UNIT # 11

BINOMIAL THEOREM AND COMPLEX NUMBERS

BINOMIAL THEOREM

EXERCISE - 01

CHECK YOUR GRASP

3.

(1 - 2x + 5x?"

For sum of coefficients put x = 1
a=(1-2+5)m=4r

(1 + X)Zn

For sum of coefficients put x = 1;

b = (1 + X)Zn = 92n = (22)n = 4n
a=b>b

Given expression can be rewritten as

2
- 7 7 3 7 7
N [7C,(Wax+ 1)+ C,(Wax+1)" +...+" C,(Jax+1) |

217[7c1 1 CyWax+1) +.+7 C(ax +1)° |
Last term becomes (4x + 1)3

Hence degree is 3

11
@+ x + 7x2)(x_§j

X

11 11 11
- 4[x—§j +x.(x—§j +7x2(x—§j
X X X

term independent of x in above will be

11
3
4 coefficient of x° in expansion of (X—;J

11
+ 1 coefficient of x! in expansion of (X—;j

11
+ 7 coefficient of x2 in expansion of [X —;j

3 11
X" in expansion of (X_;j

_ HCerl_r(ﬁ] = 1C |yl (_3)

X

11
x% will not exist in expansion of [X_;j for

integral r.
x! will occur at r = 6

coefficient of x* = 'C (-3)° = 3°. "'C,

11
Also x? will not exist in expansion of (X —;j for

integral r.
term independent of x in expansion will be
= 36. llC

6

10.

13.

15.

18.

22.

Given(l +x)"=a+b ....... (1)

then, 1-x"=a-b..... (2)
Multiplying equation (1) & (2)

we get, (1 - x3)" =a% - b?

n+1

Calculate m = as in (a + b)®

m is not integer so greatest term is T[
T, = 13C4(2x)9.(5y)4
= 13C4. 20° . 104 [

5 (52 —j
T2
4 i 3 Y
47C4 + 51C3+ soc3 + 49C3 + 48C3 + 47C3

L.H.S.
— 51(:3 + Boc3 + 49(:3 + 48C3 + 47(:3 + 47(:4
Using property "C_+ "C_, = "'C_we get

m]+1

x =10, y = 2]

X
=52c4=(yj = x=52,y-4

Let R'=(5v5 -11)*

R - R = (545 +11)7° —(54/5 —11)*
= R - R' =Integer = I + f - R' = Integer
= f - R'is an Integer but -1 < f - R' <1
so f-R=0= f=R

so R.f = RR' = (55 +11)*(54/5 -11)*!

= 431 = 962

Now

r=0 ncr r=0 nCr
L n-r
— _ n — n
= na, Z n Cr Cn—r
r=0 cn—r
=na -b
na,
= 2b=na = b= 5
(1 +x + x2 + x3)100
_ 2 .
=ag T agx T ax” + 100 + a300x300 ....... (i)
put x =1 = 4 =ap tap ... asgg



So divisible by 210 26. The number of term in the expansion of (1 + x)"

is 2n + 1 (odd), its middle term is (n + 1)th term

= ayta,tay ... =a; +tag t+ ... | _
0 2 4 1 3 2n!  1.2.3...... (2n-1).2n
coefficient = 2nCn = =

1 n'n! n'n!
replace x by — we get 3 + xZ + x + 1)100

X
_ 300 399 .. _ (135 ....... 2n _1)(246 ....... 2n)
= agx + ax + o taggg e (ii) = nl
by (i) & (i)
= ay = agpg s 8] = Agggs---- so 'B' is true _ (1.3.5....... 2n-1)2"(1.2.3....... n)
Diff. () we get 100(1 + x + x2 + x3%° (1 + 2x + 3x?) nin!
_ 299
=gt Zagxt o * 300x™agg _(1.35.....2n-1)2"
putx=0 = 100 = a; B n!

EXERCISE - 02 BRAIN TEASERS
11. Putx =y =z we get (1 + x)3n
1. Given expression is a G.P. therefore its sum is
. coeff. of terms of degree r = 3"C,
x+1 ! 1 11
(sz -1 14. (x3+3,2”°gﬂ')1 - (x3+%j

(x + 20— = (x + 2" - (x + 1)" X

(X + 1] _1 3 r

X+2 Tr+1 - 11Cr(x3)11 - r[x_3] — 11Cr(x)33—6r(3)r
Now coefficient of x" = "C, 2" - "C, Now 33 - 6r = 2 = 6r = 31 (not possible)

=nc(2n—r_1) 33-6r=-3=>r=6

3. (1-x+ 2312 =12Cy(1 - %2 + 12C(1 - x)'(2xD) 33-6r=3 =5

ff. of x> "C.3° 1
+12C,(1 - x)10.4x% + 12C,(1-x)% 8x® + ... ) coe _ s 2
z 3 coeff. of x3 11C636 3

15. T = 2+ D! =[r(r + 1) - (r = Dr!
11.10 =r(r+ 1) - (r - 1)(r )

coeff. of x* = 12C, + 2.12C,11C, + 4.12C,

_ 12 12
C, + 2.12. + 4.14C, Tn — (i + DY - (0 - 1))
T ,=n-1)n"H-(-2 -1

ERTI 612.11.10 v 4120 n-1 j (n )n!) (I: )((n 3 '

= 4 391 0, Tn—2 =n-2)(n-1Y) - -3)n-2))

e, sty aiec, T

= IZC4 + 12C3 + 12C3 + 4(12C2 + 12c3) T -1 (2') _0

) (2!

B 12C3 + G, 4'13C3 B 12C3 i 3'13C3 + G, adding all we get S = n(n + 1))

4. (1 +2x%+xN) (1 )" =Ay + Ax + Ax® + . ;
_ 3n Ky3n - r| _—
Here Ay = 1, A, = n, A, = 2 + "C, l6. T, =7Ck) (XZK)

. . _ 3n 3nK - 3rK _ 3n 3K(n - 1)
Given A, A;, A, are in A.P. =7C x =7C x

Herer < n

“n-1=2+ 5 -n Hence (n + 1) term is always independent of K.
18 18 18 18 20
=>n’-5n+6=0 =>n=2 3 18. Cr—2+ Cr—1+ Cr—1+ Cr = C13
7. (1 -x1971 - x! = Yc _ +7c = ¥,
=(1+ x10+ x20 +  + x400 . N1 - x) N 20Cr > 20C13 - 20Cr > 20C7

T 401 ;. _
co-efficient of x is -1 ~r-7.8 09 10, 11, 12, 13



EXERCISE - 03

MISCELLANEOUS TYPE QUESTIONS

Fill in the Blanks :

1. 2" will be the sum of all coefficients
2" = 4096
= n=12

Hence greatest coefficient will be 12C.
2. 71995 — 7[(7)2]997 — 7(50 _ 1)997
using expansion

7{997C(.50%%7 + 997C1.509% + ...+997Cqg¢.50-1}

100K + 7(997 50 - 1)

100K + 7(900 50 +7 50 - 1)

100K; + 49 50 - 7 = 100K; + 2450 - 7
= 100K; + 2400 + 43
.. Remainder is 43

Match the column :

1. (A 2n+1)(2n+3)(2n+5) ... (4n-1)

@2n))(2n+1)(2n+2)(2n+3)(2n+4)...(4n—-1)(4n)
2nN)(2n+2)(2n+4)(2n+6)...(4n)

(4n!)(n!)
(nh(2n)!2"(n +1)(n +2)...(2n)

(@n!)(n!)
T 27 (2n)!(2n)!

Z“: "C, ~ r.n! (r—=D)'n-r+1)!
B S'hc, orln-n)! n!
= Z(n -r+1)
r=1
o n(n+1)_n(n+1)
= n(n ) - 7 R
(C) (C,*C) (C+C) (CHCy).....(C_,*+C))
=mC C,..C_,
C C C C
=(—°+1\ (—l+1\ [—Zﬂj( = +1j =m
1 2 Cs C,
n+1 n+1 n+1 n+1
= . . =m
n n-—1 n—-2 1
(n+1)"
= m
n!

(D) i{iicicj + ij.CiC]}

i=1 [ j=1

2 iC(2°-1)+ 2n C. 27
i=1

i=1

n.21(2"-1)+n . 2vY2"1)
=n.2%2"-1)

Assertion & Reason :

1. Using expansion we get

(14"

rIxr, Ixr x|

(@a™.b?.c®.d")

where r{ + ry + 13 + 1y = 14

3r1:1,r2:8,r3:3,r4:2

14!

Coefficient of ab8c3d? is 11813121

.. Statement 1 is true & statement II explain I

Comprehension : # 1

1. (1+4x +4x®)"=a,+tax +ax’+ .. +a, . x"
9" =ay +ta; tagt ... tag, (i)
l=ay-a;+ta,+... tag, (ii)

adding (i) & (ii) we get

on 1 =22 8,
r=0

2. Subtracting (ii) from (i) we get

n
a -1 = 2Za2r—l
r=1

o = coefficient of x*" ! in

3. a
(1 +4x + 4x?)" = (1 + 2x)2"
T, = 2°C, (2x)"

-2 2n-1 — 2n-1 = 2
ag, 1 = 2"Cy ;. 221 = 2n 22071 - on 220

4. a,=2"C,.2%=2n(2n - 1)? = 8n? - 4n



EXERCISE - 04 [A]

CONCEPTUAL SUBJECTIVE EXERCISE

4. LHS ='C +"C +72C + ... +"C +"IC
r r r r r
— r+l + r+l + 12 + +n-2 + n-1
C, + " IC +¥2C + . +72C + »IC
ee T — r+l
(o 'C, C.)
— r+2 413 + —n ee n + n — n+l
S C.t°C,*t..=C, ( "C +"C_| C)

- x)3%+2 ><42—0x2(1 -x)*® +3 x‘;—0x3(1 —x)%7

5. 40x(1
+...40.x%
= 40x[(1-x)3? + x(1 - %38 + x%1 - %37 + ... x39
= 40x[(1 - x) + x> = 40x = ax + b
= a=40 &b=0

6. LH.S.
e, + 2(2C, + 3C, + 4C, + +1C,)
=g, + 208¢c, + 3C, + 4C, + .. +1C,)

_ n+1C2 + 92 n+1C3 (- ncr + nCr—1: n+1cr)
_ n+1C2 + n+1c3 4+ nt 1C3
_ n+2C3 + nJrlc3
(+2)!  (+)! _n+1)2n+1)
3in-1)! 3!n-2)! 6
L.H.S. = R.H.S.
n(n+1)2n+1) 100(101)201)
6 - 6
= n=100
7. (101)°° - (99)°° = (1 + 100)°0 + (1 - 100)>°
=2{°0C; . 100 + 0C; . 100% +...+ 50C,, . 100%%}
=a positive quantity + (100)°°
Hence (101)°° - (99)°0 > 100°°
(101)°% > (100)°° + (99)°0

13. S =rC,.sin(0x).cosnx + "C,.sinx.cos(n-1)x

....... + "C sinnx.cos(0x) ...... (1)
S = *C,.sin nx.cos(0x) + “Cl.sin(n—l)x.cosx +
....... + "C sin(0x)cosnx ...... (2)

Add (1) & (2)
25 = ("C,""C, * ...

+ C )sinnx = S = 2" 'sinnx

14. (c) (a-b-c+d)®
10! o
= 2 ()= ()
nlor Il
= 2Ix3Ixdlx1l _ 12600
16. L.H.S.
"C,. 'Cy
n ! n! (n—k)!

rl(n—r)! k!(r —k)!

o (n)(n-k
= Ck Cr*k_ k . r—k

18.

20.

25.

26.

DI B B

n—2
n-1 n
L.H.S. Z Cr' Cr+2
r=0
n-2 1
Zn Cn—r—l’ncr+2
r=0

Coefficient of x™"1 in the expansion of
1+ %™ 1+ %" qe (1 + x>t
2n-1
_ _ 2n-1 _
= o 1Cn-*—l_ C“Z_(n—2j
We know that

(1+x)"=C +C x+Cx*+.. . +Cx+.. . +C x" ....(i)

Multiply (i) & (ii) we get

1+x)%
- =(C,+Cx + ... Cx'+ ...+ Cx"
X
c, C, (C,
Co+—+—F+— ... (iid)
X X

Now coefficient of — in RHS
X

-¢c,C +CC., +..C_C,

1
1

Coefficient of — in LHS
X

= coefficient of x** in (1 + x)** = *C_
2n!

(n—=r)!(n+r)!

-1

But (iii) is an identity

1
.. Coefficient of — in RHS
X

= coefficient of — in LHS
X

2n!
=4 COCr+C1Cr+1+‘ .. .+Cn7rCn= m
n “(:r 1 n 2n+1 _1
= = n+l =
S ; r+1 n+1 ; C. n+1
S =ir "C, 3 r.n! ‘(r—l)!(n—r+1)!
~rC,, Drln-n)! n!



27.

=1 2
(n)(n+1)
T2
1 1 rl@n+1-1)! (r+DI2n-1)!

+ =
e, e, @2n+1)! 2n+1)!

r!(2n —r)!

= m {2n+1-r+r+1}

2n+2 r!2n-x)! 2n+2 1
T 2n+1° 2n!  2n+1'7C,

EXERCISE - 04 [B]

BRAIN STORMING SUBJECTIVE EXERCISE

2n 2n

Dalk - 2= 2bx -3

r=0 r=0
Let y=x-3 = y+t1l=x-2
so the given expression reduces to :

2n 2n

2al+yr=2b .y

r=0 r=0

= a, Ta(l +y +al(l+y?*+.. a (l+y?>
=b,*by+ ... +b, .y
using a, _, for all k > n, then we get

= a, +a(l +y)+a,ll +y*+. . +a (1+y)!

Ay (1t Ty

=b,*by+ by + ... +Db, .y*
Compare the co-efficients of y" on both sides we
get

"C, + ™IC + "EC o+ ... +2C =b_
= "C_, +™C +™C + ... +"C =b
(use "C +"C_, ="IC)

"MEC .+ MEC o+ .+ 2C = b

(adding the first two terms).
= If we combine terms on LHS, finally we get
2n+1cn+1 = bn

2\n — 2 2n H
(1+x+x2) a, tax +axi+t ... +a, x* .. (i)
1
Put x » —
X
n
[1+1+1] 1 1 1
—+—| =a ta.— ta.—5 *+..ta .
X X2 Ix 2" y2 n’ y2n
(x*+x + 1" =a,.x* +a.x"! +..+a, ..(i

= a, = a,,a =a,  &soon
Put x —> —x
_ + 2\n — _ + 2 4 + 2n
(1 - x + x? a, —ax tax’t ... a, X
= - + +
(a) S=apa -aa, taa * ...
= - +
A, ;| T 28y, T e

coeff. of x> 1 in (1 + x + x®)(1 - x + x¥"

=(1+x2+xh"=0

12.

(b) S1 T 88y, T 28y,

= Coefficient of x?"2 in (1 + x% + x%)"
Put x = x2 in (i)
(1 +x*+ x%)"=a,+ ax’.. .+a x*?
ta XA
Sl = an+1 = anfl
(c) (I+x+x¥r=a, + ax + ax’+ ax’+ ax*....
Putx=1;3"=a,*ta +ta,+a,*a,+ ...
Put x = w; O=a ta,wta,w’ta,wta,w+...
Put x = w% 0 = a j+a,w’*ta,w+a,ta,w’+...
3" =3(a, +a, +...)
= E = 3!
Similarly E, & E,

n "C, .2 1 g

Z nJrlew1 . 2r+2
S= L) (r+2) n+l &=

r+2

1

- — n+2 r+2
(n+1) (n+2) ; Crz - 2

n

(. (1 +2)m2 = m2C +m2C 2% . >, "2C )

=0 r+2
1 322 _97-5
e — nt2 _ _ . = —
(ntl) (n+2) O "1 -2n-4) = = P T
S=(BCJ2+2 . ("C)2 + 3EC ) + ... + 2n(*C, )’

S=

2n 2n

= 2. (C)p = 2r.7C . *C,
r=1 r=1
2n
. §=2 2n.%IC_ . *C,
r=1
S is coefficient of x?"! in expansion of (1+x)%!
(4n-1)!
= 4n-1 = _—
S =2n. C,. ,=2n. @n—1)1 2n)
(4n-1)!
T (2n-1)P



EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

10.

13.

By hypothesis, 2" = 4096 = 22 =
Since n is even, hence greatest coefficient

12-11-10-9-8-7
1.2.3.4.5-6

:nC :12C —

n/2 6

=924

Coefficient of x" in expansion of (1 + x) (1 — x)"
i.e., coefficient of x" in expansion of (1 - x)" +
coefficient of x™! in expansion of (1 - x) ]

Now, (-1)""C_+ (-1)"'"C_,

(19 I'C, - *C, ] = (-1[L-nl.

Coefficient of r'" | (r + 1) and (r + 2)* terms in
expansion of (1 + x)" are "C,_,,"C,"C_,

Then 2°C_="C_, + "C_,

= n*n@r+1)+4>-2=0

Short Method: Let r = 1, hence "C, "C, and "C,
are in A.P.

n(n-1) 15.

= 2°C="C,+"C,= 2n =1+

= 4n=2+n’-n =>n® -5n+2=0
Which is given by (b)

1
In the expansion of (ax2 + blj , the general term is
X

T+1 = llc (aXZ)ll—r (LJ = llc all—r LXZZ—&
r r bX r br

For x7, we must have 22 - 3r = 7 = r = 5, and the

16.
- 7 211 s 1 11 a’
coefficient of x” = 1'C,.alt>— = 1C,—
b b’ -
1\
Similary, in the expansion of (axz ——j , the
X
. 17.
a
general term is T, = "'C_(-1) —rx“’?’r

For x7 we must have 11 - 3r = -7 = r = 6, and
a’ a’
the coefficient of x7 is llcéb_6 = 11C5b—6

6 5
a
As given, 11C5Z—5 = 11CBb—6 = ab = 1.

$= G, = %, + #C, = *C, .+ 10y,
s =2C, - 2C, + ... + oC,
2s = 0 + %C,,
1
s = 5 (°C,y)

It is obvious that remainder left out is 2.

n=12 14.

9 .28+ 29
10 {28 (11)} = 110 28 =55 2°
so statement-1 is true
statement-2
10 10
S,= 2, jC =102 °C,_, =10.2°
j=1 ) j=1 )
so, statement-2 is wrong.
1-x-x2+x3° = [1-x-x2(1 - x)
= (1 -x)° (1 - x%8
= (1 - 6C; x + 6Cyx2 - 6C4x3 + 6C, x* - 6Cy +
6Cy x6) (1 — 6Cyx2Z + 6C,x% _6C4x0 + ....)
= cofficient of x7 is —

6.54 654

= 222 09% ¢ 6=120- 300 + 36
32 321

= - 144

(B 1) (51"

= 2Ty + Ty + Tg + .oo.. + Tyl

= 2[20C (/3 )2n-1 + 20Cy(+/3 )03 + ]

An Irrational Number
x+1 3 x-1 "
273 _ 4173 11 X_\/;

o)

10—r_i 0
3 2
20 - 2r = 3r
r=4
10!
T, =T, =1 4 ZMZZIO



EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

@ S=°C +C_, +°C_+"C_,
= n+1cr ¥ n+1clr71 = n+2Cr
(. using "C_+C_, = ™IC)
(b) (@-b)" = general term T _="C_. a"" .b(-1)
"C,.a" . b"-"C,.a"% . b*=0

n! |
. a) _n o i _ n:
C4[g] €= 4in-a) (b) 5i(n—5)!

g
b/ 5

Given that for positive integer m and n such that

n = m.

LHS= C_ + ™IC +™2C_+...... +C
(in reverse order)

= (m+1C +1+ m+1C ) + m+2C +”nnflc + nC
[... mcm — m+1cm+1]

(m:C_, + ™C )+ ™C_+ ...+ °C
[... nC:r+1 + nC:r — n+1cr+1]

=m3C _,, + ™C _+...+ °C
Combining in the same way we get
=rC_,, +"C="'C = RHS

m m+1

m

Again we have prove that

"C + 2MIC_+ 3"*C_ +...+(n-m+1) "C _="*C |
LHS = [*C _+"!C + "2C +...+"C ] +

["'C_ + "EC_ 4.+ "C |+

["2C _*...... +°C J+....+["C ]

(n-m+1) bracketed terms

="C_+C_ + "IC_, *...+"C_

(using previous result)

= "C__, = RHS

(Replace n by n + 1 & m by m + 1 in previous

2

m+1

result).

S - Zmlwci L oC
i=0

S = coefficient of x™ in expansion of (1 + x)*°
S = ¥C_, maximized at m = 15.
(a) (1 + 3% (1 + %) (1 + t*)

= (1 + 1912 (1 + t12 + t29)
(1 + t9)12 + t12 (1 + t9)12 + (1 + t7)12¢24
1+12C, +1

_ 21(71 nC:1 . nflc
+ 2k72 nC2 . anC

0 - k k-1

k-2

k
S = 2 28 nC mC,
r=0

n! k k!
— 2k7r
(n—=k)!k! = r!(n—Kk)!

="C, (2-1)* = "C,

IC = (k* - 3) . "C_,
(n=1)! n!

- 2 _ -
rliin—-r—-1)! (k 3) “(r+1)!(n-r-1)!

r+1

+3=k = k*-3>0

-2<k<2 .. (i

ke -2, -43) U (V3 2]

A = IOC, B, = 2ocr ’ Cr _ 30Cr

10
(20C1o g ¢ _30C10(10Cr)2 )

r=1
=2C, (1€, P°C,+ °C, °C, +.+ 1°C,, °Cy )
30 10 ~2 10~2 10~2
- Clo( Ci+7Cy+...+ Clo)

_ 20C10 (30C10 —1)—30C10 (20C10 _1)

30 20 _
- ClO - ClO - ClO - BlO
Let the three consecutive terms be

n+5C n+5C n+5c
’

r-17 r r+1

SC 1 . 1
e, "2 T h-r+6 2

= n=3r-6 ... (1)
Also nijcr :E rl —é
’ C. 7 n-r+5 7

= 12r = b6n + 18 ... (2)

Solving (1) and (2), we get n = 6



