = xdy + ydx = 0 —- = il =1
dx Yy Yy v = y5 dx < y4
d(xy.)=0. = Xy = C Lti_t jd_y_i
". since it passes through (2,3) e y4 = y5 dx Ix
ne=6 1 dt ot
Hence xy = 6. —Z&—;=1
dv _ v 2 ¥ dt 4t
Ix  x o8 :>d—x+;=—4
Put y = then — = dv 4 i
ut y = vx en - SvVHX o LF = olx™ — gtim — ya
v+ x j_v = v - cos? v so solution is t.x* = - [4.x%dx + ¢
X
4 5
dv dx 1 [x] X
= - —_ = — | — + — =¢
:Icoszv J X 4 \y 5
_ Y __
=tanv = - /nx + ¢ :tanX fnx + ¢ 21 zxzdy_(zyz_l]dx
e X“ 4y Xty
As it passes through the point (1, —)
4 xdy — ydx
so c=1 o 5 = —dx
x“+y
v
tan;=—!€nx+1 2tan;=[n; —tan! L = x + ¢ =y =xtan (c - %)
X



EXERCISE - 02

BRAIN TEASERS

o dy 1
3. leenI=—k\/; 3[\/;dy=—kjdt

2\/;=—kt+c

Now att =0,y =4 so c = 4.

Ao

. _ -t _ 1 =>y=2-(2+a)e ?

S2y =g v4 k= gp) 1

When y = 0, t = 60 min. 7 Jf(tx)dt:nf(x)

5 - 0
) J In]|cx|
Let tx =u = dt = —
dy v X
dx T x " ¢(;] 1 % X
= Jfwdu = pfx) = [flu)du = nxf(x)
In|cx| -1 1 X X0 0
T Unlei e My
niex Y fx) = nlf) + xF'(x)] = f(x)(l ‘“) - xf'(x)
y) (/n|cx])? x? Jd—x R J—y = 1°n /nx = fny + fnc
X 1-n "V n

X 2 1-n , e
6. jy(t)dt:x +y(x) X" Tcy=>y=c'x"

a dy

d d = -2 =
:>Xy:2x+—yzx(y—2):—y 12, y=mx +c = dx m
dx dx )
2 d d
_ dy X" . ay (_y] I
= [xdx = I_y—Z = 5 = /n |y - 2| + Inc It satisfies i y=0
2 m+xm?-mx-c=0
= e’ =cly-2) x(m? -m) + (m-¢)=0
= = _ 2
atx = a 4 a , This is an identity so
a2 2 _ 9 e? m =0 orm=1 & c=m

. 2 = —_ —_ = —

@ o-a )= @% +2) So two such straight line are possible.
EXERCISE - 03 MISCELLANEOUS TYPE QUESTIONS
True/False : Assertion & Reason :

d’y dy dy 1

— — = . =A+/nB Lo = =
2. 7t tvoo 2.y n Bx % x

g 42 Hence order is 1.
y =e then Y —et and _2y = ot So statement-I is false & statement-II is true.

L . dt L dt Comprehension : # 1

et -2t et =0 For reservoir A

Hence e is a solution of the above equation.
Now y = te™, then % % =_k
Y ' 9 dt * Vs dt -k,

dy t t t t

=L = ot — ter —Z = _9¢" - Y

e te™ and e Z2e + te & dV, . jdt | Vg L

On putting this in equation, te™ also satisfies the = Vig Va1 = log Va, 1
tion. _ _
equartion d = VA - VAO e klt
5. y=ax? + bx + ¢ d—y =2ax +b Similarly V, = \/Boe"‘zt
X
&y E A o Vo _ VA
dx? a = dx® Vg Va,
Hence order 3, degree 1. At t=20, V, =2V

Bo



and at t =1, V,= 1.5V,
3

so — = 2eky "k

2

1
1. Attzz, V, = kV,

31/2
SO k—2[z) = k=3

ek k) = —

2. Let at t = t, both the reservoirs have same quantity

of water, then
V, =V, =

5 -
= ) "2

2ok ~kotg = ]

Lt T l093/4 (

2

= t, = log, , 2
1 1
and also t; = 4 =
log, 3

Va
Now V. 2 ekt = f(t) = 2 e~k
B

3
F(O) = - 20k, - k) et = 2In et )

= f(t) is decreasing.

EXERCISE - 04[A]

CONCEPTUAL SUBJECTIVE EXERCISE

3. x2+y?+ 2gx + 2fy + ¢ =0
Differentiation, we get,
= 2x + 2yy' + 2g + 2fy' = 0
Again differentiating,
= 1+ Pty +fy" =0
Again differentiating,

= 2V Yy " iyt =0

12
= 3y + y"{y_l_ﬂ_y:l =0 (from (i)

= 3y -y"[1+]=0

5. y =c, e +ce”+ce
d
d_>y< = 3c, e + 2¢c, e® + ¢, e
d2
ﬁ =9c, e* + 4c, e™ + c, e
d3
dTg = 27c, e* + 8¢, e* + ¢, e
Apply 4) -6 (3) +11 (2)-6 (1)
d’y d%y dy
— -6—5 + 11— -6y =
= dx® dx? dx Y
xdx — ydy 1+x%—y?
11. xdy —ydx x? —y?

Put x =rsec 0,y =rtan 0

L x2 - y? = y?

and sin 0 = z
X

On differentiating (1), xdx — ydy = rdr...

On differentiating (2),

xdy - ydx = x? cosO dO = r? secO dO ..

12.

16.

N rdr N1+ r?
oW 2 sec0do r

dr
= | o = [sec 0 do
= In(r + /1 +¢2) = fn(secO + tanB) + /nc

=r+ J14+¢2 =c(sec 0 + tan 0)

[ eny )
\/Xz—yz + \/1+x2—y2 =c L xz—yZJ
Cl—y:sinx_y—sin}(—Iry
dx 2 2
dy X .y
— =—-2cos—sin=
= dx 272

y X
= cosec=dy = -2 cos—dx
P 2

1Y . X
2| nltan=| |=2| —2sin— |+¢
- [ 4) ( zj
Y . X
fnitan=|=c; —2sin—
= 4 1 5
d—mz—km
dt
Ldm:—kdt
m
fnm=-At+c
m = ke™ (att =0, m=m)
= k =mg
omg
m = mge™ (at t = t,, m = m; -7, )
= x_—lzn(l——“ j
t, 100



dy
A =[fBdt = M) = ay"! i) 30 yio ot x +yt=0

dy da
_ n i 2 — _ - - — _
= y=AMn+1)y"y Put vy a-x = 2y. . .
_ n-1
= dx =A(n+1)y" dy 0 ~ ) [da 1) ( | .
SO > |\ 50 a-XxX)tx+ta-x-=
N X:}\.(n+1)yn+c 2 \dx
n
n l(d—a—lj I
= C=0, k=——  ({0)=0,f1)=1 ~ 2 \dx a-x
n
= x=y = y=x da 2a da 2a
Putx > X+h y=Y+Kk = — _ 1= - — = 1
dx X—a dx X—a
h+2k =3
ohik=g — 7Lk . da _ x+a
a dx x-a
dY X+2Y
dX  2X+Y Put a =
Put Y = vX % V+Xd_\/:1+v:>xd_v:1+v_v
Xdv 1+2v dX 1—\/ dX 1—\/
L _TeY
dx. - 2+v dv  14v? L-vdv  dx
= X—— = — jj—2 = | —
2+v dX dx 1-v 1+v X
- ————dv=—"r
PT+v)1-v) X
) ) = tan'v - — /n |1 + v?| = /nx +c
+ dv=/In|X]|+c
= J.[I—V 1_V2j 9
= tan? — - = /n l+—| = /nx + ¢
= ) l-v]+m[ X e x
2 |1-v
a
1/2 = tan?! — - — /n |x2+ a?%| =c¢
- —zn|X—Y|+zn|Y+X —c x 2
|X_Y wherea = x + y?
X +Y 35. [1+y(1+x2)}dx=—x(1+x2)dy
X—Y X+Y
In|-———=c = d 1
= X_Y = (X—Y)3 _V+X=_—2
dx  x x(1+x%)
=  (x+y-2) =kx-y? IF oV ok
2
dx dx 1
1+ — — yxX = — dx
Y +[dy] Vay iz
1+[dx)2 dx xy =—tan ' x +¢
= dy ke dy 36. y-xy' =b + bx%'
2 2 dy dx dy
dx dx dx - —b=(x + bx?)— - -7
- — 2,2 el _ - v (x %) = —
=1 [dyj k?x® + [dyj 2kx dy dx x(1+bx) y-b
dx 2kxdx — J[l— b jdleog(y—b)+logc
= 2kx g o= Kix - 1 :Jm=]dy x 1+bx
= logx - log(1 + bx) = log(y — b) + logc

1
=y = E /n |C(k2X2— 1)| = X :(1 +bx)(y—b)

Cc



1
= b+ (= +bIx =y(l + bx)
c

= b + kx = y(1 + bx)

d_y_z__y‘lcosx

40. % x 3
1dy 1 cosx
y4 dx ygx 3
3 dy dt
Put -—& =t — = =—
4 ys = y4 dx dx
i_ﬁ_i_—Scosx
= dx x %3
IE oJ3* =3
3cosx
tx3 = —I 3 x> dx = —L3X3 =-3sinx +c
1Y
= x3y73 =3sinx —c
dy 2xy” ldy 1_2x
41. dx y= o = y2 dx y e*
1y &
PUt__zt = yZdX dX
E_Ft—z_x
= dx ex
LF. is ejdX =e"
1 5
o[ o Lo
e v
= yler = —x% - ¢
dy
43, x (x2+1) — + x*-1)y =x%Inx
dx
d_y N (Xz—l)y B x20nx
dx x(x% +1) |
x2-1
< 2
F = o L
X
(%2 +1) _IX2+1 x?
e e
(x2+1\
= < Jy = [x fnx dx
(x%+1) %2 %2
= k y=/lnx. — - — +c
X 2 4

= 4(x2 + 1)y + x3 (1 - 2/nx) = cx

46.

52.

54.

57.

Equation of tangent

d
Y—yZ—y(X—x)
dx
Y
dx
whenY=O,X=x—y@ Px, v)
1( dx] >
xv @yl - S I
2 dy (xfg,oj
R S S .
Xy -y g, ~*2 Wy T
X IZaZ 1 q X a?
2o 2L - o = 4
= y + yz y vy = y y C
22
= x=cyt —
X =cy v
d—y—y d—y—x =0
dx dx
dy _ dy _
dx_y or dx
2
X
= fny=x+c or y=7+c
= y = ke
L,
Xy = = dx Y dx
dy _dt t
= dx dx x
- (1—t+t2)_x[ﬂ—iJ
dx x
(L-t+t%) t _dt 1+t dt
= X x dx X dx
dt dx
= > = = tan't = /n|x| *+ Inc
1+t X

= tan"}(xy) = /n|cx|
xy = tanfn|xc|

d
Equation of tangent Y -y = d_y (X - x)
X
L
. - dx
distance from origin = 3
1+ (d—y]
dx
. -1
Equation of normal Y -y-= E (X - x)



Y& —ydfx = -X +x
dy
+ <
* ydx
distance from origin = do\2
1+[Jq
dx
dy dy
X_+ = X+ —
Now dx v de
ith Cl—y+ =x + ay >8
either de y =X vy
v LW
or X g TYTXTY Y
dy
= xty 2 =y-x
dx
dy
or (x-y) = =x+y
dx
d_y B y—X d_y B X+y
- dx y+x o dx X—y
Put vy = vx
. dv  v-1 . dv  1+4v
= v de v+1 or v de 1-v
v+l —dx v—1 —dx
- I1+v2 dv—fTor J1+ z vl ==
= Efn |1+v?| + tan™' v = - /nx + /nc

or o fn |1+ v?| - tan! v = /nc - /nx

Hence solution will be

1
5 fn |1+ v?| + /nx = £ tan? v + fnc

-1
X ,1+V2 = kettan v

2 + tan”! v/x

= X2+y = ce”

Input rate = 10 gm/min

After time t volume of tank = 50 + (2 - 1)t

m
Concentration of salt in time t = m/lit
50+t 3
Output rate =——— .1 gm/mi
utput rate = .1 gm/min.
P 50+t 9
50 lit t.
att=0
) S
dm __-m +10 2lit/min 1lit,/rrin
dt 50+t

m(50 + t) = [10(50 + t) dt
= m(0+1)=500t+5+c
= (vatt=0,m=0= c=0)

= m(50 + 1) = 5 (100 t + t?)

(100+tj
= m = 5t 5041/ 9m

EXERCISE - 04 [B]

BRAIN STORMING SUBJECTIVE EXERCISE

du dv
1. (a) d—X+Pu=Q; d—X+Pv=Q
i( ) = - P( )
” u-v)=-Pu-v
d(u -
u-v) = - P dx
u-—v
= /n (u-v) =- [ Pdx
dy
—Z + Py =
dx y=Qx
1
I.LF. =
u-—v
1 Q .
J u-—v u-—v ¢ 2
u Q
= = + ¢ [u satisfies it]
u-—v u-—v

v
u-v
= y=u+k(u-v) ..(1)
(b) Ify=oau+ Bvis a particular solution then

u
= +k

u—v

compare with (1)
a=k+1, Bp=-k
= a+p=1
(c) If ®is a particular solution then it satisfies (1)
> o0o=u+k(u-v

u—v

= constant
»—-Uu

1
Y—y=—; X -x)

At x axis,
X=x+y. vy



2x+yy' y 8.

'd int fP = y
mid point of PQ ( 2 2}
mid point lies on 2y? = x
C 2yt 2xtyy' oydy
Ty T T2 T v
Put y?2 =1t \

dy dt
- 2y x VP
— _x -t =-2x /Q
dt + (-2)t = -4
dx - X
“te™=-4 fex dx + c
Tyle=e ™ (2x + 1)+ ¢
x=0,y=0=c=-1
Lyl =2x + 1 - e™
fx) >0 Vx=>2
d
— (x f(x)) £ - k f(x)
X
dy
x—— +y<-ky [f(x) = vl
dx

13.

dy
— < _
X S y(k+1)
dy . k+1) v <0
dx X

k+1
IF = ej.%d _ _fnxk _ Kt

d
wol L k1) xky <0

dx
d
R k+1) <
dx(y-x )< 0

= g(x) =y . x¥"! decreases V x > 2
woglx) < f(2) . 2k+!

flx) . x*"1 < f(2) . 21

f(x) = F'(x)
let F(x) = vy
dy sin2x
dx Teosx.y= (1 +sinx)?
LF. = en*
_ e* "X sin x cos x
y.emnt =2 (1 +sinx)? di v e
_ et (t+1 —1) .
y esinx = ZJ.WCH [Put sin X = t]

=2_|.et —1 + _12 + c
t+1  (1+1t)

Zet Zesin X

sin X — + = sin X — +
Ve t+1 ¢ Ve sinx +1 ¢
— 2 + - sin x
=V sinx +1 ¢ e
dy —2cosx _
f(x) = d_x = (sinx+1)2 - c.e cos X
dyy dy,
=L i py = =22 4 py =
dx - Q dx v, = Q
Put y, =y z
dy, dz dy,
ZJ2 _ zL o, 2
= dx Y1k 274k
dz dy
= Vi Tt T QP
dz dy,
= y1&+zg+Pylz=Q
dz dz
= yld—X+ZQ=Q3y1d—X=Q(1—Z)
dz Q
= I1—2 _Iyl dx
Q
= Inlz-1]=-]"dx+2a
Y1
Q

—| —dx

= z=1+ae ™™



EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

dy y? —x? dy dv
dx = 2x PUty_VX:dX_VJerX
dv vix% —x v -1
4 -
VX dx 2X.vx 2v

or = -V

®dx 2v

dv v -1 2v dv dx
or —j > = |—
1+v X

-log(1 + v?) = logx + ¢

logx + log(1 + v?) = logc
2 X2 +y2
logx. (1 +y—2] =logc or X( 2 =c
X X

2 2
X°+
28 —¢ o X2+ y? = cx

X

y = ecx
logy = cx ... (i)

1
—y=c=>vy =c
yy Yy Y

v v
c= ; put in equation () logy = 7 X

or ylogy =xy

] dy y—-1 dy dx
Given ax —x(x—l) or J-y—l - '[X(X+1)

or y-1=
Equation (i) passes through (1, 0)

C
—1=5 = C =-2 Putin (i)

—2x
x+1

-1 = -1 x+1)+2x=0

Equation of given parabola is y? = Ax + B where
A and B are parameters

dy d’y dy ’
2de - Y 4x? i (dx -0

This is the equation of given parabola order = 2,
degree 1

. d d .
(1+ ) = (@ — x)—or (I+ Vz)d_x+x - ey
y

dx

tan_l y

X e
dx | _

E 1+y? 1+y?)

2 1

1 _
Now LF. = e "™ = gty
-1
t
s tan™1 v € " tan™1 v
solution x(e ) = ;e dy +C
1+y
-1
2tan "y
-1 e
xe™ ¥ = +C
2

-1 -1
2
or 2xe™ V=™ ¥ + K

Given family of curves is

XX+ -2ay=0 ... (1)
2x + 2yy' - 2ay' =0 ... (2)
Now put the value of 2a from (1) to in (2)
2 2
2x + 2yy' - Xy v =0
v
2y + (P -x =0 or K-y =2xy

ydx + (x + x%y)dy = 0 ydx + xdy = -x%ydy

1
[abo) L Y = gy
(xy) Y Xy
-1
= — + logy = ¢
Xy
V2= 2cx + ) L 1)
y2= 2cx + ZCx/Z
dy

Zyd—x = 2¢ = yy, = C Put in equation(1)

= y*= 2yy,(x + VY )

V2= —2yy,x = 29y, vy, or (V% - 2uyxP= 4y’y}

Degree = 3 order = 1
d
vy (1092+1jwhich is homogeneous equ.
dx x X
Put y = vx, d_y = ﬂ
dx dx
v + Xd_V = K(lo —X+1\J
X X
xdv
ix =yllogv + 1) —v=vlogv + v - v
d
I dv = I—X = log(logv) = logx + logc
vlogv X
= log= = cx



10.

11.

12.

13.

Given Ax?+ By? =1 Divide by B

Differentiate w.r.t x

2x§§ royg2 =0 (i) 14.

Again Differentiate w.r.t. x

A d%y (dy Y
—_— _+ — I
2 B + 2{9 0x’ (_dx 0 ... (ii)

A dy (dyY
Put B Vd7+ ax in equation (i)

d’y (dyY dy
“2x| y—+| — +2y— =0
X{ydx2 [dxj ydx

d’ ‘o d
or xy—327+xd—y y=O 15.
dx

dx ) yd_X

It have second order and first degree.

Let the centre of circle is (h, 0) and radius will be

also h

equation of circle (x — h)2+ (y - 0 = h?
= x*-2hx +h®+y?=nh?
= x*-2hx+yv"=0 ... (i)

Equation (i) passes through origin differentiating it

w.r.t. x

dy dy
2x-2h+2y I =0= h = x+ Yk put in equation (i)

dy
x% - 2x X+yd_x +y?2=0

d
= y? =x%+ 2xy—y
dx
dy 1 y dy dv
= 942 - o 4 oe—
e X puty = vx, dx U Ydx
VX dv
vVt x— = — X— =
X X dx
dx
J.dv = j— = v=logx +c or LA logx+c ... (i)
X X

Given y(1) =1 = 1 =logl + ¢ = ¢ = 1 put (i)

y = xfnx + X
Equation of circle (x - h?+ (y - 2)2=25 ... (i)

Differentiate w.r.t. x

16.

d
2(x - h) + 2(y - 2)

a _
dx 0

dy
(xk-h=-(- 2)& put in (i)

dx

or  (y-2PW)P+y-2°=25
y :CleCZX ........ (1)
y' = Clczeczx ........ (2)
y'=cy' (3)

@
Now 1)
v'
=g,
Yy
= Put in (3)

'—y— ! " n2
Y —y-y =y"y=()
cos x dy = y(sin x — y)dx
dy_ysinx—y2

=
dx COSX
dy
= —— =y tan x - y% sec x
dx
1d
= —2—y:—tanx—secx
y dx vy
ldy 1
= 5,5~ tan x = - sec x
y dx vy
1d
——2—y+—tanx=secx
y dx vy
Put — =t in equation (1)
v

1dy _dt

= _y_zdx dx

From equation (1) & (2), we get,

dt
:d—x+t.tanx=secx
CLE —elt

— elog |sec x|

= sec X

*. solution of differential equation is :

t. sec x = | sec x . dx + ¢

1

—sec X =tan X t ¢

sec X .

sec X =y (tan x + ¢)

d

T=y+3>0  y(0) - 2, yllog 2) = ?
dx

[ o

v+3

log |ly+ 3| =x+c¢



17.

18.

19.

v(0) = 2

log|2 + 3| =0+ c = c=loghb.
y.(log 2) = ?

log |ly + 3| =log 2 + log 5

log |y + 3| = log 10

y+3=10

y =7

N -y
dt

jdv = I—K(T —t)dt

t2
v:-x{n--}c

2
Att=0V=1=C=1

t
= _ T——|+1
v L)

—KT?
V(T)——KT(T—;jH: +1

2

Equation of tangent at (x, y)) is

d
y-y, = (x-x,)

t dx,
20.
dx,
- intercept = x, -y,
x- intercept = x, -y, dy,
According to question
dx,
Xy =Y
X, = dv,
! 2
— x =y dx,
1 ldyl
Id_v_ _dx
Y X
= Iny = - /nx + {nc
C
= y= — = Xy = C
X
Now at x = 2,y =3
= c=6
6
Xy=6 = y=—
X
2 1 _
yidx +| x —=|dy = 0
v
, dx N dx x 1
= P tx== = I
dy Y v vy 91
5y
Integrating factor (L.F.) = ¢ ¥ = e

General solution is —

1 -
X el :jy—se Yy + ¢

put =t

y?2 dy = dt

. L= —jte‘dt
=-et-1)
=e (1-1

: General solution is

1
Xefl/y = e*l/y (1 + —j +C
v

= x=1+l+Ce1/y
Y
Put x=1 y=1

dP(t) 1
dt

integrate
jd—P=jldt
P -900 2
1
In]|(P - 900)| =§t+C ....(1)

given t =0 —> P = 850
C =/n 50
from (1)

In[(P - 900)] ==t + ¢nb0

1
2

2/nl18

—+
Il

2
P = 100x - 12x3/2.§+c

x = 0, P = 2000
C = 2000

Px - 25 = 2500 - 1000 + 2000 = 3500



EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

1.

Let X be initial population of the country and Y,
be its initial food production.

Let the average consumption be a units. Therefore,
food required initially aX . It is given

90
Y, = aX, (W) =09 axX, ..(1)

Let X be the population of the country in year t.

dX
Then —— = rate of change of population

dt
—iX—OOSX
100 ’
: d—X—OOSdt
Y .

dX
Integrating JY = [0.03dt

= log X = 0.03t + ¢

= X =A . %% where A = ¢°

Att =0, X =X, thus X = A

X - XO e0,031

Let Y be the food production in year t.
4\t

ThenY =Y, [1 +m} = 0.9aX, (1.04)

(= Y, = 0.9aX from (1))

Food consumption in the year t is aX e

Again for no food deficit, Y - X > 0

= 0.9 X,a (1.04) > a X ¥

0.03 t

(1.04) 1
00.03t > ﬁ 9

Taking log on both sides,
tl/n (1.04) - 0.03] > /n 10 - /n 9
fnl1l0—-/¢n9
= 12 n1.04)-0.03
Thus the least integral values of the year n, when
the country becomes self sufficient, is the smallest

fnl10—-/n9
integer greater than or equal to m

d t 1 Tt
g y-  E=e™

=e'(l +t
dt  1+t° 1+t i+

1
lution is ye*(1 + 1) = |e' (1 +t)=——+ C
solution is ye™ ( ) Ie ( )1+t

ve(l +t)=-et+cgvenyl0)=-1=>c=0

1
yl+t)=-1 or y=-111
PR
end W=7 T

Given : liquid evaporates at a rate proportional to
its surface area.

dv S 1
= dtoc— (1)

1
We know, volume of liquid = gnrzh

and surface area = mr? (of liquid in contact with air)

1
or = gnrzh and S = mr? ... (2)
Also, tan 6 = & = F 3)
so, tan q 0 )
From (2) and (3),
1
V=—mnlcot®and S =nr2 .. (4)

3
Substituting (4) in (1), we get

Lo i
g Teot 0. 3% .~ =~ Kmr

0 T T )
= cote.[dr:_K .[dt ; ’

R 0

where T is required time after which the cone is
empty.

= cot 6 (0 - R) = -K(T - 0)

= R cot 6 = KT

= H=KT (using (3))
Lo H

= K

dy —cosx(l1+vy) dy —cos xdx

— =5 ... or — = |

dx 2+sinx 1+y 2+sinx

log(1l + vy) = -log(2 + sinx) + ¢

or log(1 + y) + log(2 + sinx) = ¢

Given y(0) = 1 means when x = 0, y = 1

= log2 + log2 = c logc = ¢c =4

4 4
YT 2+sinx

+ = — _
= 1+y 2 +sinx

[z)_i _
or y2 3 3



11.

dy y d [fx) 1
(a) PRI This is homogeneous so put = = k2 T
1
dy dv = flx)=cx®+ 3
Y = VX, — =vt —X
dX dx 2
Also f(1) =1 = c = 3
L dv XVX v
v —_— = =
dXX xZ +(vx)? 1+v? 242 1
= fW= 5o
d_v v v o _® 3 3x
or X 149 T 1 1o ) —
a _ —Y v _
(L+v3)dv  pdx dv  pdv pdx ® T, = I —— 4y - [dx
R ;
v X v v X
1 | | = _Vl—yz =x tc
- = +
or 202 ogv = logx + ¢ N ety 1
y <2 Centre (-c,0); radius = 1
putv=— = 5 = log= +logx + ¢ =logy + c
X 2y X J- dx J' dy
given y(1) = 1 12. X\/xz—l = y\/yz—l
1 x2
— =c=>c=2 = 502 logy + 2 2
2 v sec’lx = sec’ly + ¢ - oy(2) = E . c=
Now put x =x,, y=e
2 T
Xo _ 1_3 ) _ 6" _ 2 seclx = secly + — = vy = sec(sec™lx -
2e2_1+2_2 or X, = = 3e 6
1 1
= %= V3 e Now cosl— = cosl— + —
X 1% 6
xdy —ydx ydx —xdy
(b) - 2 = or 2 = - dy 1 \/g
y 4 cosl— = cos1— - cos*17
X
or d(—) =—-|d
Jaly) - Jo L5 I
X y o 2x x*\2
— =-y+cGivenyl)=1=>1=-1+c=>c=2
’ 2 B[ 1
X _3 y X X2
T =vy+2 Nowyl-3), — =-y+2
v v Hence S(]) is true and S(II) is false.
or yvV-2y-3=0
2-3y+y-3=0=@uy-3)y+1)=0 13 (A)d—y=— J = lny = 1 +c
v-3y+y y-3) A s e
y=3 ory=-1 Buty>0
y:3 2y_exifi*-c,x;'&s.
im  CSx) =X ft)
I ;
(B) I:J(x—l)(x—2)(x—3)(x—4)(x—5)dx
1

Applying L-hospital, we get

= XX f'x)-2x fx)+1=0
I:
fx)-2xfx) 1 f
= - 22 t 2 =0
(x7) X

=1

Applying x > 6 - X

B5-x)4-x)B-x)2-x)1-x)dx=-1

0.

T

6

T

)



(@)

(D)

14.

f (x) = cos®x + sin x
f '(x) = —2cosx sinx + cos x

= cos x ((2sinx+1)=0

1
cosx=00rsinx=§

sign of f ' (x) changes from -ve to +ve while f (x)

5n

T

asses through x = —, —.
P s 6" 6
f %) = tan? (sin x + cos x)

cosX —sinx

\'4
o

f &=

1 +(sin x + cos)?

‘ —3ﬁ/4/—lz<\5n/4ﬁ
.’.““ n/4 \>< :....'

x € (-3n/4, n/4)

y = fx)
Tangent at point P(x, y)

Given

dy)
N [— (X —x)
Y dx/
dy
Now y-intercept = Y =y - X—
dx
d
Given that, vy - x2 - x°
dx
d
g2 —x* is a linear differential equation
dx X
71 X ‘ /n l 1
with LF. = eI s e e (X) =

1
Hence, solution is LA I—xz.—dx +C
X X

2
=X ic
2

<

or

—

Given f(1) =1

Substituting we get, C =

SO

15

. (a)

(b)

16.

(Bonus)
(Comment : The given relation does not
hold for x =1, therefore it is not an

identity. Hence there is an error in given

question. The correct identity must be-)

X

6_[f(t)dt =3xf(x)-x* -5, ¥Vx>1
1
Now applying Newton Leibnitz theorem
6f(x) = 3xf'(x) - 3x° + 3f(x)
=  3f(x) = 3xf'(x) - 3x°

Let v = f(x)
. xd—y—y:xz xdy—zydx_dX
dx X

=
= Y_yicC (where C is constant)
X
= vy = x? + Cx
flx) = x" + Cx
Given f(1) = 2= C =1
flay=2"+2=6
Given y(0) = 0, g(0) = g(2) = 0
Let y'(x) + y(x) . g'(x) = g(x) g'(x)
= y'x + (x) -agx) g'x =0
o I g = g
g'(x)
dy(x)
+y(x) = g(x
= g y(x) = g(x)
= LF =eId(g(X)):e9(X)
= yx)e™ = J‘eg‘”g(X)'dg(X)
y(x).e5™ = g(x).e®™ —e®™ +¢
put x = 0
= 0=0-1+c = c¢c=1
= y(2) . e9(2) — 9(2)69(2) _ eg(z) + 1
= y2)=0-¢e"+1 = y(2) =0
d—y—ytanx =2xsecx
dx
jftanxdx
IF. =e =cosX

. Equation reduces to

Y.COSX = ij.sec X.cos xdx

= y cosx = x2 + C
cy0)=0=>0=0+C
.y cosx = x?

= y(x) = x? secx



(A) is correct)

g
.y4 =16 _8\/5 S

. (C) is wrong)

Also y'(x) = 2x secx + x? secx tanx

2
T e T2
1 Zl=Z42+
=7 [4} 2 16

(.. (B) is wrong)

2
T T T
1Zl=2.224+2 243
and ¥ (3] 3 9

4n 27
:?+3\/§ (.. (D) is correct)

17. f® -2 fx) <0
Multiply both side by e

e fix)—2e* fix) <0

;—X(e’z"f(x)) <0

Now, g(x) = e*f(x)
g(x) is a decreasing function.

1/2 1/2
1,1 1
{—ezx} :—(e2 —e):—(e—l)
Ze 1o e
1
N fix)dx < &1
1/2

obviously f(x) is positive

1

[ fdx >0
172
18. d—y—z+secZ
dx  x X
Let vy = vx
dv_ 8
dx dx

19.

20.

dx
cosvdv = —
X

sinv = /nxt+ ¢

sin L4 =/nx+c
X

I

** passing through 1’€
LT 1
=>sin—=c=>c=—
6 2

" sin? = fnx +—
X 2

Paragraph for Question 19 and 20

eX(f'(x) - 2f'(x) + f(x) = 1

D((f'(x) = fx)e™) = 1

= D(f'®) - f(x)e™) = 0

= (f'x) - f(x))e™ is an increasing function.

As we know that e*f(x) has local minima at X = Z

1
fx) < f() in ( ’Zj

option C

De*(f'(x) - fx) 20 V x € (0, 1)
D(D(e™*f(x)) > 0 V x € (0, 1)
D*ef(x)) = O

Let F(x) = e™f(x)

F'"(x) > 0 means it is concave upward.

F(X)T

(0,0) I (1,0)

F(0) = F(1) = 0

Fx) <0V x e (0, 1)
e*f(x) <0V x e (0, 1)
flx) <0

Option D is possible



