UNIT # 10

VECTORS AND THREE DIMENSIONAL GEOMETRY

VECTOR
EXERCISE - 01 CHECK YOUR GRASP
4. AC = AB* BC D C __Ijli
= 2] - 2j + 4k n, =ACxAB=[|1 2 2|=2i-4j+3k
_ - 0 3 4
BD = “AB "BC
=-4i+2j A B
e ik
Let Angle between AC & BD is 0 |51 x52|=32 1 —2|=3(-5{-10j-10Kk)
ACBD 2 4 3
S, ———————— = COS e
| AC| | BD |
n, xn
_ o -1z /i sinO:—5 [SiHGZ—Ll a2| J
cos —4\/g\/g 10 \29 [n;[[|n,]
. — S ~ ~ -
= Acute angle between diagonals = cos 10 14. Lot F=xi+y+zk
8. a=1+]ﬁ&b=21—k i“x(Fxf)+]7><(?xj)+l;><(F><lE)
ixa=bxd=(f-b)xa=0 L -
. F -0 43 (i = (ii)r - (1.7)i+(.j)r = (j.r)j + k.kK)r — (k.T)k
similarly ¥ x b=3axb = 3r-ili.xi+ yj+ zk) - j(.xi + yj + zk))
ST =a+pb (i) L
- - -k(k.(xi + yj + zk))
Putting the vector a & b in (i) & (ii) and equating
we get 27 —k + A + ) = T+ + p@i - K) = 3t it gy 2k)=37-T 22T,
=  2*A=1+2p A=1pn=1 20. (a-b)R+(b-c)j+(c—a)Exy)=0
. Point of intersection is 3i + j - k .
- - As X,y & (Xxy) are non zero, non
9. L H S= (M3 +b)x A%b)AC
W (e o=\ . coplanar vectors, then
=2 (@ +b)xb)e =Afabd
. . - a-b=b-c=c-a=0 = a=b-=c
RHS. = @x(®+e)b = [ach] Hence AABC is an equilateral triangle.
= Mabc=-[ab] H . led triandl
= A% = -1 which is not possible. ence, actte angled friangte.
11. AD= —2i~+217—l; D 23. 3, b, ¢ are unit vector mutually perpendicular to

AC=i+2j+2k A
AB = 3j+4k :
B
PJ ok
i, =ADxAC=|-2 2 -1|=6i+3j-6k
1 2 2

=3(2i"+j—212)

each other then angle between 3 + b + ¢ & 3 is

given by
(5+6+E).5 (5+5+6),5
cos O = — = =
G+o+dial Ja+b+e
.
Va2 +b% +¢?
= 0 ! 1(1\ 1. /2
cosh = — = cosl| —=|=tan~
NG or 0 =cos k\/gJ tan™ /2



24. @Exb)xc =ax(bxd)
(3.9 - (b.6)3 = (3.9)b - (3.b)C s A
~ - cd
But bc =0, ab=0
= 3 & ¢ must be parallel. 4
. a 6
25 _ ~ o +cC A
. ax(bxc) _2 E 5
- 30. z
696 - G5 - =+ —
= (a.c)b - (a.b)c = =+ —=
NP
= (a a—ijﬁ - (a 6+i]6=0
2 V2
. -1 1 s
S - —— & 5 o
a.b 2 a.c NG
— 1 3n
angle between a & b = cos™ _T = — x
2 4 Hence, edge length of the parallelopiped
33+4b 6c+d 48+3f _X 1%, = % :*86
7 7 7 7 ly, = vl -
lz, - z,| =2
EXERCISE - 02 BRAIN TEASERS
2. f-i-b+c .0 (Since $.d =G+ =7.p=0)
P -b+i-a (i) =>AM[3%-(B+q+1]-Z{p.x)p}=0
- Z(p.X)p = XA?
Boctatb ) AP -x)p = % 4]
- . pH+q+r
r =2a-3b+4c 2X =p+q+1 = X = 5
If ¥ =M1 + A5 + AT B
o 422 o 6. Let a=xi+vyj+zk
then 23 —3b + 4¢ it makes equal angle with
=()‘1_)‘2+}"3)5+()‘2_)‘1+)‘3)6+()‘1+)‘2+}"3)6 1 . .1 . ..
oAy = 2 (i) g(i - 2j+ 2k), 5 (—4i — 3Kk),j then
byt A= =23 ) X — 2y + 2z —4x — 3z
AMtA, A, =4 L (vi 3 = 5 =y
Solving (iv) (v) & (vi) we get Ax + By + 32=0 ..()
by =15 M =7/25 0 =-1/2 x -5y +22=0 (i
Now check options from (i) & (i)
5. B x((%-d) xp)+dx (% -7 xd) x = -z & x = -5y
e - L e 5
= (p-P)(x—q) — (p.X —d)p) + (q.q)(X — 1) . o o
7. (d + a).[a x {b.d)c — (b.c)d}]

—(q.(x-1)g)+rr(x —p)—-(r.(x —p)r)= 0

= A2(x - q) 2(p.X)p =0,



8.  [(f3a + mb + nd)(fb + mT + na) (/S + ma + nb)]=0

Let f,= (/b + m¢ + na) (/C + ma + nb)

=(£?-mn) (b x &) +(@ x b)(n?~fm) + (m?- ¢n)

Now (/3 + mb + nd).n,
= [abc] (¢ - fmn + m® — fmn + n® - /mn) = 0
= [abc] (2 + m® + n® - 3/mn) = 0

= (+m+n=0.

12. (A) 3 x[ax(3xb)
=3 x [(a.b)a — (3.3)b] =0 - (3)?(3xb) . False
(B) 5,6,5 are non-coplanar
va=0
ib=0f = v.@+b+3c) =0
vec =0
But 3+b+¢c#0= v=0.ie nul vector

which is true

(C) iaxb & ¢ xd are perpendicular

so (@ xb) (Cxd)# 0. False

14.

axb
B [abc]

cxa

N [abc]’

b x¢
"~ labc]’

is valid only if 3,p,¢ are non coplanar,

hence false.

(b-3.a-b)=0
= angle between

b-c&a-b=090°

Let B be the origin & A (3 i),

3+ 4]}

then M(2j) & D[

*. Angle between BD & AM

(27 - 3). [31;41] 1

cos O = = -
Jﬁxé 5V13
2

cos 0 = ———

5r

EXERCISE - 03

MISCELLANEOUS TYPE QUESTIONS

Match the column :
1. (A) If P is a point inside the
triangle such that
area(APAB + APBC + APCA)
= area (AABC)
Then P is centroid. B

(B) V =PA +PB + PC

0=a-p+b-p+c-p
~ a+b+¢
p = 3 which is centroid.
(C) P = (BC)PA + (CA)PB + (AB)PC = 0

al@ —p) +bB -p) +cf —p) =0

jﬁza&+bﬁ+cfl
a+b+c
B(B)
a C
*Hp)
ay) b Ale)

which is incentre.

¢ Assertion & Reason :

2.

(D) From fig. A
PA - CB =0
PBAC =0
= P is orthocentre.

Statement - I : A(@) & B(B)

PA .PB < 0, then locus of P is sphere having
diameter ‘(5 - 6)‘

3

a—-b
2

T Y ~
Volume=§n =E|5—b| RPN
e shyl= T
=g @+b —2ab) |z - p|

Hence true.

Statement - II : Diameter of sphere subtend acute
angle at point P then point P moves out side the
sphere having radius r.

Statement - 1 :

Z=3+b linearly dependent

3 & b are linearly independent

Hence true.



Statement - II :

a&b are linearly dependent

a=tb

then ¢ = A3 + pub which is linearly dependent.
Comprehension # 2

Vector p=i+j+k, g=2+4j-k,

F=i+7+3k

11 1
1. (A 2 4 -1 =13-7-2=4%0
11 3

Hence non coplanar; so linearly independent

(B) In triangle, let length of sides of triangle are
a, b, ¢ then triangle is formed if sum of two
sides is greater than the third side. Check
yourself.

(€C) @-np
={i+3 -4k .(i+j+k=1+3-4=0
Hence true.

2. ((pxq)xr) =up+vq+ wr

(p.Y)q — (q.7)p = up + vq + wr

By solving p.r & q.r, we get

5 —3p + 0 = up +vq + wr

compare

u+tv+w=5-3+0=2

5 is unit vector

(B:3) (@ x 1) + (q.5) (F xp) * .5 (pxq)

i j ok

Ggx7 =2 4 -1=137-7j-2k
11 3
i j k

rxp=[11 3 =-2{+2j
111
ij K

pxd=1 1 1| - g7 37,0f
2 4 -1

Let 5 =7

Putting the value we get

13i = 7] - 2k + 2(-2i + 2j) + (-5i + 3] + 2k)
=13{-7j-2k —4i +4j - 5] + 3] + 2k

= 4{+0j + Ok = 4
Magnitude = 4.

EXERCISE - 04[A]

CONCEPTUAL SUBJECTIVE EXERCISE

5. QX =4XR PO) 1S<§>
Let P be origin (
& R(q+5s)

from figure
4(g+s)+q 5q+4s

PV. of X =

5 5
4s+q+s 55+q
PV.of Y = 5 = 5

Now Let Z divides PR in ratio A :1
Now Let Z divides XY in ratio u:1
Mq +5)

PV. of Z = ﬁ (from PR)
wbs +q) N 5q+4s
5 5
p+1

(from XY)

P.V. of Z

equating both Z then we get
A pn+5
}‘ + 1 - 5(“ + 1) .......

A Sw+d
11 Bu+1) (ii)
rom (i) (ii), M 4 4
21
So PV. of Z = 51 (@+5s)
—+1
4
- 21 ~ 21
25 (@+s) 25 PR
Let origin be C AR)
(3)
C = BB
9 (3
bl |- d .
Given a—E = ‘b _E‘ (medians are equal)




12.

14.

17.

4
Let |fl| =X

3 -
= 2% = 1aE

-~ A
u=—

5, ((+V3])

gmﬁb-f

2

- k‘%(f+\/§j)—21~

Given

((x 1]2+3x2\2 ([x—4]2+ﬁ\

27 ) (2 e

(422 = 40 + 4)2 = 1602 (A% - 21 + 4)

(A2 - A+1)2 = A2 (A2 - 2) + 4)
—2+a+4

solving we get A ZT =-1 i\/§

But A > 0
= r=42-1

na=2, b=1 21.

|F + b§| is minimum

Let f(b) = /72 1 b252 + 27.b5

for maxima & minima

_ 2bs* 427§
Ji? +b2%8% 4 2b7 3

b:_;s

f'(b)

=0

all

wnl

b

~2
+ ‘r+bs‘ - b25? + P24 bPS2 + 2bT.5

= 2b25° + P- 2b%§%= |7 |?
O (0,0), A(1,0) & B (-1, 0)
Let P (x,y)

PA = (1 -xi-vyj

PB = - (1 +xi-yj 24

PA-PB *3 OAOB =0
> x2-1)+y?2-3=0
x2+y?2 =4 .. (1)

‘Iﬂ”ﬁ‘ = \/(x—1)2+y2 \/(x—i-l)2 +y*

= J5-2x - /5 +2x

= {25 -4x?%,

soM=5 m=3
= M2+ m?=25+9 =34

e (-2,2) (from (1))

20.

>,

D) e
AG) B

In cyclic quadrilateral

tanA + tan C = 0

AB x A_ﬁ‘ \6@ x c‘ﬁ\
=51+ —=—1=0

AB.AD CB.CD

(B—a)x(a—a)‘ ‘(B—E)X(&—E)‘_O

(b —3).(d —a) (b—-¢).(d-¢)

‘5x6+6xa+ax5‘ ‘6><E+E><a+a><6‘
— — + - _ -0

(b—a).(d-a) (b-c¢c).(d=¢)

_o- 1. 43
5=\/§i—j,b=§i+71

for monotonocity

p'=3¢*-3

if p' < 0 then f(q) is decreasing
=>@-1)(@+1)<0
=-1<qgx<1

Decreasing for qe (- 1, 1), g # 0

‘(a.a)(b %) + (b.d)(E x &) + (€.d)(& x 6)‘

- ‘(B.a)(axci—{ﬁ.(axa)}a—(ﬁ. )(axa‘
~baad -paad 1d|=1

=[l—) a E] Proved.



28.

Exa+(®ba=¢ (i)

taking cross product with b:

(Xx3)xb+(X.b)@axb)=Exb

(Xb)a —(E.0)% + (Xb)Exb)=Cxb  .oeree. (i)

Now taking dot product with 3z in (i)

(Xb)a? =ac

EXERCISE - 04 [B]

BRAIN STORMING SUBJECTIVE EXERCISE

2.

=a,i +a,j+ask

a
b=b,i+b,j+bsk
¢ =cyi+cyj+csk
ai aj ak
[abc] is written as |5 b bk
¢i &j ¢k

Now {(na +b)x (nb + &)}L(nc +a)
= %@ xb)+n@Ex3) +bxc}.(nc+a)
=n3[abc] + [bcal

=(n®+ 1) [abd]

Given OP__,

1)

(a) Let P, & P, be {tl’t_J & (t2’t_J
1 2

forn =2

oa+og=%og

— (3 (3 1).
or OP3 —[— — ) 1+L___J
2 2t, t
 (3t,-2t, 3t -2t,)
3 2 7 2t
which does not lie on xy = 1
(b) Let P, & P, on circle x* + y* = 1

are (cosa, sina), (cosp, sinf)

Point P

N | w

Forn=2,O_Pl.+O—P3. O—F'2

O—PQ.=§ {(cos ai + sin aj) + (cos Bi + sin B])}

. 2 e B
OP, =3 {(cosoc+cos B)i + (sin o + sin B)j}

As P, lies on the circle then

-

—{(cos o+ cos B)2 + (sin o + sin B)2 } =1

OP, = > 0P; -2 (0P, +OF;)

5— 2——
5 2 5 2 . :
=| Zcosa——cosP |i +| =sina.—=sinp |j
6 3 6 3
S 25 4
op4‘2 ——t——2.= —cos((x—B)=1

5 2
36 9 63
y? =1

= P, lies on x* +

(1+c¢) % =a-Ccxb+(Cx) ¢ ... (iii)
Taking both side dot product with ¢ in equation (i)

We get X.¢ = a.c, (put in (i)



10.

a+(@EIE+bxc
1+¢?

X =

Putting in (ii), we get y =

d=i+aj+a’k

B=1i+bj+b’k
7=i~+cj+cl;
& ,B,7 arenon coplanar
1 a a
1 b b =0
1 ¢ ¢

= (a-b) bc)(c-a)#0 = a%b=c
If o, B, & v, are coplanar

1 a, af
1 ¢ o

(@, —a)’ (a;—b)* (a, —c)
Given |(b; —a)* (b, —b)* (b, —c)’|=0
(c; b (c; —c)

= R, > R - R, &R, » R, - R,, we get

(c; —a)?

a,; +b, —2a a;+b;—2b a; +b; —2c

(a,~b,)(b,—c,) by +c; —2a b;4+c¢;—2b b, +c¢; —2c|=0

(c, —a) (c, —b)? (c, —cf

R1 — R1 - R2
a;—¢

a—¢ a;—¢

= (a,~b,) (b,—c)) b, +c;,—2a b, +c¢;—2b b; +¢; —2¢c|=0

(c, —a)® (¢, —b) (c; —c?)

11.

= (a,-b)) (b, - ¢)) (¢, - a)

1 1 1
b, +c;—2a b, +¢;-2b by +c, —2c 0
(c; —a)? (c; —b)? (c; —c)
C,»>C -C,&C,»>C,-C,
= (@, - b) (b,—c) (c, - a)
0 0 1
2(b—a) 2(c—b) b; +¢; —2¢|=0
a’ —b? —2¢c,(a—-b) b*—c®—2¢,(b—c) (¢;—c)
A
(@,-b) (b, - c)(c;, -a)A=0
= (@ -b),-¢c)lc,-¢c)=0 A # 0]
= a =b, =c
= (’il,Bl,w_{'l are coplanar
OP ={+2j+2k
after rotation of QP , let new vector is QP '
Now 6[3, i, OP' will be coplanar
. —~(6[3><i~)><613 =3 =,
So OP'= ‘OP‘T |: ‘OP‘ :‘OP H
(OP x i) x OP|

But (OP xi)xOP =8{ - 2j - 2k

__ 3(8i-2j-2k)
= Op' = 2x3\/§
—— 4. 1. 1 -
or OP'=—{———j———k
NN AN

EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

6.

We have,
u.n=0 and v.n=0

= nluand ALV

Hence, | i =|({+2]+3K).(+k)]= 3

F = Total force = 7{+2j—4k
d

= Displacement vector = 4 + 2j — 2k

=  Work done = F.d = (28 + 4 + 8) units
= 40 units
Let D be the mid-point of BC. Then,

__. AB+AC
AD = — 7~

= [AD|=4i+j+4ak

= |AD|= /16+1+16=+33

Hence, required length = /33 units.
We have,

a+b+c=0



11.

12.

14.

16.

|5+B+E|=6 = |a+6+a|2=o

=

—12 -
= [aP+]6 +[cf +2G.b+b.3+5.5) =0
= b+b.c+c.3) = 0
=

+
1+4+9+2(.b+b.

a.b+b.c+c.a =-7

I
cl ‘2l 2l

=
It is given that
3+2b is collinear with ¢ and b + 3¢ is collinear
with a

= 5+42b =AC¢ and b + 3¢ = pa for some
scalar A and p.

=  b+3c=p(Ac-2b)
= @u+1)b+(B-p)i =0
= 2u+1=0and 3-pr =0
- L=-—'h=-6 **bandc
#2 are non — collinear
a+2b=Ac
= a+2b=—6¢ = 3+2b+6¢=0

Let G=3+2b+3c B=Ab+4¢ and y=(2A-1)¢.

12 3
Then, [@B7y] =0 A 4 |[@bg]
00 (2r-1)

= [@aB7yl =M -1) [abe]

- 1 -
=  [apyl =0,if2=0, 5 [ [abc] = 0]
Hence, &,B,? are non-coplanar for all values of A

except two values 0 and 7

(@ b) c=1/3]bl|cla
= (a.c)b - (b.c)a = 1/3|b||c|a

1
=  (a.c)b= {(b.c) + g|b||c|} a

1
= (a.c)b =1b]|c]| {C059+ g}a

As a and b are not parallel, a.c=0 and cos0 +§=0

17.

21.

22.

24.

29.

30.

242

= cosO = - g Hence sin@ = ——

PA +PB =(PA +AC) + (PB+BC) - (AC +BC)

= PC + PC - (AC - CB) A
=2PC -0 C
('-'A—C=C—B) - P B
PA + PB =2PC

10 -1 10 0 11
[abel=jx 1 1-x [=x 1 1 |= x1+x:1

vy x 1+x-y| |y x 1+x
(axg)x6=5x(gx6)
= (3.6)b — (b.9)a = (3.6)b — (3.b)C
= (b.9)a = (3.b)¢

So that a is parallel to ¢

AC 1 BC

.. dr's of AC and BC will be (2-a,2,0) and (1-a,0,-6)
Sothat (2-a(1-a+2 0+0 (-6)=0

= a*-3a+2=0

a=1,2
A2, -1,1)
(@,-3,1) [] B(1, -3,-5)

[30 pv pw] - [pV W qu]- [2W qV qi] =0
3p2[ivw] - pq[v W 4] - 2¢*[w ¥ 4] =0
(3p% - pq + 2q?) . [ﬁ v \X/] =0

3p? - pq + 292 =0

has exactly one solution

p=q=0

@Exb)+c=0

= 2b = (-2i + 2j— 4k)

:5:—i+j—2k



31.

32.

33.

34.

35.

Give alb, dal¢ & bL¢ 36.

so 46=0 & bi=0
>A-1+2u=0& 2L +4+u=0
> A=-3&u=2

ab =0

ad =0

b c=b d

a (b ¢)=a (b d

(a.c)b - (a.b)c - (a.c)b - (a.b)d {a.d=0}
= (a.b)d =

d =c—@b
(a.b)

ib=0 and |a] = |b] = 1
(Exb)x(E+2b)=(@xb)xa+(3xb)x2b
- _[ax(ax6)+26x(ax6)]

- [(5.6)5 —(E.3)b+2(b .b)a-20b. 5)6]

= -[0—6+25+o]=[6—2a]

. (23-b).[@xb)x(E+2D)] 38.

=(23-D). (b-23)

= —4a2 - b2+ 48 .b = -5

p 1 1
1 q 1|=0
1 1 r
par-1)-(r-1)+(1-9=0
pagr-p-r+1+1-q=0
par —(ptr+q +2=0

par - (p +r +q) = -2

Let Let

a+3b=Ahc b+2¢=a

add 6¢ both side 3b+6¢ =3ua

a+3b+6C=(\+6) add @ both side
a+3b+6C=(3u+1)a

Hence (A +6)c =3u+1)a

But given a and ¢ are non coliner

Hence A+6=3u+1=20

SO a+3b+6C5=0

)c
(a.b)c (a.c)b (divide by a.b) 37.

cd=0
— (3+2b).(5a—-4b)= 0
—~5-8+64.b =0

= 4a.b=1/2
= cos 0=1/2
o

:925
B

a

>
=<
oly

| AD |=+/33



EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

1.

(b) Given that 5,6, E,a are vectors such that
@Exb)x(Exd) =0 (1)
P, is the plane determined by vectors a and b
Normal vectors n; to P, will be given by
A, =axb

Similarly P, is the plane determined by vectors

Cand d

-. Normal vector n, to P, will be given by
n, =cxd

Substituting the values of n, and n, in
equation (1) we get n; n, =0

= 1iy|[fi,

and hence the planes will also be parallel to

each other.
Thus angle between the planes = 0.

(@) a,b,C are unit vectors.

- é.a :b.b:c,é =1
S N LT
Now, x = ‘a—b‘ +‘b—c‘ +|c—a|

=a.d+b.b-2a.b*b.b+¢.¢-

= -2(@b+bi+ca)<3

=6-2 (3b+bé+ca)<9 .. (2)

From (1) and (2), x £ 9

. X does not exceed 9
Given data is insufficient to uniquely
determine the three vectors as there are only
6 equations involving 9 variables.

We can obtain infinitely many set of three
vectors, V;,V,,V,, satisfying these

conditions.
From the given data, we get

vi.vi=4 :>|v1|= 2

VpVy=2 = [V,| = 2

V395 =29 =|V5|=4/29
Also v;.v, = - 2
= |V1| |§/'2|cose =-2

[where 0 is the angle between \71 and \72]

-1
= cose=$ = 0=135

Now since any two vectors are always
coplanar, let us suppose that v, and v, are
in x-y plane. Let \71 is along the positive
direction of x-axis then v, = 2 i. [ |\71| =2]

As Vv, makes an angle 135 with v, and
lies in x-y plane, also keeping in mind

|V/2|= J2 we obtain

U, =-it]j

Again let, v, =ai+pi+yk

VeV =6 =>200=6 =>a=3

and V;.v,=-5=>-a*xB=-5=>pB=+2

Also |Vs|=/29 = o + B2 +y* = 29

= y==*4

Hence Vv, =3i+2j+4k

Thus, v, =2i;V, =—i+j;v, =3{ 2]+ 4k
are some possible answers.

A (t) is parallel to l% (t) for some t € [0,1]

f,(t
if and only if bV = 2(0)

91(t) g, (t)

or f(t).g,(t) = f,(t).g,(t) for some t € [0,1]
Let h(t) = f(t).g,(t) - f,(t).g,(t)
h(0) = ,(0).,(0) - £,(0).g,(0)

=2 2-3 3=-5<0
h(1) = f,(1).g,(1) - £,(1).g,(1)

=6 6-2 2=32>0
Since h is a continuous function, and
h(0).h(1) < 0
= there is some t € [0,1] for which h(t)=0

for some t € [0,1]

ie., A (t) and é (t) are parallel vectors for
this t.



10.

Given that, & =a,i+a,j+ask

b=b,i+b,j+bsk

C=cyi+c,j+csk
where a, b, c, r = 1,2,3 are all non negative
real numbers.

3
Also Z (@ +b +c)=3L
r=1
To prove V < L3 Where V is vol. of parallelopiped

formed by the vectors 5,B and ¢

.. We have V = [abg] = [b1 by by

€1 C Cg
= V = (a;b,c; + a,bsci+azbicy)—(abse, +abic, +
asb,cy)....(1)
Now we know that AM > GM
C(ag +by+¢y)+(ay, +by +c,)+(ag + by +c3)
o 3

>[(a, + by +¢c) (@, + by, + ¢cy) (@as + by + c)]¥?

3L
= —— 2 [(a;*b;*cy) (a,tbytcy) (astbstcy)]t®

3

= L3 > (a;*tb;*c;) (a, + b, + ¢,) (a; +by + cj)

= a;by,c, + a,bsc; + azbic, + 24 more such terms

vV

a;byc; + azbaey + azbic,
[ a,b,c,20o0rr=1,273]

(a;bycs + absey + azbicy)

\

- (a;bsc,ta,bics + azb,ey) [same reason]

=V from (1)
Thus, L3 > V Hence Proved
Given that u, v, ® are three non coplanar

unit vectors. Angle between {jand v is a,
between y and ¢ is P and between ¢ and
u itisy. Infig. QA and QB represent g

and v . Let P be a pt. on angle bisector of

~ AOB such that OAPB is a parallelogram.

Also Z/ POA = ZBOP = o/2
../ APO = /BOP = a/2 (Alternate angles)
In A OAP, OA = AP

—~ u+vV . u+v
OF =Tawv] e *Tfi+y

But i+ v = (@ + 9).(G + v)

=1+1+2uv
o fag ol =1
=2+2cosa =4 cos? a/2.
“lu+v| =2 cosa/2

|
1 L
= X = 5 sec (a/2) (u+ V)
1
Similarly, §=§ sec (B/2) (v + @)

2 = secy /26 + 1)

Now consider [X x §§ x 7 7 x ]
= (X x Y).[(y x 2)x(z x X)]
= (X x 9).1F x 2).8)Z - {§ x 2).2)%]

[Using def of vector triple product,]
= (X x V).[[Xyz]Zz - 0]
= [Xyz] Xyz]
2 ..()

b1}
<l
N

)i
<l
Ny

1 o _ _ 1 B
Also[XyZ] = [EsecE(u + V) ESQCE}
1
(V + @) Esec(y/Z)(\Xz + G))}

1
=§sec(0c/2)sec([3/2) sec (y/2)[U+VV+ oo+l

1
= gsec((x/2) sec(B/2) sec(y/2)

(4 +V).(Vv+ o) x (@ + 1)

1
= gsec((x/2) sec(B/2) sec(y/2)

([U+V).(Vx®+VxU+ o xu)

gsec(a/Z) sec(B/2) sec(y/2)[u.Vvx @ + V.® x U]

[563] = 0 when ever any two vectors are same)

—

1
= gsec((x/2) sec(B/2) sec(y/2) 2[UvV ]



12.

14.

1
= Zsec(oc/Z) sec(B/2) sec(y/2) 2[uV®]
1
LRy ZP ZE [V o) sec’o/2 sec?B/2 sec?y/2

...(ii)
From (i) and (ii),

[Rx§ yxzZ ZxZX]
1
“16 [UV o) sec’o/2 sec?B/2 sec?y/2.
Given that a=b=zc=d
Such that & x¢=bxd ()
axb=2cxd -..(ii)
To prove that (3 — d).(b — ) # 0

Subtracting equation (ii) from (i) we get

o
x
ol
|
S
|
o,
x
ol
|
o
|
)

[+ 3-d #0, ¢-b= 0 as all distinct]

= Angle between 3 - d and ¢ - b is either
0 or 180 .
= (G-d.E-b) =|a-d||c-b]

[cos O or cos 180] # 0 as a,d,c,b all are different.
Given that incident ray is along ¢, reflected ray

is along w and normal is along a, outwards. The
given figure can be redrawn as shown.

o>

<>
&>

We know that incident ray, reflected ray and normal
lie in a plane, and angle of incidence = angle of
reflection.
Therefore a will be along the angle bisector of
wand - ¢, ie.,

. W+ (=V)

a=— ..(1)

| W=V

[~ angle bisector will along a vector dividing in same

15.

19.

ratio as the ratio of the sides forming that angle.]

But 3 is a unit vector
where |  — ¢ |= OC = 20P
2 cos O

Substituting this value in equation (i) we get

=2 |w]| cos 6=

AERY
é =
2cosH
w =y + (2cos 0)a
=y-2(a.v)a [+ &a.¥= -cos 0]
(b) Normal to plane P, is
i, = (2j + 3k) x (4j — 3k)= -18i

Normal to plane P, is
i, = (—Kk) x (3 + 3j) = 3i - 3j - 3k
" A is parallel to (i, x fi,)= *(-54] + 54K)
Now, angle between A and 2i + j- 2k is given

(-54] + 54Kk).21 + | — 2Kk) 1

by cos O =+ =+—=
Y 54423 2
b 3n
6 = Z or T

Let ¢ =xi+yj+zk

- 1. 3. 1
3=i then b=—i+—j SO =/
a=1i 21 2]

x yv3 1
—t — =
2 2 2

alsox2+y +22 =1
= £=2/3=>z2-=

1 0

y V3 / :y
so volume = 0 \/5

éé@ %

Alternative

volume = |§.(B % 3)|
5.3 a-b a-c ////
b3 b-b b-d // //
2.3 ¢b ¢-¢

e Vo !



‘@‘ = ‘écost+651nt IS§=—1~+3]7

= (cos?t + sin2t + 2sintcost & .b)1/2 QR =-i+3j
= (1 + sin2tab)1/2 . PS=QR

. n . o
o |Oplmex = 1 +a6)/2 when t =7 But PQPS =-6+3=-3%0& ‘PQ‘;&‘PS‘

- = PQRS is a parallelogram but neither a

Now U= atb = é+t~) rhombus nor a rectangle.
Jplathl la+b ) 3 .
J2 24. (2a+Db).[(axb)xa—2(@xb)xb]
(@xb).Exd) =1 o = (23+b).[ab - (@.b)a - 2{a.b)b — b3}
I L
3 = = (2a+b).[a’b+2b%]; as a.b=0
= (2a+b).[2d+b] as [a®= b’= 1]
= 4a’ + b* =5
~3 5o 25. TLet 0 be the angle
Let &a”b =a between AB and AD
arb =P = 6+a=90
angle between plane of (,b) & (€,d) be 0 = o=90 -0
e'quation. (1) becomes = cos o = sinB ....(i)
sina . sin B cos 0 =1
T T AB.AD
Sa=—,B==,0=0 Now, COSGZ&Z§
2 2 |aB|jaD| 9

= b & d are non-parallel.
(A) 2sin20 +sin220 =2
sin? O + 2 sin? 0 cos? 6 = 1

t+2t(1-1H=1 -
26. (a) v=xa+yb

t+2t-2t2=1
2 _ - . . .
22 - 3t+1=0 =i(x +y)+jx —y) +k(x +y) (i)
@-1)¢t-1=0 )
t=1,1/2 Given, v.¢ =—
sin2 0 =1, 1/2 V3
6x 3x x+y-x+y-x-y 1
B) —=I & —=I =—
( ) T 1 T 2 = \/g 3
_hm xmmo y-x=1
= X = 6 —6;3727 . - X y -1 (ll)
. using (ii) in (i) we get
(C) [abc} o .
. V=(x+y)i—j+(x+y)k
(D) a+b++3c=0
= a?+b?+23b=3c2 =2+ 2cos O =3 (b) a=i+j+2k
1 e gt
= cose=§:>9=§ b i+~21+~k
Ans. (A) c=i+j+k
_ L -3,2S R(3,3) . ~ R
PQ=6i+]j v =MA(@xb)xc)=Axr(a.c)b—(b.c)a
SR=6i+] G=MAG+2]+k) -4 +]+2Kk)]

PQ = SR (2-1P Q4.0 v=4Mi-k)



(¢) a=-i-k

(o]

=—i+j
c=i+2j+3k
rxb=Cxb

Taking cross product by 3

r=-3{+6j+3k

tb=3+6=9
~2 |- 2 2
27. (a) [a-b| +[p-¢| +[c-a =9
- 6-2%3b=9
Yab = 3 1
= a. ——E ()
‘5+5+8220

Ya? +2%a.b >0

. 3

b>-=
2

for equality |5+6+5|:0

)y

[

= a+b+c=0

5b+5¢ =-b5a

23 +5b+5¢ =33

|23 +5b +5¢| = 3[8] - 3
(b) @E+b)x(2i+3j+4k)=0

=  a+b=A2i+3j+4k)

|a+b|=429 = |A] =1

a+b = (2 +3j+4Kk)

(@+b).(-7i+2]+3k)
=-14+6+12 =4

- e o~ o~ . . . P
a=2i-j-3k & b=i+2j+k
2 -1 -3
Volume =1 2 1
1 2 3

240+ @3 -1 -32 -2
8§+2=10

(ox)

o)

29.

30.

z
A
C B
D A
0 > Y
R
4 Q
X
S P
O is at the centre of cube
ABCDPQRS

The 8 vectors will represent

OA, OB.....OD, OP, .......0S
any three out of these 8 will be coplanar
when two of them are collinear. There are 4 pairs

of collinear vectors

OA & OR, OB & 0OS, OC&OP,0D &0Q
(it will generate 4 6 = 24 set of coplanar vectors)
rest of the combination of 3 vectors will form three

edges of a tetrahedron so they will be not coplanar.

So number of non-coplanar vectors

[3(@+b) (b+c) 2(C+3a)
=12[G b ¢]=60

1 - B
(R) Given §|5><b|=20 = |axb| =40
1 1 B
E(2a+3mxw—b)=§‘()+3bxa—2axb
1 . .5
— | -5axb|=—|axb|=>.40 =100
2 2

(S) Given |axb|=30
|(3+b)xa|=|0+bxal| =30



