UNIT # 06

INDEFINITE & DEFINITE INTEGRATION

INDEFINITE INTEGRATION

EXERCISE - 01

CHECK YOUR GRASP

1 f(X)_J‘Zsinx—sian 40 )
) x> ’ = \/1+x2€n(x+\/1+x2)—j\/1+x2. dx
2sinx(1—cosx V1 +x?
lin})f‘(x):ling —F =1
X X X X
1+x%/nx+vV1+x%)—x+C
J~( cos® x —sin® x \dx
4. 1-2sin? xcos® x 14 L 1 :AX+B C
4 . 4 2 .2 ) ot (x+2)(x*+1) x*+1 =x+2
:J~(cos X +sin” x)(cos” x —sin X)dx
(1 —2sin® x cos? x) 1 2 1
9 On solving it we get A :_E’B =g,c =z
:_[(c:oszx—sirl2 X)dXZICOSZXdX = sz X+C
o1 N EICEEER.
5. dex=zjmdx 5 x*+1 5(x%+1) 5(x+2)
_ 3 avass 4 -
_T(l ) +C (Put 1 - x™ = 1) z—lén(x2 +1)+gtan'l x+l€n| x+2|+K
10 5 5
(x*+1) -2X 1
- = 7 = || ———+—|dx -
9. J.x(x4+1—i-2><2) * I[X4+1+2X2 X J‘ x' -4 dX=I x —4x7 dx
17. 3 2 \/4X2+1+X2
2% 1 X7 5 +1+x
=€n|x|_jmdx = In|x|+ — e X
s X"+ - jt 1/2dt [put t=4x2+ 1 + x ]
-6
X X
o dx =| —————dx N
10. I((1+x5)] -[(1+x’5)3/2 _ /_+1+X Lo Yatx +xT 4+x"+x"
{het =1 +x% dt = - 5x*dx] 20. \/1 +2tanxsecx +2tan’x — lsec x + tanx]|
- l.[ Clt/zzg(lﬂ Y12 4 C g _[Isecx+tanx|dX:1
5 (1) 5 I = /n|sec x + tan x| + fn]|sec x|+ c ..... (i)
[ = /n|sec? x + secx tan x| + ¢
13. .[( X ]fn(x+\/1 +x?)dx [ = —/n|secx - tanx|+ /n|secx|+ ¢
V1+x® [ =/n|l + tanx (sec x + tanx)| + ¢
Il I
EXERCISE-02 BRAIN TEASERS
(sin x + sin 3x) + 3(sin 3x + sin 5x) + 3(sin 5x + sin 7x) 5. [ = Isinz(ﬁnX) dX,
2. | : : , dx
sin2x + 3sin4x + 3sin6x dx
lett = /nx = dt = — = dx = eldt
_.[(ZSiancosx+6sin4xcosx+6sin6xcosx)dx X

sin2x + 3sin4x + 3sin6x

dx

B J-Zcos X(sin2x + 3 sin4x + 3 sin 6x)
N sin2x + 3sin4x + 3sin6x

= 2sinx + ¢

= I = Ietsinztdt

Iet(l —cos2t) dt

N | =



11.

12.

13.

= 2] = ef - J.etCOSZt dt

Let I; = IetCOSZt dt

t
= %[Coszt +2sin 2t]+ C

ax

(- Ieax cosbxdx = 5 [a cosbx + bsin bX])

a~ +

1
= 1= Eet(S - 2sin2t - cos2t) +C

= %(5 - 2sin(2/nx) - cos(2/nx)) + C

[ 3x' -1 = 1 x@x+D |
(x* +x +1) x4+l xP +x+1)?

—X
= 4T——+c
X" +x+1

(JLF60) + xf () Jdx = xf(x) +C )

J‘ dx :J~ x° d
(1 —x5)3 (1—x°)/2 X

2/3 3 X5—1 2/3
—_j - | — +c
2/3 100 x

sin x 1 dx
g L
sin4x 4 J cosx.cos2x

J‘ cos X d
X
4 (1 —sin® x)(1 -2 sin® x)

Putting t = sinx, we get dt = cosx.dx

1 dt 1 2 1
-3 J e 4 (1_29 _1_t2)dt

_ lJ‘ d lJ’ dt
4 l_tz 4 J1-+t
2
1 +
1 1 \/5 sinx 1 1+sinx
= T -3 nf{,
4 Jo ——smx 8 1-sinx

14.

17.

18.

‘[ cos® B/sin20 '[ cos® Ov/2tan 0

J-secz 0(1 + tan® 0)
V2tan©

J'l-i-t

do

ﬁl

[put tan® = t]
5/2 \/5
=—|2 _N& 2
\/_ Jt+ 5/2j = Vian (5 + tan? 0) +c
dx
I=
J

1+\/;) —x? J.\/_1 XS/2

J‘d—x dx
= 1 3/2 — J.ﬁ
x?| =-1 (I-x)

= f(x) = I(sz.sinl—xcosljdx

X X

—3ain — 3
X sin . ICOS ( 2 )X dx J.XCOS dx

X X X

1
3 .
=, 0
) - xsmX X #

0 ,x=0

f(x) is clearly continuous and differentiable at
= (0 zero with f'(0) = 0.

. 3h? sin%—hcos%
f'(0) = lim .
= 3hsin — 1
sin hoT cos 0

This limit does't exist, hence f'(x) is
non-differentiable at x = 0.

Also }(ILT(‘) f'(x) = 0. Thus f'(x) is continuous at

x = 0.



EXERCISE - 03

MISCELLANEOUS TYPE QUESTIONS

Fill in the blanks :

4e* +6
1. I9e2X—4

Now differentiate both sides

dx = Ax + Blog (9e*- 4) + C

2x 2x
492 +6 :A+B(1289 )
9e™ -4 9e“* —4

4e®* +6 9Ae™ +18Be” —4A
= 2x = 2x

9e™ -4 9e™* -4
on comparing we get
A= i,B = ﬁ,c eR

2 36
2. An antiderivative of f(x)= F(x)

= j(log (logx)+(logx)2dx +C

= xlog(logx)—j dX+I(lOQ x)?dx + C

xlogx

(integrating by parts the first term)

= xlog(logx) — [x(logx)f1 +I(log x)72 dx]

+I(log x)? dx +C (again integrating by parts)

= xlog(logx) - x(logx)f1 + C
Putting x = e, we have 1998 - ¢
=e0 + e+ C. Thus C = 1998
Match the column :

dx
2. & e putx = atand

Vv
5%

asec’0do 1 .
:J- a’sec®0 :a—251n6
2\
a
S S
aZya? + x?

x? —x* +a a’
X dx=- - d
(B) .[ Iaz 2 x j[\/az N \/az _x? j %

dx
:—J- a2—x2dx+a2J.—
/az_xz
2
X a® | (x L4 X
=—24a?—x? - Zsin?| 2 |+a’sint
2 2 a a

2
= —%\/a2 - x* +a?sin’1 (ij +C

a

dx
(®)] ,[(Xz 2y372 Put x = a secB

—a

de

_J‘a‘[anGsecOd9 1 cos0
(tan® ) sm Z9

STE _

0

2\/)( —a’

n 1 . _{a]
=c+———sin" | —
2 a | x|

1., a
=C-"sint—
a [ x|

Assertion & Reason :

Let D(x) = A f,(x) + A f(x) + A.f.(x)
where A, = (b,c, - byc,), A, = a,c, - asc,,
A, = a,b, - a,b, then

3

[D)dx = [afx)dx + [R,6x)

+I7L3f3(X)dX + C ... (1)

[fix)dx [Hedx [f (x)dx

ay b, Co
as b, Cs

Thus statement-I is true and follows from statement-
II which we have applies at Eq. (1)

dx
x—3y

The statement-II is false since inj

= log(x - 3y) + C,
we are assuming that y is a constant. We will now
prove the statement-I.

From the given relation (x — yy = 3 and

2log(x — vy) = logx - logy .. (1)
dy ( yJ X+y
Also, ix <) x-3y"



To prove the integral relation, it is sufficient to show

d
that —— RHS. =

dx x =3y

s 5! [X 1} (”(X ’
Now, RHS = =log| —~ s x-
ow, 5 og v

1
> llog(x - y) - logy]

sin” " x n—-1 psin"“x
2' m m-1 - j m-2 dX
" (m=1)cos™ " x m-1 * cos
? _x _ sin" ! x n—1
y (m-1)cos™ ' x m-1 "2 2m
Xn+l
3. u = dx

n+1

J‘w/ax2 +2bx+c

tan® Osec’ 0 40

I

]

sin©

(

2
sin(tan 0) + cos(tan G)j
cos

1 logx—logy_l
= E —2 ogy [From Eq. (1)] 1 x"(2ax+2b)—2bx"
= oa > dx
1 a \/ax +2bx+c
= Z[logx - 3logy]
1 x"(2ax +2b) b
d 111 3dy =2—J‘2—dx——un
=—RHS=—|T"""7"7 a " \Jax® +2bx+c a
dx 4 | x ydx
_ l l_é(_ij X+y _ 1 =1 - —u , where . (i)
4 |x y\ x/x-3y x—3y a
Thus, statement-I is true. I 1 J x"(2ax +2b) q
Comprehension # 2 : " 2a Y [ox? +2bxc X
2
X X
- 1
ok (x* +a%)" +2n'[(x2 +a’)"*! & T o x"2qfax’ +bx +c
2, .2 2
- *  ion J‘ xta @ dx —J-nx"'12\/ax2 +2bx+c dx
(X2 +a2)n (X2+a2)n+1 (XZ +a2)n+1
x" 5
= — JJax“ +2bx+c -
= X +2nJ- 5 1 2 dx a
(x* +a%)" (x"+a")"
) n J‘xn’l(ax2 +2bx +c) (i)
— X ... (ii
—2na2J.(X2 Tl dx a Jax? +bx+c
< from (i) and (ii) be get
=————+2n(l_ - a’l ,))
(x% +a®)" n n (n + Nau_,, + (2n + 1)bu_+ ncu_,
— _ n 2
Whence [, + 1-2n 1 [ = 1 % = x"4ax” +2bx+c
" 2n  a* 2na? (x“+a")"
EXERCISE - 04[A] CONCEPTUAL SUBJECTIVE EXERCISE
5 f'(x) ! +1{ ! + L } tan”® 0
. '(x) = 2 "o _ - l—="" 46
1+x 211+x 1-x '[COSZ(tanG—G)
1 1 2
1o 1o 1o Put tan@-0=u =  tan?0d6 = du
du
1 2 4x3 I = = |sec? udu = tan(tan 0 — )
Now J.E(l—x4jd(X4):-[1—x4 dx Icoszu J
=—-/n(l -x%+C — tan(x — tan"! x) = tan x —x
8. Put x = tan@ = dx = sec?0d0 1+xtanx

sin X — X cos X
=—+C

cosX +xsinx



10.

13.

15.

16.

19.

[cos26/n (MJ 0
cos0—sin0

(cose-irsin 9) sin 20 sin20 2
=/n —I

cosO—sin0O 2 2 cos26

=—/n

1 cos 0 +sin0
2

20— —Kn(sec 20) +
cos0—sin0O 2

o

=j(1+l2jdt=t—l+c
t t

2
X:J' 3X3 +1 de
(x=1)(x+1)

© |

j :t:an(ij dx:dt}
e

3x? +1
J

xZ —1)®

{(x—n* +(x+1)"2} IS
-2 -2 (x* =1)?

J‘ sec? x dx

[ A putt f]
= ut tan x =
tan? x + 2tan x Z 42t

tan x

+C

tanx + 2

. -11/3 -1/3 1
I(51n x) 2 cosx 7 3dx = I.H—mdx
(sin"” x cosx)
_ [ cos ec’x 1+ cot? x)cos ec?x J
_J. 1/3 _,[ 1/3 X

(cotx) (cotx)

= —J.(t’l/3 +t°/%)dt [Put cot x = 1]

2/ 483 -3
=—{2/3 +8/3}+C :§[4C0t2/3X+COt8/3 x]+C

tanx+1
I 7'[ (Vtanx ++/cotx)dx —I \/_
tan x

put tanx = t?

2t
1+t

=  (sec)dx = 2tdt —dx= 7 dt

LG

2
- t +1' 42t —2jt4+1dt

2t +1 t7+1

1

1+l 1+‘[72
— t _
_2'[,[2 1 9 2dt _2'[ 1) \/72dt

+ -2+ _2

: (1) <)

du
=2j where u = t

2 1 u
[= Etan ($]+C
= J2tan! (—\/ta?\/—g\/w?} +C

dx

= J~\/cos.2x

sin x

| 2 .2
J' COS X—S8sm X

sin x

dxzj cot? x —1 dx

Put cotx = secH

= -cosec®x dx = secO tan0d0O

I—jm secetane

—(1 +sec 9)

2 .2
:_J~sec6.tan 9d6=—j sin“ 0 40

1+sec?0 cos0+cos> 0

2
_ _J~ 1-cos 92 40
cos O(1 + cos” 0)

—2cos? 0

do
cosO(1 + cos® 0)

=_-.A(1+cos2 0)

cos©

- —Isec6d6+2jmd6

=—log| secO+tan0| +2Iﬁd9

2 —sin 0

dt
=—log| secO+tanf| +2J‘ﬁ (put sin® = t)

|\/5+sm9|
|x/7—s1n 9|

\/§+\ll—tan X
\/——\/1 tan® x

=—log| secH+tan 0| +2

=—log]| cotx +ycot? x — 1] +—l




EXERCISE - 04 [B]

BRAIN STORMING SUBJECTIVE EXERCISE

2
cos” x dx

j cotxdx _ J~
(1 —sinx)(secx +1) sinx(1 —sin x)(1 + cos x)

_J- (1 +sinx)

dx )+J- 1 dx

sinx(1 + cosx) '[sin x(1 + cosx

sinx dx X
_J +tan—+C
1 —cos® x)(1 + cosx) 2
—dt

=J.—+tan +C
(1+ 1)1 —t2) 2

1

=—/n
2

J-En(cosx ++/cos2x)

s 2
sSin X

X
tan —|
2

8. [= dx

= Icos ec’x/n [(sin x)(cotx +vcot? x —1 )}dx
= jﬁn(sin x)cosec ?x dx
+ J.lfn(cotx ++/cot? x —1).cosec?x dx

=—/n(sinx)cotx + J-cotZ xdx — J-fn(t +/t2 =1)dt
[put cotx = t]

= —/n(sin x)cotx —cotx — x —[(n(t+\/t2 —1)}

2t

I+ —— 15.

—It.—z -1 g

t+Vt? -1

= —/n(sinx)cotx —cotx —x —tln(t +vVt* =1)

+.|‘\/t2t__1dt

= — /n(sinx)cotx—cotx—x—t /n(t +

V2 —1) +4t" -1

Jcos2x Jcos2x
=—/n(sinx)cotx—cotx-x — cotx[n(wtx T ]Jf -
Sin X Sin X

\Jcos2x

—x —cotx —cotxfn(e(cosx +cos2x))+C

sinx
e*(2 —x%) e*(1+1-x%)
_eemX) gx =[2RTTX )y
2 I(l—x)\/l—xz " I(1—x)\/1—><2 '

:Iex 1 N 1-x?

1+cosx 13.

1 2 X X
+ — —+t — 4+ (
sec an 14

_ o 1+X+C
1-x

f(x)dx X
I 2x+1)° _I(__( 1) jdx

J~3x +3x+1
(x+1)°

'[ x+1
= f(x) = 3x2+3x +1

f'(0) = 3

I e“*(xsin® x + cosx)
sin? x

put cos x = t, we get

dx

—sinx dx = dt

dx = —dt

. g, 1 1 t
Ie cos t + + NV dt
1-t2 J1-t2 [@1-t)”

= e (x + cosec x) + C

X X
dx = d
I(7x—10—x2)3/2 * I[(x—5)(2—x)]3/2 *

(put x = 5 cos? a + 2 sin? a)

da

(5cos? o+ 2sin? a)(—-3sin2a)
_,[ 3/2

(=3sin? a)(=3 cos? )]

B J~ (5cos? o+ 2sin? a)(—3sin2a) doo
27(sino cos )’

_iJ‘(5c052a+251n2a)da

27 (sin o, cos a)?

_2 (5cosec’a + 2sec® a)da

:ﬁ —5cota+2tana
9

-2
= ?J‘(—S cota+2tana) do

L0 x4
9 \x-5

+
2-x



EXERCISE - 05 [A] JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

i 3 = 2 =
g J- 5 tan x dX=I 5sin x dx 9. put x t = 3xZdx dt
tanx —2 sinx —2 cosx

d =1 [ oyt
5sinx = A(sinx — 2cosx) + B—(sinx — 2cosx) 3

dx

= A(sinx — 2cosx) + B (cosx + 2sinx) 1
_ —| t] f(t)dt — | (1. f(t)dt)dt
A+2B=5 A=1B-=2 3[.[ .[ .[ ]
—2A+B=0 1
. ==x3W(x®) - | P(x®)x%dx
Now I 5sinx dx 3 J-

sinx —2cosx

_J-((sinx—Zcosx) N 2(cosx +251r1x))dX
sinx —2 cosx sinx —2 cosx

= x + 2log|sinx - 2cosx| + K

a=2
EXERCISE - 05 [B] JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS
. 2x +2 ] (2x+2j 3
1. sin” | ———|dx _ R Rt P 2
J. [ /4x2 +8x+13 (x + 1) tan 3 4 log(4x? + 8x + 13)+C
2. I=[(7 x4 x™)2KT 43X +6) " dx
L x+1
:.[sm —13 dx
sz ox +Z 2x%™ 4+ 3x*™ +6x™ v
- :I(x3m+x2m+xm)[ — } dx
- X
.4 x+1
:.[sm dx
Jx+ 17 +(3/2)21
Xsm +X2m +Xm 3m 2m myl/m
Put x + 1= 3/2 tan, dx=%sec2 0do =I(—X j(2x +3x“" +6x™)/"dx
(gtaHGJ 3 =J.(X3mfl +X2m71 +Xm71)(2X3m +3X2m +6Xm)l/mdx
= J.sin’l —_ Eseczede
,/gtan29+2 Put 2x%" + 3x?™ + 6x™ = y
4 4
. 1 1 y(1/m)+1
3¢ . 41| sinO cosHO l=— |y "dy = — +C
= EISln 1[cose 1 }sec2 0do6 6m>[y Y 6m (mntl)
1y
= %j@secz 0d6 :%[Gtane—jtan 9d9] B E(m +1) +C
3 m+l
E[Btan9—10g|sec9|]+c l(2x3m+3x2m+6xm)’“ iC
6 m+1

32 2 4
== —(X+1)tan71|:—(x+1):|—log f1+—(x+1)2}+c
2{3 3 9 4. Here ffx)=— %) X

L) (L+2xh)YR

i+ 1)tan1(2x+2) 3

——log (9 + 4x% + 8x + 4) <

4 and fff(x)=———F7F+
3 (1+3x")’"
+ 1 log 9 + C



g(x) = (fofo...... of)(x) = (1 +nx")/"
X"
Lot I_J' g(x)dx_-‘-(1+nx B dx
1 . 1 7X(1 +nx")
1 1
_ (1+nx) "+K
eX
J-1- ( ) Jd
. ex(e2x_1)
d _ d
Ie4x+e § J-e‘l r 1
Let ex =t exdx = dt
t? -1 1/t
_ Jﬁdt _ J'Ldt
t*+t% +1 (t+1/1)° -
1
N . L
= —Inj—/— + C —_gn(ﬁj "©
t+l+1 2 et
t

Let I—Ide

(sec x + tanx)®/?

dx

Isec X(secx + tan x)sec x

11/2
(secx +tanx)''/

Put secx + tanx =t
= (secx tanx + seczx) dx = dt

2 2
Also . sec’™x - tan'x = 1

1
= secx — tanx =¥

secx =—|t+—
2 t

[1 +1Jdt 1
= 1 J- t :_'I(t—wz +t_13/2)dt

92 i1/2 2
-7/2 -11/2
2 7 11

1 (1 ¢
11/2[11 7J+K

= _1)11/2{111+;(secx+tanx)2}+l(

(sec X +tanx



