UNIT # 08

AREA UNDER THE CURVE AND DIFFERENTIAL EQUATIONS

AREA UNDER THE CURVE

EXERCISE - 01

CHECK YOUR GRASP

10.

14.

A = (!nx — ¢n? x)dx

—e—0

on solving it by parts we get

j/l e
A = 3x(tnx -1 x(tnx) - 3 -

v =e* - xe*=¢e*(l - x)

yu:_e—x_efx(l_X):_Q’X(Z—X)ZO3X:2

so point of inflection is x = 2
2

A= J.xefx dx !
o i

KR
Given curve is
y=f(x)=Ax2+Bx + C
It passes through (1, 3)
~3=A+B+C
point (2, 0) also lie on curve

©0=4A+ 2B+ C

/T

-2 [e) 2\

=4A +B
(2,0)

from (i) d_y
X

slope of tangent is -4
-4 =4A + B
(i) (i) & (iv) we get

15.

17.

20.

A=-1,B=0,C=4
required curve is y = —x* + 4

2
required area = area of AOAB —j(—x2 +4)dx
0

1 1,5
As 63 -2%) g ¥ e
0
(S
1
4 (o) <=5
a/2
S _ J‘ (ea—x_QX)dX
0
= - [2¢7% - (e¢ + 1) |
a a/2 (6/2 \2
) 2e +1 e -1 11
Vel T ez ) aa
The two curves meet at
mx=x-xorx2=x(1-m)..x=0,1-m

1-m 1-m 2 8 1-m
[ 01—yp)dx = [ (x—x® —mx)x :[(1 —m)z—g}
0

9
= E ifm<1
1 1] 9
or (1 - m)® 273 =§ or (1-m)® = 27

m= -

S-1-mP=-270or1l-m=-3 .. m=4.



EXERCISE - 02 BRAIN TEASERS
3. Inf'(x) =x +c = f'(x) = ke*
Vol — o ey _ A - & 1 L ])
= f() = f0)-1=k-1) 9. A A | [1__}1)( \(2,
=) = & + A el 2 N (.3

= fx)=e -1 {fO)=0=r=-1}

1
A=JE=1+1) gx=e-1
0
6. X2+ g2 H+6(x +y) +2<0
&x2-y?+6(x -y <0 11.
>xk-yk+ty+6)<0
from this we get a circle is two
straight line which are at right angle
nr?
area = 2 quarter half circle = - 12.
2a (2 3\ 2
7 A = (i_ﬁ.i)d = X__l a_+L
S\6  x? 12 XJ 4 2a
2
1
Now fla) = az oo
f'( ) — 3 E—
— AT g T g2
fla)=0 = a =
f'a) > 0 o) at a = 1, f(a) is minimum
VA
1 1
8. A=t | 12 2dx
1/43 V3
o L 1 °%
I3
1
1 x |4 2 2 . ,1(X\/§\
:T+ 5 g—x +§sm L 5 J
3 1/43
1 [L_L}E(E_E] BENERR:
3 [\2y3 243/ 3.3 6 9

—lﬁn2 "’A}

1
2 2 Ay

A=4-QA+A)=4-(1-/m2=3+/2

1
A=2[[y\1-y® —(y* -1) dy
0

1

0 0

Equation of tangent is y - 1 + 0® = -2a(x - @)

(1+a? )
s p(l“‘ 0] & QO 02+ 1)
20,
1 2 12
area of AOPQ(A) =— (” +1)
2 20
1 1
ZZ[OL3+2OL+E] Q
1 ) 1
A=Z[3a+2—a_2]=0 O P
30+ 202-1=0 !
N o _
= 3o o = NE]
J—
o) " 30
4 1
= 1—x2
Now33 kg( x7) dx
4 %
=33 3
Lo 2
ARG

EXERCISE - 03

MISCELLANEOUS TYPE QUESTIONS

Assertion & Reason :

B
2. A= [(kx+2-x"+3)dx

02 gﬂ#,
N4

Comprehension :

k2

- 2 S k2+5 +5 _l k2 + 20)%2
“Vk*+20 | 5 3 =5 )

Hence statement I is true & 1I is false.

#1

[ S
Now ) 4x-1) 2] a

= a=¢e?+1



2
1 1 1
“inx-1)+—| =1-—
= |:4 I'I(X )+X:|b b

=>-/mb-1)=2 = b=1+¢e?
S % (e +1\
1. fn( ] 1+e” ZJ 2
2. Al =/m@-1)/nb-1)=-4
P N B A Y
AT o 2| 4
T[ 1 _L}dx_l_l 3. z=2-2i
Also Hax-1) 2 = b s
arg (2) e
EXERCISE - 04[A] CONCEPTUAL SUBJECTIVE EXERCISE
4. Let equation of line is y = mx - 4m 1

4
4 4 X 442

A —J.\/Esinﬁxdx—{— 2—005—} = \/7 (i)
> 4 T 4 |,

1
Also area of AABC = E.2.(—2m1) = - 2m, ... (i)

from (i) and (ii)

42 —2:/2
-2m, = —— m, =
3n 3n
—2+/2 242
= tan (n - 0) = V2 = Tc—el=tan’1—\/7
3n 3n
NCEES| 8v2
= 0, =7 - tan ar O 2 2 (- 2m,) = an
442 442
m, = = tan(t - 0) =
3n 3n
42
= 0,=mn - tan™ V2
3n
1
= j(xs —x)dx =l
0 4
Area= Fol,®_1_1=
e A
T 1
. . a7ty
required ratio = 7
474

8. A= Ism mx — /nx)dx
0
11
1/3
12. .[ X — 1 dx + .[ 2x(1 —x)dx + _[ x?
0 1/3 2/3
YA
(0} 1\ >x
2252 _ax — (x% + 2ax + 3a%)
15. A=
ES
2 1+a*
Now f(a) =
= f'a)=0
=(1+a%) 3a2-2a%4a®=0
= amin = O’ amax = 31/4

17. A :4I[x+sinx—x)]dx
0




EXERCISE - 04[B] BRAIN STORMING SUBJECTIVE EXERCISE
2. According to question 6. fx+1)=1fx)+2x +1
2 af.2) = fix + 1) = ') Vv xeR
)+ PO
i( W)+ v) dy &\ 2 ) dx Let f'(x) =a = flx)=ax+b
2 2
= [f' () -a 2a=- — = fx) = o +bx +c
2 2
3 - .. -
= fl () = Ta =c=1 [~ 1(0) = 1]
Now f(x +1) - f(x) = 2x + 1
-
= f 4) " @ ,
a 2 aXx
16 3[§(x+l) +b(x+1)+c}_{7+bx+c}zgx+1
or f(x) = ?xz
,n/4 :ax+3+b=2x+1
3. A = f (tanx)” dx 2 P(,1)
0
on comparing we get a = 2,
n/4 5
A+A = (tanx)" + (tanx)"™° dx
e 5[ k or o +b=1=b=0
x4 e L) = x2 + 1 G
_ n-2 2 _ _
= _[ (tanx)" “sec”x dx = 1 =
0 n 0 n-1 Now let equation of tangent be y = mx ... (ii)
Also A, <A <A , from (i) and (ii)
- <2A < . XX-mx+1=0=>m=1%2
nt n- . tangent are y = 2x or y = -2x
4. Distance of point V=1 .
P from origin is A = 2_[()(2 +1-2x)dx = %
0
less then distance
8. Curve y = a — bx? passes through the point (2, 1)
of P fromy =1 o dp=1
VhZ4+k? <k-15 (p2 k2 <-k-1
i " Ja/b bx3 a/b
SxE+HP< (-1 xE+HyP<yP+ 2y + 1 A=2 [ @-bx’)x=2 ax ===
1 1 ’ 0
=x2<-2 9_5 i x2<2 y“‘E
4a%% 4 (1+4b)3*/?
1 1 3 -3
similarly y? < - 2[)(—5] ;P <2 (X +§] 3 b 3 o
2 J1+4b(8b-1 1
%P1 X -1 N=-————g%——l = A=0=b=_
= vy-= ory=x-= 3 b3/ 8
-2 -2
=>x*+2x-1=0 = x=-1=% fo = A =43 sq. units
V2-1[ _ 2 x? +ax+b ; x<-1
A = _ _1\2
81 { 2 J§+1}X+MJ§ b 10, fo=1 2x . lsx<1
x? +ax+b ; x>1

16+/2 - 20
3

f(x) is continuous at x = -1 and x = 1



(12 + a-1) + b= -2
and 2=(1%+a.1+b

iie., a-b=3
and a+b=1
on solving we get a = 2, b = -1
x? +2x -1 ; x<-1
© f) = 2 2x ; -1<x<1
x“+2x-1 ; x>1

Given curves are
v=fx), x=-2y’and 8x +1 =0
solving x = -2y%, y = x> + 2x - 1 (x < -1) we get
x = -2.
Also y = 2x, x = —2y? meet at (0, 0)

11
and 3 1

The required area is the

shaded region in the
figure.
Required area

j:{\/_gx—( 2 +2x—1):|dx +1j18{\/_§—2x}x

—1

+

= ——_— square units

EXERCISE - 05 [A]

JEE-[MAIN] : PREVIOUS YEAR QUESTIONS

dy y*-x° b d v dv
5 _ g oe—
dx 2xy uty = vx = d * dx

dv vix?% —x? vi-1

+ = =

v de 2X.VX 2v
xdv B vi-1

or dx  2v v

*dx 2v

dv —v? -1 2vdv dx
or —J.—z = |—
1+v X

-log(l + v?) = logx + c

logx + log(1l + v? = logc

2 2 2
Y X"ty
logx. [1 +—2] =logc or x[ 2 ] =c
X X

x? +y?

=c or xX*+y?=cx

X
y=ecx

logy = cx ... (i)

1
—y=c=>y =c
yy v Y

v Y
c= 7 put in equation (i) logy = 7 X

or ylogy =xy

. dy
Given ix

X
logly - 1) = log (Ej + logC
cX '
or y-1-= w1l (i)

Equation (i) passes through (1, 0)

C
—1=E:>C=—2 Put in (i)

-2x
x+1

v-1)-= -1 x+1)+2x=0

Equation of given parabola is v* = Ax + B where A
and B are parameters

dy d’y dy Y
W A Va2 (d_x =0

This is the equation of given parabola order = 2,
degree 1

1 dy

(1 + yZ) = (etan7 v o_ X)_Or (1+ y2)d_X+X + etanily
dx dy

tanily
dx L X _ e
a1y’ 4y
dy
2 _
Now LF. = e '*¥ = gty

tan~!

v

-1 e -1

solution x(e™ Y) = I—l —e™ ¥dy +C
+y
-1
2tan "y
-1 e

xe™ V= +C

2

- -1
t: 2t
or 2xe™ Y= ¥ + K



10.

Given family of curves is 11.

X+yP-2ay=0 ... (1)
2x + 2yy' - 2ay' =0 ... (2)
Now put the value of 2a from (1) to in (2)
2,2
2>(+2yy'—X y.y'ZO
v
2xy + (Y2 - x%)y' =0 or x2 - YAy = 2xy

vdx + (x + x%y)dy = 0 ydx + xdy = —x%ydy

1
I d(xyz) - .[d—y = -— = -logy + ¢
(xy) y Y
-1
= — +logy = ¢
Y
v=2cx + ) L 1)

y?= 2cx + 2c\/g

d
2y£ = 2c¢ = yy, = C Put in equation(1) 12.

= y*= 2py,(x + VYY)

v = —2yy,x = 2yy /vy, or (V2 - 2uyxf?= 4y°y]

Degree = 3 order = 1

d
Y7 (IOQZ'ijhich is homogeneous equ.
dx X X
Put y = vx, dy _ + xdv
dx dx 13.

dv VX VX
v+x— = —|log—+1
dx

X X

xdv 1 1 |
_— = + _ = + _
Ix v(logv ) —v=uvlogy +v -v

d
I dv = J-—X = log(logv) = logx + logc
viogv X

vy _
= log=— = cx
X
Given Ax?+ By?= 1 Divide by B
A 1 14.
§x2 + y? = —  Differentiate w.r.t x
A dy
2x— +2y— =0 . i
* B 7 dx ()

Again Differentiate w.r.t. x

A d*y (dyY
ZE + Z{y de +(ij :| =0 ... (ii)
A d’y (dyY
Put B yd7+ ax in equation (i)
d’y dyj2 dy
2x|ly—=+4| = +2y— =0
x{y dx (dx ydx

d’y dy)  dy
or ny +x(& ~ Vi =0

It have second order and first degree.

Let the centre of circle is (h, 0) and radius will be

also h

equation of circle (x - h)?+ (y - 0)? = h?
= x%-2hx + h? + y% = h?
= xXX-2hx+vy?=0 ... (i)

Equation (i) passes through origin differentiating it

w.r.t. X

dy dy
2x-2h+2y —=0= h = x+ Yx put in equation (i)

dx
dy
X% - 2x X+yd_x +y?P=0
= y? = x2+ 2xyd—y
dx
dy 1 dy dv
= 142 - I o4 oe—
dx put y = vx, dx 7 Fdx
dv
V+tX— = — =D X— =
X X dx

d
Idv = I—X = v=logx +c or = logx+c ... (i)
X

vy
X
Giveny(l)=1=1=1logl + c = c =1 put (i

y = x/nx + X

Equation of circle (x — h)?+ (y - 2= 25 ... (i)

Differentiate w.r.t. x

dy
2(x—h)+2(y—2)d—X =0

dy
x-h=-(y- Z)d_x put in (i)
d 2
v - 2)?(—yj +(y-2°”=25
dx

or  (Y-2PWY+y-27=25
y = fx)
Tangent at point P(x, v)

d
ooy (2] e

(x,9)

Given

d
Now y-intercept = Y =y - v
dx
d
Given that, y - Y 3
dx
dy v, ' _ _ '
= —— - — =-x s a linear differential equation
dx X
—ldx w In 1 1
with LF. = e-[ X = e x _ [x] _1
X



1
Hence, solution is LA I—xz.—dx +C
X X

or LARN. e
X
Given f(1) = 1
Substituing we get, C = 5
_ X8
so Y 2 3
Now f(-3) = 22~ =9
o 2 2

15.

y=X___4A(9,3)

X—3
2

iy
0 /C(3,0) B(9,0)

A

x—-3

2

= x-2Jx -3=0
Jx=3-1 =2x=9

intersection point \/; =

9

Required Area =Ix1/2 dx - area of AABC
0

9

1

=‘gx3/2 —5.6.3 =18 -9 =9

3

0



EXERCISE - 05 [B]

JEE-[ADVANCED] : PREVIOUS YEAR QUESTIONS

3.

The given curves are y = x?

which is an upward parabola with vertex at (0, 0)

y =12 -x*|

2 _x? if 2 <x <2
ory= 2 .

X -2 if x<—20rx>\/§
or x> = -y - 2); -J2 <x< 2 .2

a downward parabola with vertex at (0, 2)

X¥=y+2; x<-J2,x> fo .. (3)

On upward parabola with vertex at (0, -2)
y=2 .. (4)

Straight line parallel to x-axis

x =1 ... (5)

Straight line parallel to y-axis

The graph of these curves is as follows.

X=y+2 =y
X=y-2
\ \ 12 D/ C/
Y vz
. e ‘ jx' S >4
%

.. Required area = BCDEB

2 2
- [IX*—@2-x")dx+ [ [2-(x* - 2)dx
1 J2
V2 2
= [ @x*-2)dx + | (4—x2)dx=(@—4\/§) sq. units
1 V2 3

4a®  4a  1|[f-1)] [3a%+3a
We have, |4b?  4b 1| f1) |=]|3b%+3b
42 4c  1|Lf@ ] |3c243c
= 4a?f(-1) + 4af(1) + f(2) = 3a2 + 3a
4b%f(-1) + 4bf(1) + f(2) = 3b% + 3b

4c2f(-1) + 4cf(1) + f(2) = 3c% + 3c
Consider the equation
4x2f(-1) + 4xf(1) + f(2) = 3x? + 3x
or [4f(-1) -3]x* + [4f(1) - 3] x + f(2) = 0
Then clearly this equation is satisfied by
X=a, b, c
A quadratic equation satisfied by more than two
values of x means it is an identity and hence

4f-1)-3=0 = f(-1) = 3/4
4f1)-3=0 = f(1) = 3/4
f2)=0 = f2=0

Let f(x) = px? + gx + r [f(x) being a quad. equation]

P 3

(1) 4 = p-q*tr a

P earl 3

(1) 4 = P q r 4

f@2) =0 = dp + 2q+r=20

Solving the above we get q = 0, p = _T, r=1
1

Lf®) = - 1 x2+1

It's maximum value occur at f'(x) = 0

ie., x =0 then fx) = 1 .o V(0, 1)

A (-2, 0) is the pt. where curve meet x-axis

( 4-h?)
Let B be the pt. Lh’ 4 J

As ZAVB = 90
My Mgy = -1
1 (-h
= )=
= h =38 - B8, - 15)
Equation of chord AB is
+15 = L_]"S)( 8)
Y —2-8
= 3x+2y+6=0 ©0,1)

Required area is

the area of shadded (_Z’O)A_%)X

B8, —15)
region given by

8 2 s

[ (—X—+1j—( ° 3’(] dx

o 4 2

125 "

= 3 9. units.

(c) By inspection, the point of intersection of two

curves y=3F"llogxandy =x* - 1is (1, 0)

d 3)(—1
For first curve A
dx X

(5] ciem
dx (1.0)

d
For second curve d_i =x* (1 + log x)

= (d_y] =1=m,
dx (L.0)

m, =m, = two curves touch each other

+ 3*-1log 3 log x

= angle between them is O

cos =1



10. y3-3y+x=0
1 14.
yty' - 3y'+1=0 y' =

f(-102) = 22

1
f-1042) = ~30) = 31

6y(y')? + 3y?y" - 3y" = 0

-22v2) _ -4V2 15.

f'(-10+/2 ) = =

441 x7 7332

b

b
11. Jf(x)dx = [Xf(x)]s - fo'(x)dx

a

b
= bf(b) - af(a) + j—dx

12. [a®dx - g1) - g(-1)

Now g(1) = - (g(-1))
(as g'(x) is an even function)

1
so [ g'x)dx = 2g(1) = ~2g(-1)

-1

7r/4( X o \
13, Area - I \/1+smx_\/1 sinx dx
L cos X cos X J

0

( X . x) [ X . x)
w4l cCOS—+sin=|—| cos——sin—
3 2 2 2 2
= I dx

0 \/c052 x_ sin? x
2 2 17.

2dt
1 +1t%)

seczg dx= 2dt = dx=

V2-1
Area = .[ Ldt
o 1+t5)W1—1t2

dx + bf(b) - af(a) 16.

I B
A= Ilny dy S —
1 v-e
Apply /~y:1
= |In(e+1—y)dy
[ I
x=0 x=1

A = ar (OABC) - ar (OABD)

e
=e - jexdx.
1

Cf(x) =2 +6x+12x°>0V x € R

" f(x) is strictly increasing in R

1) 1 3 1
- f0)=1, f=1) = -2, f[—gj_z & f(—zj__g

*. f(x) = 0 has only one real root lying in (_i’ _lj
4 2

=)

34 /12
/o

Let real root is —a
= t =
Required area

Is] = a

o 1/2 3/4
A = j f(x)dx & j f(x)dx < A < j f(x)dx
0 0 0

3/4

< ‘4x‘0

3/4
0

1/2
= ‘x+x2 +x3+x4‘0 <A<‘x+x2 +x° +x4‘

15
—<A<3
= 16

fi(x) = 2 (6x° + 3x + 1)

i L 1) . .
= f'(x) is decreasing in | —q, 7 increasing

1
in _Z’ a



1
or f'(x)is decreasing in (—t, —Z] and increasing 19, y = sinx + cosx = x/gsin(x +£j
4

2

1
18. :
(@) | /4 72
y = |cosx —sin X| = x/g[cos(x +2D
Area
n/4
I smx+cosx (cosx—sinx)]dx
0
= n/2
+ J- [(sinx+cosx)—(sinx—cosx)]dx
n/4
n/4 n/2
= I 2sinxdx + I 2 cos xdx
n/4
= =|:—2 cost/4 +[2 sin x]:ii
- -242(+2 1)
=
1
= b =3
2 2

(b) R, =[fdx. R, =[xfbodx

I
e, N

—

|

Ke?

=

=

|

Ko

Q.

X
o
o t—,c

“s

Q_

3

Il
ey
=

o

+

O"

Zi

Q_
;/

2
= [ =xfx)dx (given f(x) = f(1 - x)



